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CHAPTER I 

THEORY OF VECTORS 

I. OPERATIONS ON VECTORS 

§ I. Preliminary definitions. Magnitudes which can he characterized 
by means of one real number are called scalars. Examples of scalars ax-e: 
mass, wort, kinetic energy, etc. 

A vector is a line segment in which the initial point is dis tinguish ed 
from the terminal point. Points are classified as zero vectors. 

Magnitudes such as velocity, acceleration and force can be repre¬ 
sented by means of vectors. A vector will be denoted by bold face type, 
for exampleji; a vector whose origin is A and terminus is B will be 
denoted b yAB (Fig. 1). In a drawing an arrow serves to mark the terminus 
of a vector. The origin of a vector is also called a point of application. 

By the length or absolute value of the vector AB is meant the length of 
the line segment AB and it is denoted by \AB \. 

Two vectors having the same direction (i. e. parallel vectors) can have 
the same or opposite senses (Fig. 2). 


a ___ 6 

a=b 


Pig. 4. 

The vectors a and b having equal lengths, directions and senses are 
said to be equal (Fig. 3) and we write 

a = b. 

Two vectors having equal lengths and directions hut opposite senses 
are called opposite vectors. The vector opposite to a is denoted by —a 
(Fig. 11). 
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The straight line on which a vector lies is called, the position of the 
vector. 

Equal vectors a and b having the same position (i. o. lying on the 
same line) are termed equipollent (Fig. 4): 

a 3= b. 

Two zero vectors are considered to be equal and equipollent. 

Equal vectors will often be denoted by one and the same letter 
(whenever there is no likelihood of committing an error). 

The projection of the vector a on a line (or plane) is the vector whose 
initial and terminal points are the projections of the corresponding points 
of a. 

Suppose that there is given in space a coordinate system 0(x, y, z) 
which is either rectangular or oblique. Rotate the x-axis about 0 in the 

au/-plane through an angle < n 
so that the positive side of the 
x-axis falls on the positive side 
of the y-axis. If to an observer 
situated on the same side of 
the au/-plane as the positive 
side of the s-axis, the rotation is 
clockwise, then the coordinate 
system 0(x, y, z) is said to be {eft-handed and in the contrary case right- 
handed. 

In this book we shall consistently use a left-handed rectangular system 
(i. e. as in Fig. 5, and not as in Fig. 6). 

We say that the system of vectors fa, b, c), not parallel to the same 
plane, has a left (or right) sense, if upon passing the x, y and z axes 
through an arbitrary point 0 parallel to and in the same direction as the 
vectors a, b, c, we obtain a left-handed (or right-handed) system. 

§ 2. Components of a vector. Let a represent an arbitrary vector and 
o' it® projection on a given cc-axis. 

The component of the vector a with respect to the x-axis, which we shall 
denote by a x , is a number defined in the following way: = |o'[ if o' has 
the same direction as the x-axis, but ct x = — jo'| in the contrary case. 

We obviously have 

a x = [o| cos «, ■ ( 1 ) 

where <x denotes the angle between the vector o and the x-axis (Fig, 8). 



bum and difference of vectors 
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Suppose that a rectangular coordinate system (x, y, z) is given 
Denoting the components of o with respect to the coordinate axes by 
a x, a v , a z , and the angles which the vector makes with the axes by a B y 
(Fig. 7), we obtain by (1): 

a x — | a J cos a, a y — |a| cos /?, a z = |a| cos y. (J) 

Therefore, equal vectors have equal components with respect to the coor¬ 
dinate axes. 

By the identity eos s « + cos *0 + eos^ = 1 well-known from ana¬ 
lytic geometry and by (I) 

M = + ciy -j- a z , (II j 


cos * = a x / Joj, cos fi =a v / |oj, cos y = a s / |o|. (HI) 

From equations (II) and (III) it follows that the components of 
a vector define its length, direction and sense. 

Hence, two vectors a and b having correspondingly equal components 
with respect to a rectangular coordinate system (i. e. for which a, x = b z , 
a v = bvi a z = b s ) are equal. 

If the vector a lies in the xy- plane (Fig. 8), then 


|o| cos a, a v 


|a| sin a, 


V®* -f- a®, cos tx = a x f |aj, sin a = a y j |a|. 


(IV) 

(V) 


Often (when an error is pre¬ 
cluded) the projections of the vec¬ 
tor a on the coordinate axes are 
also termed the components a x , 
a. 

It is easy to show that if the 
points A and A' have coordinates 
x, y, z and x' ; y', z! respectively, 
then the vector a = AA' has components: a x = x' — x, a v — y' ~ y. 



§ 3. Sum and difference of vectors. Every vector which can be obtain¬ 
ed in the following manner is said to be the sum of the vectors a and b. 

From an arbitrary point 0 we draw a vector equal to a and from the 
terminal point of this vector a second vector equal to b ; the vector whose 
initial point is 0 and whose terminal point is the terminal point of the 
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• second vector we call the sum of the vectors a and fa (Fig. 9) and we denote 
it by 

a + fa. 

For opposite vectors (Fig. 11) we therefore obtain in particular 
a + (— a) = 0. 

The sum of several vectors, for example o + fa + c, is obtained by- 
forming the sum b -f- c and then adding the result to the vector a (Fig. 10). 

Vectors obey the commutative 
and associative laws of addition. 

/ z 5 * Hence: 

a 

o + fa = fa + a, 

Fig. 10. (a -f fa) + c = a + (fa + c), 

From these laws it follows that the sum of any number of vectors 
remains unaltered if the order of the terms is changed, or if several are 
enclosed by a parenthesis. For example: 

a-|-b-|-c-[-d-j-e=a-|-c-j-e-|-b-|-d = 

— (a -j- c) -j- e -j~ (fa -j~ d). 

The difference a — fa is defined as the sum a -f- (— fa). Therefore from 
the definition 

a — fa = a + (—fa). 

A 

Figures 12 and 13 show how to determine the difference. 

a 


-a 


Fig. 11. 

Since 

(a — fa) + fa = a + (— fa) + fa = o, 

it follows that the difference added to the subtrahend gives as a result the 
minuend. 

§ 4. Product of a vector by a number. The -product of a vector a by a 
number m is defined as the vector which ha3 the same direction as a, a 
length |m| times that of a, and a sense agreeing with or opposite to that 




Components of a, sum and product 
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of o, depending on whether m > 0 or m < 0. The product of a by m is de¬ 
noted by 

ma. 

If m = o or a = 0, then ma = 0. 

We evidently have (Fig. 14 for m = 2): 

(— m) a = — ma. 

Hence it follows that 

(— 1) a = — a. 

For a product it is easy to demonstrate the distributive law for multi¬ 
plication with respect to addition and the associative law: 

m(o + fa) = ma + mb, (m + p) a = ma + pa, m(pa) = ( mp ) a, 
where m and p denote numbers (Figs 15 and 16). 

From the above laws follow the usual algebraic rules of addition and 
multiplication. 

mo ^ pg 

J*— .. - 

rnpa)=(mpja 


Fig. 16. 

Division of a vector by a number (different from zero) is defined as 
multiplication by the reciprocal of that number. Therefore: 

' a 1 

— = — a. 
m m 

§ 5. Components of a sum and product. It is easy to show that the 
projection (on a line or plane) of a sum of vectors is equal to the sum of the 
projections of these vectors (Fig. 17). Hence: 

Proj (o -)- fa) = Pi'oj a -f Proj fa. 

Similarly, the projection of a product of a vector by a number is equal 
to the product of the projection of the vector by this number (Fig. 18). 
Therefore: 

Proj (ma) = m Proj a. 

If the vector a has components a X! a„ and the vector fa compo¬ 
nents b x , b v , b Z! then the vector s = a + fa has components s x — a a -f- b x , 
s v = a v ~r b v , s z = a z - j- b t . 
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This follows from the theorem on. the projection of a sum. of vectors. 

Similarly, from the theorem on. the projection of the product of 
a vector hy a number, it follows that the vector c ma has components 

” TYhCLfr j, Cy - TTlCly, C s *•— WlCt%. 

For example, if d = Ga — 
— 3b — 2c, then: 

d® “ ^CC X 36 ^. 
dy " 36^ 2{4, 

d t = 5u a — 3&* — 2c*. 

§ 6. Resolution of a vector. The sum of the vectors a and b having 
a common origin, hut not lying on the same line, represents the diagona l 
of a parallelogram with these vectors as sides. Similarly, the sum of the 
three vectors o, b, c having a common origin, but not lying in the same 
plane, represents the diagonal of a parallelepipod having these vectors as 
edges. 

The resolutionpf a given vector into the sum of two or three vectors 
having given directions is based on the preceding theorems. 

Let us suppose that a vector s and two non-parallel lines Z and m 
lying in a certain plane parallel to s are given. If we want to represent the 
vector s as a sum of two vectors a and b parallel to Z and m, then let us 
form a parallelogram whose sides are parallel to Z and m, and whose diago¬ 
nal is s. For this purpose we draw lines from the initial and terminal points 
of the vector s parallel to Z and m. The sides of the parallelogram obtained 
will determine the vectors a and b (Fig. 19). 

It is easy to see that such a resolution is possible in only one way. 

Similarly, if a vector s and three lines Z, m, n not parallel to the same 
plane are given and we want to represent s as the sum of the three vectors 
o, b, c parallel to Z, m, n, then we form a parallelepiped with edges parallel 
to Z, m, n whose diagonal is s. We therefore draw lines V, m', n' from the 
initial point 0 of the vector s parallel to l, m, n\ then from the terminal 
point of s we draw a line parallel to n to the point of intersection & of this 
line with the plane formed by Z', m'; finally from the point 0 W'e draw 
parallels to Z and m. The points of intersection of these lines with V and m' 
are the end points of the vectors a and b whose initial point is 0. Vector e 
is equal to- the vector joiningpoint Q with the end of vector s (Fig. 20). 

Only one such resolution is possible, since there exists only one 
parallelepiped having edgos parallel to Z, m, n, and a diagonal s. 
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A particular case of such a resolution is the representation of a vector 
by means of unit vectors. We denote the projections of the vector a on the 
axes of the system ( x , y, z) by a', a", a". We obviously have (Fig. 21): 

o = o' + o" -f- o'". 



On the coordinate axes let us select vectors i, j, k of unit, length 
agreeing in direction with the corresponding axes. From the definition of 
ai, a 2 (§ 2, p. 2) it follows that 

o' = aj, o" — dyj, a m = ajk. 

Therefore 

a = aj + aj + ajc. (I) 

The vectors i, j , k are called unit vectors. Formula (I) expresses 
the vector o in terms of components and unit vectors. 

§ 7. Scalar product. The scalar product of the 
two vectors o and b forming an angle cp (Fig. 22) 
is defined as the number |o[|b| cos cp. 

We denote the scalar product by a ■ b or ob. 

Therefore 

o - b = |o||b| cos cp. (I) 

The scalar product is zero not only when o = 0 or b = 0, but also 
when o _[_ b, because then cp = tc/2 and hence cos <p = 0. However, if 
a =f= 0 and b 4 = 0, then the scalar product can be positive or negative 
depending on whether cp is acute or obtuse. 

The scalar product is commutative, because we have 
b ■ a = jb[|o| cos cp = |o||b| cos <p = a b. 

The expression (b| cos cp represents the projection of the vector b on 
the axis determined hy the vector a and agreeing with it in direction. This 



p roj a b 


Pig. 22. 
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projection is called the projection of b on the direction of a and is denoted by 
Proj„b. Therefore 

Proj a b = |b| cos <p, Proj b a = |o| cos <p. 

Hence by (I) 

a ■ b = |o| Proj„f> = |b| Proj„o. (1) 

Therefore: the scalar product is equal to the product of the length of one 
vector by the projection of the other on the direction of the first. 

Distributive law. Prom the definition of a scalar product we have 
(o + b) • c — | c| Proj c (o -|- b). 

Since the Proj c (a + b) = Projbo -f P.roj c b, it follows that 


(o -|- b) ■ c = |c| Proj c o + [c| Projcb, 

But |c| Proj c o — a ■ c and [ c] Proj c b — b ■ c, therefore 


(a -f b) • c = a ■ c -|- b • c. 

(II) 

Proceeding similarly, we obtain 


(a — b) • c = a • c — b e. 

(III) 


Hence the distributive law with respect to multiplication holds for 
sums and differences. Prom these result the usual laws of multiplying 
sums by sums. 

For example: 

(o + b) • (c + d) — (a + b) • c + (a -)- b) • d = 

= a-c + bc-}-ad + bd. 

Associative law. Let m denote any number. Then (ma) ■ b = 
= l b l ’ Proj 6 (mo) = mb Proj b o, whence (mo) • b = m(a ■ b). 

Now let m and n denote numbers. By the preceding formula 
(ma) ■ (nb) = ma ■ ( nb ) = mn(a ■ b), hence 

(ma) ■ (nb) — (mn)(a • b). (JV) 

Prom these follow the usual laws of multiplying a polynomial by 
a polynomial. 

For example: 

* (2a ■ 3b) • 5c — 10a • c — 15b • c, 

(4a — 2b) .(3e + d)= 12a • c — 6b . c + 4a ■ d — 2b ■ d. 

Square of a vector. The scalar product a a is denoted by a 2 . Since 
a 2 = |a| • |a| cos 0, then a 2 = |a| 2 and therefore a = I/a 2 . 


Vector product 
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Hence we obtain: 

(a + b) 2 = (a + b) • (a + b) = a 2 -f 2a - b + b\ 

(a — b) 2 = ( a — b) • (a — b) = a 2 — 2a • b + b 2 , (V) 

(a + b) ■ (a ~b) = a 2 — b 2 . 

The first two formulae can be written in the following form: 

|o -f- b] 2 = jo| 2 + 2|a||b| cos cp -f |bj 2 , 

|a — b| 2 = jaj 2 — 2[a|Jb] cos cp + |bj 2 . 

These formulae express the so-called theorem of Carnot known from 
trigonometry. 

Analytic representation of a scalar product. Let i,j,k denote unit 
vectors (p. 7). Prom the definition of a scalar product we obtain: 

p ~ P = = 1, / j = i • k =j ■ k = 0. (2) 

^Representing a and b in the form a = aj + a y j + a z k, b = bj + 

+ Kj + b,k (p. 7), we can write a • b in the form 

a ■ b — (aj -j- a y j -f a z k) ■ (bj -j- b v j -j- b z k). 

Performing the indicated multiplication and using formulae (2) we 
get 

a ■ b = a x b x aj) v -)- a z b z . (VTI) 

The above formula enables one to find the scalar product of two 
vectors when their components are known. 

If a and b are perpendicular to each other, then a ■ b — 0 and there¬ 
fore 

a oPx + + a z b z = 0. (VIII) 

Conversely, if a • b = 0, then a and b are perpendicular to each other 
provided they are different from zero. Therefore formula (VIII) repre¬ 
sents the condition of perpendicularity of the vectors a and b (different 
from zero). 

§ 8. Vector product. The vector produc.t of the vectors a and b is de¬ 
fined as the vector c which satisfies the following conditions: 

(1) Length. If cp denotes the angle between the vectors a and b, then 

|c| = |a|]b| simp. (I) 

(2) Direction. The vector c is perpendicular to the vectors aandb. 

Hence if the vectors a and b radiate from the same point, then the 

vector c is perpendicular to the plane containing a and b (Pig. 23). 
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(3) Sense. The sense of the system of vectors' (a, fa, c) agrees with 
that of the chosen coordinate system, i. e. the system is left-handed. 

We denote the vector product by 



a X b. 

From (I) it follows that |c| is zero, if and only if 
a = 0 or b = 0 or = 0 or <p = n. 

Therefore: the vector product is zero, if and only 
if one of its factors is zero, or if the factors are parallel 
to each other. 


Conditions (1) and (2) are obviously dropped if the vector product is 
zero. In particular we have 


a x a = 0. 


(II) 


Remark. Hie absolute value of the vector product is |o|jf>! sin rp (for¬ 
mula (I)). This expression represents the areaof a parallelogram constructed 
on vectors correspondingly equal to the vectors a and b and radiating from 
one point (Fig. 23). 

Change of order of factors. If the order of the factors is altered, then 
we get the product 

b X o. 


The product a X b has (by the definition of a vector product) the 
same length and direction as b X a but an opposite sense. Hence 

fa x a = — (a x fa). (Ill) 

Therefore: a change in the order of the factors changes the sign before the 
vector product. 

Associative law. On the basis of the definition of a vector product it is 
easy to demonstrate the following relations (where m and n denote num¬ 
bers): 

m(a X fa) = ( ma ) x b = a X (mb), (IV) 

(me) X (mb) = ( mn)(a X b). (V) 

For example: 

3a X fa = 3(a X fa), 2a x 3b = 6(a x b). 

Distributive law with respect to a sum. The following formulae hold 
for vector products: 

cx(a + b) = c-xa-fcxb, (a-fb)xc = axc + faxc. (VI) 


[§8] 
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We .shall now derive the first formula. We can obviously suppose that 
a, b and c have a common origin 0. 

For the time being let us assume that |c| = 1. Pass a plane II through 
0 perpendicular to c. Let 

s=a + fa (i) 

and denote the projections of a, fa, s on the plane 17 by a', fa', s' (Fig. 24). 
We obviously have 

s' = a' + fa'. (2) 

Let p denote the angle between c anda. Therefore |a'| = ]a| sin q> = 
= |a| | c] sin <p, since we assumed that |c| = 1. Hence 

|a'| = |c X a| and similarly |fa'| == |c x b|, |s'| = [c X s|. (3) 

How rotate a', fa', s' through 90° in the plane 77 about 0 from left to 
right with respect to a person whose feet are at the origin and whose head 
is at the terminus of c. We thus obtain a", fa", s". By (2) 

»' = «' -f fa", (4) 

Kl = l«'|. |b'| = |b'|> |*'| = Kl- (5) 

The vector a" is perpendicular to a and e; the sense of the system of 
vectors (c, a, a") is left-handed. Moreover, since |a"| = jc X a| by (3) and 
(5), it follows a" = c X a and similarly 
fa" = c X fa, s" = c x s. Therefore in 
virtue of (4) and (1) we obtain 

cx(a-ffa) = cxo + cxfa. 

We obtained the above relation 
by assuming that j cj = 1. We shall now 
prove it for the general case. Let h be 
a unit vector agreeing in direction 
with c. Then 

jh| = 1 and c = Jcjfa, (6) 

whence according to the associative law 

c X (a + fa) = |c|h x (o + fa) = |e|{fi X (a + fa)}. (7) 

But from the formula proved on the assumption that |cj = 1, and 
from the associative law we have in succession: 

|c|{fa X a -f ft x i>} = J cj (h X a) + |c|(h X fa) = 

= f|c|h) X a 4- (|c|Ji) X fa. 
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whence by ( 6 ) and (7) we obtain .in all generality: 

c X (« + t) = c X o + c X t. 

The second of the relations (VI) we can obtain from the first by 
applying formula (III) as follows 

(a + b) X c = — {e X (a + b)} = — {c X a + c X b) = 

= —■ (c X a) — (c X fa) = a X c + b X c. 

0 

From (VI) follows easily 

(a + b) X (c + d) = a X c + a X d + b x c + b X d. (VII) 
For example: 

(2a — 3b) X ( 6 c + 2d) — 10a x c + 4c X d — 16b X c — 6 b X d, 

(a + b) X (a — b) = a X a — axb + bXa — b X b — — 2 a X b, 
(3a -f 2b) X (5a — 2b) = — 16a X b. 

Components of a vector product. Denoting unit vectors by i,j, ft we 
have: 

i X / = j X j = k X ft = 0, (8) 

i x j — — (j X i) — k, j x k — — (k x j ) — i , 

k X i — — (I X k) ~ j. ( 9 ) 

Setting 

a = aj + ag + a 3 fe, b = bj + & J + bjc, 

we obtain 

a X b = (a.J + aj + x (bj + b v J + bjk). 

Performing the multiplication and using ( 8 ) and (9) we get; 

x b (&,J)z a z b y ) i + (a z b x a x b z ) j -j- (ajs y a y b x ) k. 

For c = a x b we therefore have 

CftJ dyb z d z by , Cy & 7 fo Qi d fib) %) G % Cll JS y dyby.. (VIII) 

§ 9. Product of several vectors. 1 ° Let us first consider the product 
a • (b X c). Setting r = b X c, we obtain 

a • (b X c) = a • r = a x r x + a v r v -f a/,. 

Since r„ = b y c z — b z c v etc., 

a • (b x c) = a x (b v c z — b z c v ) + a y (b z c x — — cj> v ). 

The above formula can be written in the form 


[§10] 
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a ■ (b X c) = 


b, x by b z 


(I) 


From well-known properties of determinants it follows easily 


a ■ (b x c) == b • (c X o) = c ■ (a x b). (II) 

Suppose that the vectors a, b, c have their initial points at the origin 
of the coordinate system. From analytic geometry it is known that the 
volume V of a parallelepiped having edges a, b, c, is 1/6 of the determi¬ 
nant (I). Hence V = |o • (b x c). 


Therefore: the necessary and sufficient condition that the vectors a, b, c 
(■having a common origin) be in the same plane is that F = 0 , or that 
a ■ (b X c) — 0. 


However, if we do not assume that a, b, c, have a common origin, 
then as is quite evident —- the condition a • (b x c) = 0 is the necessary 
and sufficient condition that the vectors a, b, c be parallel to the same plane. 

2° Let us now consider the product a X (b x c). Let us denote this 
product by u and set r = b x c. Then 


u x tt y r z a z r y — a y (b x c v b y c x ) a z (b z c x — b x c z ). 
Adding and subtracting a x b x c x we obtain 


u x b a (a x c x -j- a v c y -j- a z c, z ) — c K (a x b x a y b y -j- a z b z ); 
hence u x = b x (a ■ c) — c x (a ■ b) and similarly u v =* &„(a • c) — c v (a • b), 


u z = b z (a ■ c) — c z (a ■ b). Therefore 

a X (b X c) = b • (a ■ c) — c • (a • b). (Ill) 

\ 

3° From (I), (II) and (HI) follow the relations: 

(a X b) • (c X d) = (a ■ c) (b • d) — (a ■ d) (b • c), (IV) 

(a X b) X (c x </) = b[a • (c X «/)] •— a[b • (c X <#)]. (V) 

§ 10. Vector functions. If to each number t in the interval (t', t") 
there corresponds a vector w, then we say that a vector function is defined 
in the interval ft', t") and we write 

w = F(t). (1) 


The components w x , w v , w z are also functions (i. e. scalar functions) 
of the variable t. Therefore: 

w x — f(t), IV v — 93 (f), W z = ip(t). 


(2) 
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The three preceding functions define the vector function (1) preci¬ 
sely. 

Limit. The vector function (1) is said to have the limit w 0 as t tends 
to and we write 

lim F(t) = w 0J 

t—*ta 

when 

lim f(t) = w 0 , a, lim cp{t) = w a , y , and lim f(t) = w 0 , t . 
t-*u ’ *-*•«» i ' +t ° 

Continuity. The vector function (1) is continuous at f 0 , if lim F{t) — w 0 , 

where w Q = F(t 0 ). 

The following relations obviously hold: 

lim f(t) = f(t B ), lim <p(t) = lim f{t) = 

«-*t. i-*J« 

The functions f, <p, ip are therefore continuous at i Conversely, 
if f, <p, ip are continuous at t 0 , then w — F(t) is also continuous at t 0 . 

Derivative. Let At denote the increment of the variable t, and zlw the 
corresponding increment of the vector w. Then w + Aw — F(t + At), and 
Aw = F(t + At) — F(t), whence 

Aw _ F(t + At) — F(t) 

, — . 

The limit lim —j— is called the derivative of the function F(t) at the 
At-^s At • 

point t. 

d.w 

We denote the derivative by w' or F'(t). 

Since Aw has components 

Aw x = f(t + At) — f[t), Aw v = 9 i{t + At) — q>[t), 

Aw z = f{t + At)— f(f), 

it follows that 

K = /'(*). = /(*). = Y®- 

Higher ordered derivatives are defined in the usual manner: the 
second derivative as the derivative of the first derivative, the third deri¬ 
vative as the derivative of the second derivative etc. We denote higher 
ordered derivatives by 


Moment of a vector 
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It is easy to show that 

W <c ~ W y ~ Y'Yi w l = f"{t) etc. 

If the functions w = F(t) and v — <&(£) possess derivatives, then the 
following relations obtain: 


U(W ± V) 


d t 

d(mw) 
d t 

d(w ■ v) 

df 

d(w x v) 
At 


’ d£ df* 

m di" ' w ^ lere m I s a number), 


dw 

d£ 

dw 


i dv 

,+ "'-ap 


dv 


-jT X V + W X -tt 
dt d# 


(I) 
■ (II) 

(III) 

(IV) 


We shall demonstrate for instance relation (III). We have A{w • v) = 
[nr + dw) • (v -|- Av) — w ■ v: hence 


A(w ■ v) 

At 


Aw , Av , . Av 


whence, upon passing to the limit we obtain ( TIT ). 

Vector functions of many variables. We can also consider vector 
functions of many variables. For instance, the vector function 


* = f(£,v,, a 

is a function of the three variables £, y, £. The projections of w are then 
defined by certain functions 

Wx — f(£,y, 0 . v>i, = <p(£tV’0, Wz = f(£,n,Q- 
The limit, continuity and partial derivatives of vector functions of 
several variables can easily be given by analogy with the case for one 
variable. 


§ 11. Moment of a vector. Moment of a vector with respect to a point. 
Let us suppose that a vector AB and a point 0 
are given. The moment of the vector AB with 
respect to the point 0 is defined as the vector M 
satisfying the following conditions: 

(1) |A1[ is equal to twice the area of the tri¬ 
angle OAB or 



Mom^AB 

C\ 
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where h denotes the distance of the point 0 from AB. 

(2) The direction ofjhe vector A1 is perpendicular to the plane 

passing through 0 and AB. ___ 

(3) The system of vectors (AB, OA, M) has a sense agreeing with 
that of the coordinate system, i. e. a left sense. 

We shall denote the moment of a vector AB with respect to the point 
0 by the symbol 

Mom 0 45. 

The moment is zero only in the case when AB 0 or when the 
prolongation of the vector AB passes through 0. If the moment is zero 
then conditions (2) and (3) are dropped. 

Tor equipollent vectors we can establish the following 

Theorem I. Equipollent vectors have equal moments with respect to the. 
same point. 

Proof. By hypothesis AB =sA'B', Therefore AB and A'B' are equal 
and lie on the same line. It is easy to verify that the mom ents of both vec¬ 
tors with respect to 0 have the same direction and sense. They also have 
the same length because triangles OAB and OA'B' have equal areas 
(equal bases and a common altitude). Hence Mom<,.i4B = 
q. e. d. 

Moment as a vector product. Let us consider the vector product 
AB X OA. Let us note that the preceding product has the same direction 
and sense as the Mom 0 AB. We also have \AB X OA\ — (Mom OJ 4J3| 
because the absolute value of the vector is equal to the area of the 
parallelogram OABC (Fig. 25) and hence to twice the area of the tri¬ 
angle A.BO. Therefore 

Mom<M-B =s AB x OA. 

Had we taken the equipollent vector A'B' instead of the vector AB, 
then we would have 

Mom oIW = J7F x OA. 

By the preceding theorem 

Mom 0 AB = A'B' x OA = AB x OA. 

Therefore: if A' is an arbitrary point of the line on which the vector AB 
lies, then 

Morn A3 = AB x OA'. 

Theorem 2. If two equal vectors have equal moments with respect to 
a point, then they are equipollent. 


Moment of a vector 
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Proof. By hypothesis AB — A 'B' and _Mom<A.B = MomoAB 7 . 
Therefore AB x_OA = A'B' x_OA, hence AB x OA = AB x OA 
and therefore AB X (OA — 0 A') = 0. Moreover, since OA — OA' = 
= A'A, it follows 

AB x A 7 ! = 0 . 

But AB x A'.A = Morn jAB; hence 

Mom. 4 ,AB t= 0. 

^ ^°^ ows from this that the point A' lies on the prolongation of the 
vector AB. Since, in addition, AB is parallel to A 'B', then vectors AB and 
A'B' lie on the same line. 

Moment of a sum of vectors having a common origin. Let us assume 
that AB and AC (both having initial points at A) are given. Let AD be 
their sum. We have 

Mom<AD = AD X OA = (AB + AC) x OA: 
consequently 

Mom 0 Al) = AB x OA AC X OA, 
and therefore 

MomoMD = Mom<AB + Mom„AO. 

We obtain a similar formula for the sum of several vectors. Hence: 
the sum of the moments of several vectors having a common origin is equal 
to the moment of their sum having the same origin. 

Components of a moment. The position of a vector o is defined if ist 
projections and the coordinates x, y, z of an arbitrary point A of the line l 
on. which the vector a lies are given. 

Let z 0 , y 0 , z 0 be the coordinates of the point 0. We have 
Mom„a = a x OA. 

The projections of the vector OA are x ~x 0 ,y — y 0 , a — z Q . Hence, 
denoting the moment with respect to 0 by M, we obtain: 

M , = o,(z — Zg) — njtf — I/„), if „ = ajx — »„) — a x (z — a 0 ), 

- ct x (y y 0 ) a v (x ■ Xq). 

If, in particular, the origin of the coordinate system is 0, then 
x o = 0 . Va — 0 , z 0 — 0 , and therefore-^ 
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M a = a v z — ayy, M v — ape — aM z = apj — a v x, (II) 

Suppose that a = o'. Then, denoting the moments of the vectors 
with respect to an arbitrary point by M and AT, we have a = a', M = M' 
or 

a x = a' x , = cty, a t = &z, -Mx — 77 x> 77* ~ 77 y , 77 2 ~ 77 z • 

Conversely, if the above relations hold, then, a = o', A4 = AV and 
therefore by the orem 2, p. 16, the vectors a and o' are equipollent. 

Therefore: the projections of the vector a and the projections of the mo¬ 
ment M with respect to an arbitrary point determine the length, direction, 
sense, and position of a. 

Moment of a vector with respect to a line. Let the vector a and the 
line l be given. Through an arbitrary point 0 on the line l pass a plane 27 
perpendicular to l. Form the projection o' of the vector a on tho plane 21. 

The moment of the vector o' with respect to 0 is called as the mo¬ 
ment of the vector a with respect to l and it is denoted by the symbol 

Momjo. 

Obviously Mom.a does not depend on the choice of point 0. 

Momijo is zero only in the following 
cases: 

1° when o = 0, 

2° when o || l, because then o' = 0, 

3° when o produced cuts l, because 
then o' produced passes through 0. 

If d denotes the distance of a from l and 
p the angle between a and l, then it is easy to show that 

|Momjo| =s d\a\ sin <p. ■ (III) 

Let us choose the line l as the z-axis and the plane 27 as the xy-pl&m. 
Let M = Mom 0 o and L = Mom ; o. Since o' has the projections a' x — a x , 
a' v = a v , a' — 0, then L a = 0, L y = 0 and L z = a x y —• a v x, where x, y, z 
are the coordinates of the initial point of a. We then see that M s = L z . 

Therefore: Mom z o is the projection on the line l of the moment of the 
vector a with respect to an arbitrary point of this line. 



Mg. 27. 
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II. SYSTEMS OF VECTORS 

§ 12. Total moment of a system of vectors. Let 

°1) a 2> ■ ■ a n 

be a git en system of vectors. Let us denote the sum of the system (i. e. the 
sum of the vectors of the system) by s. Thus 

S = °1 + °2 H - - • • + °n- 

Choose an arbitrary point 0. 

The total moment or briefly the moment of the system with respect to 0 
is defined as the sum of the moments of the separate vectors with respect 
to 0. We shall denote it by 

M, 

We therefore have 

M 0 = Momy, -f- Mom 0 a 2 + ... + Mom„a n . 

The total moment we sometimes also denote by 
Mom t) (o 11 a 2 , ..., a n ). 

Let us select another point O'. 

We have 

M 0 . = Mom^Oj + Mom 0 .o 2 + ... + Mom„,a„. 

Since Moixiocq — a, x 0'A lt where A x is the 
•initial point of a, etc., it follows that 

M 0 r = Gi X OA -f- g 2 x 0 A 2 -}- ... 

But O’A, = O'O 4- OA, etc. hence 

M 0 , = fll x (76 + OA,) + o 2 X (76 + 0A S ) -f ... 

After performing the multiplication we obtain: 

Mo' = («i. X <76 +a,xOT+ ...) + (a, X 61, + o 2 X OA 2 +...). (1) 
But a, x 76 + o 2 x 76 ... = (oj + o 2 + ...) x 76= s x 76. 

The sum enclosed in the second parenthesis of (1) represents the 
moment of the system with respect to 0. Therefore 

A1 0 < = s X 70 + M 0 . (I) 

The product s x Q’O is the moment with respect to 0' of the sum of 
the system of vectors with initial point at 0. 
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Hence: if we change the point with respect to which we find the total 
moment of the system, then this moment changes by the moment of the sum of 
the system whose initial point is at the old point taken with respect to the new 
point. 

The following corollaries are consequences of the preceding theorem: 

1 . If the sum of the system is zero, then thp total moment is constant (i. e. 
it does not depend on the point with respect to which it is determined). 

Because if s = 0, then s X OV = 0, and hence M 0 • = M 0 . 

2 . If the total moments with respect to three non-collinear points are 
equal, then the sum of the system of vectors is zero. 

For let us assume that the total moments with respect to the non- 
collinear points 0, O', 0" are equal. Then M 0 — AA/ = hA u «, whence 
s x OV = 0 and s x OV = 0. Hence, if s =(= 0 , then s || OO' and s || 0"O, 
which is impossible when O, O', O ", are non-collinear. 

3. If the point with respect to which the total moment is determined is 
moved along a line parallel to the sum of the system, then the moment does not 
undergo a change. 

For if s || O'O, then s x OV — 0 and hence M a < = M„. 

4. The scalar product of the total moment by the sum of the system is 
constant (i. e. it is independent of the point with respect to which it is 
determined). 

For let us multiply both sides of (I) scalarly by s. We obtain s • M 0 > = 
= s • (s x O'O) + s ■ M 0 , but s x O'O _|_ s; therefore s • (s X O'O ) = 0, 
whence 

s • M g . = 5 M 0 . 

The scalar product of the total moment by the sum is called the para¬ 
meter of the system. 

5. The projection of the moment on the direction of the sum is constant in 
magnitude, (under the assumption that the sum is different from zero). 

For by corollary 4 and the definition of a scalar product we have 
|s| Proj S M 0 , = (*| Proj.Mj,, whence 

Proj,M 0 , = Proj,/H 0 . 

§ 13. Parameter. We shall presently determines the parameter 
(i. e. the scalar product of the total moment by the sum) for certain 
systems appearing frequently in mechanics. 

A central system is one in which the prolongations of the separate 
vectors all pass through a fixed point O called the centre (Fig. 29). 


Equipollent systems 
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The moment of the system with respect to the centre is zero, because 
the moment of each vector is zero. Therefore the parameter is zero. 
Hence: the parameter of a central system is zero. 

A plane system is one in which every vector lies in the same plane IT 
(Fig. 30). 



Eig. 29. 



The total moment of the system with respect to an arbitrary point O 
in the plane il is perpendicular toil, because the moments of the individual 
vectors with respect to O are perpendicular to II. Since the sum lies in the 
plane II, then the sum' is perpendicular to the total moment. It follows 
that the parameter is zero. 

Therefore: the parameter of a plane system is zero. 

A paj-allel system is one in which all the vectors are parallel (Fig. 31). 

If the sum s is zero, then the parameter is obviously zero. Let us 
assume then, that s =j= 0. Let O be an arbitrary point. The moments of the 
separate vectors with respect to O he in the plane perpendicular to the 
vectors of the system and passing through O. Therefore the total moment 
also lies in the plane 77. Since s _]_ II, then s is perpendicular to the total 
moment and consequently the parameter is zero. 

Hence: (he parameter of a plane system is zero. 

Let us now assume that vectors a and b are skew (i. e. do not lie in the 
same plane). Let O be the initial point of the vector b (Fig. 32). 

The moment M of the system (a, b ) with respect to O is obviously 
equal to Mom 0 a. The parameter I=A1.s=W.(a|b)=A1-(i-j- 
+ M ■ b. But M = lom s n is perpendicular to the plane IT which passes 
through O and the vector a. Since a lies in 17 and b does not, the moment 
M is perpendicular to a, but not to b, and consequently from the last 
equality K = M ■ b 4= 0. 

Therefore: the parameter of a system consisting of two skew vectors is 
different from zero. 

§ 14. Equipollent systems. Two systems of vectors ( a 1; o 2) ...) and 
(tq, ai, ...) are said to be equipollent if they have equal sums and equal 
total moments with respect to every point. 
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If we have a system (a) consisting of only one vector a and a system 
(o') consisting of only one vector a', then — as follows from theorem 2, 
p, 16 — the necessary and sufficient condition that systems (a) and (o') be 
equipollent is that a = o'. Therefore, in this case, the notion of oquipol- 
lence of systems coincides with the notion of equipollence of vectors. 

In the general case we have the following theorems: 

1 . If two systems have equal sums and equal total moments with respect 
to a certain point, then these systems are equipollent. 

This follows from formula (I), p. 19. Tor if the moments with respect 
to the point 0 are equal and the sums are equal, then the moments with 
respect to every point O' will be equal, since in replacing point 0 by O' 
they undergo equal changes in both systems. 

2. If two systems have equal moments with respect to three non-collinear 
points, then these systems are equipollent. 

Because if we denote the points with respect to which the total mo¬ 
ments of both systems are equal by 0 t , 0 2 , 0 a and the sums of these 
systems by s and s', then from fromula (I), p. 19, we shall obtain 
s x (TfOl — s' x OA and s x O x O s — s' X OjOa, whence 

(s — s') x 0 X 0 2 = 0 and (s — s') x OA = 0. 

Were s — s' =f= 0, then we should have s — s' || and s — s' || 0 X 0 S , 

w'hich is impossible because 0 lt 0 2 , 0 3 are non-collinear. Hence s — s' == 0, 
or s = s', whence, by the preceding theorem, the equipollence of the 
systems follows. 

, That equipollent systems have equal parameters is an immediate con¬ 
sequence of the definition of a parameter. 

The converse of this statement is obviously false. 

Systems equipollent to zero. If the sum of a system is zero, then — 
as we know — the total moment is constant. If the sum of the system is 
zero and the total moment is zero, then the system is said to be a system 
equipollent to zero. 

A system, equipollent to zero is equipollent to a zero vector. 

In order to ascertain whether a system is equipollent to zero it is 
sufficient to see whether its sum and moment with respect to some arbi¬ 
trary point are equal to zero. 

It follows easily from theorem 2, p. 20, that a system is equipollent to 
zero if the total moment with respect to three non-collinear points is zero. 

System of three vectors equipollent to zero. If a system consisting of 
three vectors is equipollent to zero , then the prolongations of these vectors pass 
through one point (or the vectors are pai'allel). 


Reduction of a system of vectors 
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Let us suppose that the system of vectors a, b, c is equipollent to zero. 
The total moment with respect to A (the initial point of a) is therefore 
zero, whence Mom^b -f- Mom^c = 0, and hence Mom ^b = — Mom^c. 
Trom this it follows that the vectors b and c lie in the plane U passing 
through A. Since a -j- b -f- c = 0, then o = — b — c, and therefore a 
also lies in the plane 17. Let 0 denote the point of intersection of a and b . 
Since the total moment of the system with respect to 0 is reduced to the 
moment of the vector c with respect to 0, Mom 0 e = 0 and hence c 
also passes through 0. Tinally, if a ]| b, then a || c also, because c = 
= — o —b (Tig. 29). 

§ 15 . Vector couple. A vector couple is a system consisting of two 
parallel vectors a and —a oppositely directed and of equal length. 

Since the sum of a vector couple is zero, 
the moment of the couple is constant. Com¬ 
puting it with respect to the initial point of a, 
we see that the moment of the vector a is 
zero, but the moment of the vector —a is 
perpendicular to the plane of the couple 
and equal in magnitude to the area of the 
parallelogram, constructed on the vectors forming the couple. 

Therefore: the moment of a couple is perpendicular to the plane of the 
couple and in magnitude equal to the area of the parallelogram constructed on 
the vectors of the couple. 

If the vectors of the couple lie on the same straight line, then ob¬ 
viously the moment is zero. 

If h denotes the distance between vectors a and — a and M the mo¬ 
ment of the couple, then 

\M\ = \a\.h. (1) 

Corresponding to a given vector M there can always be found 
a couple whose moment is equal to M. On the plane perpendicular to M it 
is sufficient to select a parallelogram whose area is equal to ]M|, The 
opposite sides, suitably directed, form the sought for couple. Clearly, the 
problem can be solved hi an infinite number of ways. 

Two couples whose moments are equal form an equipollent system. 
Hence, if a couple is arbitrarily translated or rotated in the plane of the 
couple, then an equipollent couple is obtained. 

§ 16. Reduction of a system of vectors. Let a system S consisting of 
the vectors a u o 2 , . a n be given. We shall consider the problem of 
determining the simplest system equipollent to S. 
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Let 0 be an. arbitrary point. Denote the stun of the system B by s 
and the total moment with respect to 0 by M. Lot us consider the system 
E co nsisting of the couple (a, —a) whose moment equals M and the 
vector s with initial point at 0. Systems E and 8 are obviously equipollent 
because they have equal sums s and equal moments M with respect to 0. 

Therefore: every system of vectors is equipollent to a system consisting 
of a sum with initial point at an arbitrary point 0 and a couple whose mo¬ 
ment is equal to the moment of the system with respect, to 0. 

The latter is the so-called reduction theorem. The point 0 is called the 
centre of reduction, 

The couple (a, — a) can he chosen so that the point 0 is the initial 
point of — a. Let us replace the vectors s and. — a by thoir sum b whose 
initial point is at 0 (Dig. 34). The system consisting of a and b is obviously 
equipollent to system 8. 


H 



Pig. 34. 


H 



Pig. 35. 


Hence: every system of vectors is equipollent to a system of two vectors 
one of which has its origin at an arbitrary point. 

Every system of vectors is therefore equipollent to a certain system 
composed of a vector and a couple or two vectors. Let us now consider 
conditions under which a given system is equipollent to only one vector or 
one couple. 

Let us examine in succession cases in which the parameter is different 
from zero and equal to zero. 

1 ° Parameter different from zero. A system consisting of one 
vector or one couple is a plane system and hence its parameter K = 0 . 
Therefore, if the parameter of the system 8 is different from zero, then the 
system 8 cannot be equipollent to one vector or one couple because 
equipollent systems have equal parameters. 

Let us assume now that the system 8 whose parameter K 4. 0 is 
equipollent to the system R consisting of two vectors a and b. The 
parameter R of the system is therefore also different from zero. It follows 
from this that the vectors o and b cannot He in one plane and are there¬ 
fore skew (vide § 13, p. 21). 


Reduction of a system of vectors 
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Hence: if the parameter of a system is different from zero, then the 
system is equipollent to a system of two shew vectors. 

2 ° Parameter equal to zero, sum different from zero. Let us 
suppose that the parameter K of the system S is zero but the sum s =(= 0 . 
Select an arbitrary point 0 and denote the moment of the system 8 with 
respect to 0 by M. Since K = M • s = 0, then Wj_s. Pass a plane J7 
through 0 and perpendicular to M (Fig. 35). On II we can choose 
a vector r equal to the vector s and such that Mom/ = M. The distance h 
from r to 0 is obtained from |Ad] = h\r\. It is easy to see that system S is 
equipollent to the vector r. 

Therefore: if the parameter of a system is equal to zero but the sum is 
different from zero , then the system is equipollent to one vector. 

The vector r, to which the entire system 8 is equipollent, is called the 
resultant vector or briefly the resultant of the system 8. 

The sum is not to he confused with the resultant. The sum has only 
a definite length, direction and sense; the resultant has in addition a defi¬ 
nite position, i. e. the line on which it lies. 

3° Parameter and sum equal to zero. Finally, let us assume that 
the parameter as well as the sum of the system are equal to zero. From the 
reduction theorem it follows that the system is equipollent to a couple. 
Since the sum is zero, the total moment M is constant. 

If M 4 = 0, then the couple is the simplest system equipollent to the 
given one. If M = 0 , and as by the hypothesis the sum is equal to zero 
then the system is equipollent to zero, i. e. to a zero vector. 

Therefore: a system whose parameter and sum are equal to zero is 
equipollent to a couple of vectors or to a zero vector, depending on whether 
the total moment is different from zero or equal to zero. 

The above results are compiled in the following table: 


Parameter 

Sum 

Moment 

Simplest equipollent system 

K 4= 0 

— 


vector and couple or two skew 
vectors 

0 

II 

s 4= 0 

— 

resultant vector 

s = 0 

M 4 = 0 

couple 

s ■- 0 

M = 0 

zero vector j 
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The following theorems are easy consequences of the preceding: 

1. If the moment of a system with respect to a certain point 0 is zero, 
then the system has a resultant with its initial point at 0. 

2. A central system has a resultant whose initial point is at the centre. 
These theorems follow from the reduction theorem (p. 24) if wo take 

point 0 (or die centre of the system) respectively, as the contro of 
reduction. 

3 . A plane system either has a resultant or is equipollent to a couple, 

4. A parallel system either has a resultant or is equipollent to a couple. 
Theore ms 3 and 4 are obtained at once from the table because in 

both cases K is zero. 


§ 17. Central axis. Wrench. Let 8 be a given system, having a sum 
different from zero. Let us determine the geometric locus of points with 
respect to which the total moment is parallel to s (or = 0 ). 

For this purpose choose an arbitrary point 0. Lot M 0 = OA. be the 
total moment of the system with respect to point 0 and OB the projection 
of M 0 on s. 

Let us now determine the point O' with respect to which the moment 
of the sum s with initial point at 0 is equal to AB. Such a point is found at 
a distance d from 0 on a line perpendicular at 0 to AB and s, whore d 
satisfies the condition: 


u 4 

M qy} 
oZ—lJ 

/Zb. 



L B 

t 

/ central axis 

0 " 

M 0' 


Mom n s=AB 
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d • |s| = \AB\. 
Therefore Momys = AB or 
s x OV — AB, 
and hence by (I), p. 19 

Mg’ = S X O'O -j~ M a , 

whence 

M 0 > = AB + OA = OB. 


Therefore M 0 is parallel to i (or = 0 , when M„ s). 
jLet us pass a line l through O' parallel to the sum s. The relation 
s j| O'O" holds for an arbitrary point 0 " of line l ; hence s x OW — 0 ,whence 
M 0 - = M 0 (p. 20, corollary 3). 

Therefore: the total moment with respect to an arbitrary point of l is 
parallel to s [or = 0 ). 

Points not on the line l do not possess the above mentioned property, 
because if the moment M„, for some point O x is parallel to s or equal to 
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zero, then by theorem 5, p. 20 , the Proj s M 0l = ProjvVIy. Hence M 0 , ==AV. 
By formula (I), p. 19, it follows tlxat s x 0‘0 X = 0, or that s || OV v 
Therefore point O l lies on l. 

We have thus proved that the sought for geometric locus is a line 
parallel to s. This line is called the central axis of the system. 

Therefore the central axis of the szstem is a straight line with the 
property, that the total moment with respect to an arbitrary point of 
this line is parallel to the sum or equal to zero. 

Hence: a system whose sum is different from zero possesses one ( and 
only one) central axis. 

A system consisting of a vector and a couple whose moment is parallel 
to the vector is called a wrench. 

In particular, a vector or a couple is called a wrench. 

Selecting a point on the central axis, we see by the reduction theorem, 
p. 24, that the system is reduced to a wrench. If the sum of the system is 
zero, then the system is reduced to a couple and hence also to a wrench. 

Therefore: every system is equipollent to a certain wrench. 

§ 18. Centre of parallel vectors. Let a system of parallel vectors 
(a 1: o 2 ,..., a n )> whose sum is different from zero, he given. Denote a unit 
vector parallel to the vectors of the system by w. The vectors a lt a 2 , ..., a„ 
can be represented in the form 


°i = a x w, a 2 = a 2 w, a n = a n w, 

where by a x , a 2 , ...,a n we denote the lengths of o 1; o 2 , .. a n . Therefore 
* = (®i + a 2 + • • • + ®n) w - Since s 4= 0, then a x + a 2 + ... + a n =f= O'. 

_ Select an arbitrary point O' and denote the vectors 0'A X , 0'A 2 , ..., 

0'A r by r 1; r 2 ,..., r„, where A u A 2 , .... A n are the initial points of the 
vectors a ± , a 2 , ..a,.. Hence 


M 0 ' = a x w X r x -f- a 2 w X r, 4- ... + a n w x r„, 
or 


M 0 = w x Xas.r^. 

( 1 ) 

Choose a point O such that 



( 2 ) 

Prom (I), p. 19, 




M,=s x OO' + M 0 ‘. 


(3) 
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Since 


s x 00' — (2a t w) X (— r) — — w x r Ta {) 

therefore according to ( 2 ), s x 00' = —w x Tia.fi. Horxso by ( 1 ) arid 
(3) it follows that M 0 ~ 0. 

The resultant of the system therefore passes through 0 (theorem ], 

p. 26). 

Let us note that according to (2) the position of the point 0 (loos not 
depend on the direction w of the vectors a,-. Therefore, if tho vectors a { 
are turned about their points of application the resultant will again pass 
through 0. 

The point 0 is called the centre of the system a v o 2) .. a„. 

If the coordinates of the initial points A t are denoted by a?,., y { , z u 
those of the centre—by x 0 , y m z 0 , then selecting point O' as tho origin of the 
system, we obtain by ( 2 ) 


x a = 


Ta t %i 


It o = 


Tayh 

Ta> t 


z 0 = 


Tap i 


(4) 


§ 19. Elementary transformations of a system. Tho following trans¬ 
formations of a system of vectors are termed elementary: 

(a) adding to the system (or removing from it) two vectors equal in 
magnitude, opposite in sense and lying on the same line; 

(b) adding to the system (or removing from, it) several vectors having 
a common origin and a sum equal to zero. 

Elementary transformations obviously do not change tho sum or the 
moment of the system. Therefore, if we apply elementary transforma¬ 
tions to a system, we always obtain systems equipollent to it. Elementary 
transformations play an important role in the theory of rigid bodies. 

It is easy to show that by means of elementary transformations wo 

can: 

1. translate the point of application of a vector to an arbitrarily chosen 
point of the line on which the vector lies ; 

2. replace several vectors having a common origin by their sum having 
the same origin ; 

3. replace one vector by several vectors having the same origin as the 
given vector and laving a sum equal to that of the given vector. 

Proof. 1. Suppose that among the vectors of tho given system, there 
is a vector u whose initial point is A. 

Select an arbitrary point B of the line l on which a lies. Introduce to 
the system two vectors a and —a whose initial points are at B. Wo have 
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thus carried out elementary transformation (a). Remove now from the 
system the vectors, a (whose origin is A) and. — a. This will be elementary 
transformation (b). The operations which we have carried out on the sys¬ 
tem are equivalent to the translation of the point of application of vector a 
from A to B (Pig. 38). 


I _ o _ a -a 

A'" b~~ 

Pig. 38. 



2 . Suppose that the point A is the origin of the vectors a l3 a 2 , . .., a„. 
Add to the system two vectors whose common origin is A: s = a 1 -f- 
t a 2 + ... + a„, and —s (elementary transformation (a)). Now remove 
the vectors a u o a , ..., a„, •—s (elementary transformation (b)). The 
operations which we have performed are equivalent to the replacement of 
the vectors a 1: a 2 , ..., a n by their sum s (Pig. 39). 

3. is proved similarly. 

We shall now prove the following theorems: 

Theorem I . By means of elementary transformations every system of 
vectors cun be reduced to a system of three vectors equipollent to the given 
system. 

Proof. Suppose that we have a system of vectors (o x , a 2 , ..., a n ) whose 
points of application are A x , A s ,..., A„, respectively. Select three non- 
oollinear points L, M, N in such a way that none of the points A ± , A 2) .... 
A„ will lie on the plane passing through L, M, N. 

Since lines A X L, A X M and A pV do not lie in the same plane, therefore the 
vector a v can he replaced by three vectors u u v u w x with common origin 
A 1 lying on A t L, AjM, A X N , while obviously a x = iq -|~ vp -f- w x (Pig. 40). 
The vectors u t , v 1; w x can be translated along the lines on which they lie 
to the points L , M, N, respectively. In this way we have replaced the 
vector a ± by the vectors u v v ls w x whose points of application are at 
L, M, N. Similarly, we replace each one of the vectors a 2 , ..., a n by three 
vectors whose points of application are at L, If, IV. 

We now replace the vectors with origin at L by their sum u with origin 
also at L. Similarly, vectors with origins at If and N are replaced by 
sums v and w whose origins are If and N, respectively. 

In this maimer, by means of the elementary transformations, we 
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Lave reduced the given system to a system consisting of three vectors, 
q. e. d. 

w 



L r 


K7 


N. 

v 


Jrf.. 

Y‘ 


Eig. 42. 


Theorem 2. By means of elementary transformations a system, equipol¬ 
lent to zero can be reduced to a zero vector. 

Proof. Assume that the system (o 1; a 2 , ...,a n ) is equipollent to zero. 
According to theorem 1 it can be replaced, by means of elementary trans¬ 
formations, by a system consisting of the three vectors u, v, w with 
points of application at L, M, N, respectively. The system (u, v, w) is equi¬ 
pollent to zero because it is equipollent to the given system (for elementary 
transformations do not alter the sum or moment). 

According to the theorem on p. 22, the vectors u, v, w aro either 
parallel or their prolongations are concurrent at 0 (Kg. 41). In the 
second case we can translate the points of application of tho vectors 
u, v, w to 0 and then remove these vectors since their sum is zero, 

Assume then that u, v, w are parallel (Fig. 42). Were u -|- v = 0 , 
then obviously w = 0 . The system would then be reduced to tho couplo 
u, v. Since the moment is zero, the vectors u and v would lie on the same 
line; since, besides u -J- v = 0 , the vectors u and v could be removed. 
Therefore, let u -f- v 4 = 0 . Add two vectors r and —r lying on the line LM 
and having points of application at L and M, respectively. The vectors u 
and r with origin at L can be replacedby their sum u' with its point of appli¬ 
cation also at L. Similarly, the vectors v and —r can be roplacod by their 
sum v' whose point of application is at M. The vectors u' and v' aro not 
parallel; hence the vectors u', v' and w can be removed as before. Thus 
the system equipollent to zero has been reduced to a zero vector by 
means of the elementary transformations, q. e. d. 

Theorem 3. If two systems of vectors are equipollent, then by means oj 
elementary transformations me system can be transformed into the other . 
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Proof. Suppose that the system of vectors («q, o 2 , ..., a„) with points 
of application at A lt A 2 , ..A„ is equipollent to the system of vectors 
( b i> b 2 , ■■■, b r ) with points of application at B u B t , .. B r . 

To the first system add the vectors iq, —fq with origin at B lt the 
vectors b a , ■ £q with origin at _B, etc. Since the vectors 

°1> °2> fl n>- b i, - b 2 , - b T 

form a system equipollent to zero, therefore by theorem 2 this system 
can be removed by means of elementary transformations, i. e. replaced 
by a zero vector. After the removal there remains the system (iq, iq,..., b r ). 
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KINEMATICS OF A POINT 

I. MOTION RELATIVE TO A FRAME OF REFERENCE 

§ I. Time. In kinematics, in addition to known geometric concepts, 
there arises the concept of time. For purposes of theoretical kinematics 
it is sufficient to assume that to each moment thoro is assigned a certain 
numher t, and that there are assigned smaller numbors for moments ho- 
fore t than for moments after t. Conversely, to each ordering of numbers t 
thore should correspond a certain moment: to a larger number a later 
moment. 

In theoretical kinematics it is entirely immaterial in what way the 
above ordering of time was defined. In any concrete problem we proceed 
in the following manner. We select an arbitrary unit of time , e. g. a second, 
and an arbitrary moment which we call the initial moment. To the initial 
moment we assign the numher 0. Every other moment is represented 
by a number t whose absolute value is the number of seconds that olapsed 
between the initial and given moments. The number t is positive for 
moments after, and negative for moments before the initial moment. 

§ 2. Frame of reference. In kinematics we assume that a certain 
system of coordinates, called a frame of reference, is given. 

A body moves relative to a frame of reference if the coordinates of 
the points of the body change. The problem of kinematics is to describe 
the motion of the body relative to a frame of reference when the coordi¬ 
nates of the points of that body are given at each moment of time. 

In kinematics it is a matter of indifference how a frame of reference 
was selected. In concrete problems we select a frame of reference attached 
to certain bodies like the earth, the sun, the fixed stars, etc. 

The motion of a body depends on the frame of reference. Relative 
to one frame a body may be at rest, but relative to anothor frame it may 
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be in motion. A passenger sitting in a car of a moving train is at rest 
relative to a frame attached to the car, but in motion relative to the 
earth. 

In concrete problems a question arises as to whether it is not possible 
to examine the motion of a body independent of other bodies. Such a mo¬ 
tion would be the so-called absolute motion. It appears, however, by 
observing that points in space are indistinguishable, that by measuring 
distances and appealing to theorems of geometry, it is not possible to 
prove in any W'ay whether a body examined at two different moments has, 
or has not, altered its position. The concept of absolute motion is there¬ 
fore useless. Hence we must confine ourselves to the study of relative 
motion, i. e. to the motion of a body relative to other bodies. 

§ 3. Motion of a point. We shall concern ourselves at first with the 
motion of one point because the description of the motion of a body is 
reduced to the description of the motion of its points. Moreover, in many 
eases the discription of the motion of a body is reduced in practice to that 
of the motion of one of its points, e. g. if the dimensions of the body are 
small in comparison with the path traversed (the motion of the earth 
around the sun, the motion of a bullet) or if the motion of one point 
determines the motion of the entire body (e. g. the motion of a car). 

Let us denote the coordinates of a moving point M relative to a 
certain frame of reference by a:, y, z. The coordinates x, y, z depend on the 
time and are thus functions of the variable P. 

x = f(t), y— <p[t), z — 

These functions give us a description of the motion of the point M 
relative to the chosen frame of reference. Knowing them, we can obtain 
the coordinates y, z of the point M at any time t. 

We assume that the functions f, f and f are continuous together 
with their first and second derivatives in the interval [1 0 , tj during which 
the motion is being examined. 

The motion of the point can be characterized by means of one vector 
function. Let us put r = OM (0 being the origin of the reference frame). 
Hence 

r = F{t). 

The above vector function describes the motion in its entirety, 
giving at each moment a vector r and consequently the position of the 
point M. 


3 
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Let us note that the functions f, <p and y> give the components of the 

"^ The curve that is described by the point during its motion is called 

a path or a trajectory. . 

Suppose that the path of the point is the arc.L. Lot uh give tins arc 

a certainsense and select on it an arbitrary point 0, which wo shall ea'llthe 
initial point (Fig. 43 ). The position of the point M on the are L will be 
determined by giving a number s whose absoluto value is equal to the 
length of the arc OM, and which is positive or negative depending on 
whether the sense of OM agrees, or does not agree, with tho sense origi- 
nally selected. The number s is called the arc coordinate, of the point M on 
the arc L. 

The motion of the point M along the arc L will also ho determined by 
the function 

s = f(t), 

which gives the arc coordinate s of the point M. at each moment t. 



Rig. 43. Kg. 44. ' Fig. 45. 


§ 4. Graph of a motion. Let the motion of a point along a curve L be 
defined by the function s = f(t). Select two perpendicular axes s and t. 

The graph of the function s = fit) is called tho graph or tho diagram 
of the motion (Fig. 44). 

In Fig. 45 we have a graph of the motion of two trains, one running 
from station A to station D (through stations B, C), and the other running 
from D to A . From the diagram we read, for instance, that at t ~ 0 the 
train departed from station A and arrived at B at t = t Q . It loft the 
station B at t — t u etc. The coordinates (t\ s') of the point of intersection 
of both graphs represent the time and place at which both trains meet, 

§ 5. Velocity. Suppose that a point moving along a curve L is at tho 
point A at the time t, and at the point B at tho time t + A t. 

The vector AB is called the displacement of the moving point during 
the time At. The quotient 


AB I At = AC 
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represents the displacement per unit of time. The above quotient is also 
called the average velocity vector, or briefly, the average velocity dur ing the 
time At. 


Let us assume that the limit of the ratio (1) 
exists as At 0. Denote this limit by v. Then 


.. AB 
v — tun—r-. 

At-* 0 Av 


(I) 



• The vector v is called the velocity vector, or 
briefly, the velocity at the time t. 

As At ->• 0 the secant AB tends to the tan¬ 
gent. Therefore: the velocity vector is tangent to Fig- 46. 

the, path. 

Let the motion be defined by the functions x = f(t), y —' cp{t), 
z = f[t). Denote the coordinates of the point A by x, y, z and those of the 
point B by a; Ax, y + Ay, z + Az. The projections of AB are Ax, Ay, 
Az. The projections of the quotient AB j At will therefore be the ratios 
Ax : At, Ay : At, Az : At. 

It follows from this that the projections of the velocity v are expressed 
by the formulae: 


Ax 

v r = hm —r- ■■ 

At-*0 At 


dx 

¥ : 


m «» = §=?-'(*)* 


dz 
d t 


= V'(<>. 


In mechanics the derivate with respect to time is denoted by a dot 
above, after the dependent variable. Thus 

v x = X-, v v = y, V, = s-. (II) 

Hence: the projections of the velocity vector on the coordinate axes are 
equal to the derivatives (with respect to time) of the coordinates of the moving 
point. 

Let the motion be defined now by the vector function r = F(t). 
Setting AB = Ar, we obtain 


Therefore 


r AB 
■ lim —rr '■ 
Jt-»0 Alt 


= lim 

M-+Q 


v = r 


Ar dr 
At ~ d t 



(III) 


Velocity as a derivative of the path. Finally, let the motion of the 
point along the path L he defined by the function s = fit), where s 
denotes the arc coordinate. Since the velocity is tangent to the path, it 
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is sufficient to give its magnitude and sense in order to determine it 
at the point A. From the definition of velocity it follows that 


= lim 


AB 


At 


= lim 

At-*0 


AB 


As 


At 


where \As\ denotes the length of the arc AB. Sincejim 


AB 



lv| = lim 


As 


d s 

At 


d t 


Let us draw a tangent at the point A and give to it a sense agreeing 
with that chosen for the curve L. If s - > 0, then As > 0 for small 
At > 0; therefore the point moves along the path in the positive direction, 
and hence v has a sense agreeing with that of the tangont. Similarly, if 
s' < 0, then v has a sense opposite to that of the tangent. Therefore, if u 
denotes the component of the velocity veotor along the tangent to which 
we have assigned a sense agreeing with that of the path, then 



(IV) 


§ 6. Acceleration. Suppose that at the time t a point was at A and had 
a velocity v, while at the time i -f- At it was at B and had a velocity v . 
Put Av = v' — v. 


The limit lim -p = p is called the acceleration vector, or briefly, the 
At^-0 At 

acceleration at the time t. 


Let the motion be defined by the functions x — f(t), y — <p(t), 

z — w(t). We have p x = lim^p-. Since v x — f'(t) and = fit -|- At), it 
At- s-o ns 



follows that Av x — v' x ~-v s = f'{t-\- At) — /'(t). 
Therefore 


Px 


i- f(t + At)-m 


: lim 

At-* 0 


At 


nty. 


similarly p v = tp"(t) and p % = 
The derivatives 

d 2 * d 2 y d 2 z 
di 2 ’ di 5 ’ d# 


are denoted by x", y, Z". Hence 


p x = x-, p v = y, 


V> = 2 -. 


(I) 
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Therefore: the ‘projections of the acceleration on the coordinate axes are 
equal to the second derivatives of the coordinates of the moving point. 

If the motion is defined by the vector function 


then • 


r = F(t), 

as follows from the definition of the second derivative - 


__ dv _ d 2 r 
P ~ dJ = tit? ' 


r**. 


- we have 

in) 


Example I. A point moves in a plane in such a way that its coordi¬ 
nates at the time t are expressed by the following equations: 

x = a cos let, y — b sin let [a > 0, b > 0, h > 0 ). (1) 


Determine the velocity, acceleration and the path. 
We have 


X' — — ah sin ht, y = bh cos Jet, 

x" = — ah 2 cos ht, y = — bh 2 sin ht, 

and hence the absolute value of the velocity will be 
|v| = Jcja 2 si tAM + 6 2 cos 2 i2, 
and the absolute value of the acceleration 

|pj = & 2 |/a 2 cos 2 kt -j~ 6 2 sin 2 £b 

In order to determine the path it is necessary to find a relation 
between * and y, i. e. it is necessary to eliminate t. Dividing the equations 
(1) by a and b respectively, squaring and adding, we obtain 


Hence the path is an ellipse with axes 2 a and 26. The velocity vector 
is obviously tangent to the ellipse. If we make use of equations (1), then 
the components of the acceleration vector can be written in the form: 

x" = — h 2 x, y = — h 2 y, 

whence 

(#»! = h 2 }/x 2 +.y\ y/x- = yjx. 

The acceleration vector is therefore proportional to the distance 
from the origin of the coordinate system and always directed toward it. 

Example 2. Determine the velocity, the acceleration and the path 
of a point whose motion is defined by the equations: 

x = \a{\ + cos t), y = \a six it, z=a sinty (a > 0). (2) 
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Differentiating, we obtain 

x- — — -|a sin 2 , y — cos t, r eo s§f, 

x" — — |a cos t, y ~ — Jfl sin t, g" ~ - in sin •Jf, 

whence 

|v| = |aj/l + cos B pj and |p| = |«|/l -H -J-sin^t. 

In order to determine the path of the point it is necessary to elimi¬ 
nate f from the equations ( 2 ), which will give ns two relations between », y, z 
def i nin g the space curve along which the point moves. This elimination 
in general presents great computational difficulties; in this example, 
however, it is easy to accomplish. Squaring the equations (2) ami adding, 
we obtain 

+ y % + z 8 = ® a . 

Similarly, from the first two equations ( 2 ) it follows that 

(x—iaf + if = (Ja) z . 

From the equations obtained we see that the path of the point is 
the curve of intersection of a sphere and a circular cylinder. 

Example 3. Uniform straight line motion. A point moves in such 
a way that the acceleration is always zero. Wo are assuming then that 
p = 0 . Hence 

x" = 0 , y = 0 , z" — 0 . 

After integrating, we get 

= Cl. V = c 2 , 2 ' = c a , (3) 

where c x , c a , c 3 are certain constants. Integrating onoe more, we obtain 
x = c l t + d u y = c 2 t + d t , s = cf + d t . ( 4 ) 

Here d lt d 2 , d 3 also denote certain constants. The equations (4) 
represent the parametric equations of a straight line. From ( 3 ) it follows 
that the velocity vector is constant. Therefore, the motion takes place 
along a straight line with a constant velocity. Such a motion is called 
a uniform straight line motion. 

Let us note that setting p = 0 is equivalent to the assumption that 
the velocity vector is constant. For we have p — v. Therefore, if v = 

= const, then p = 0 and conversely, if p = 0, then v = 0 and hence 
v = const. 

Hodograph. Let a point move along the curve L (Fig. 48). Choose an 
arbitrary point O. At each moment t draw from O a velocity vector which 
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the moving point has at the given moment (Fig. 49). The end points of 
these velocity vectors describe a curve H which is called a hodograph. 

On the hodograph we denoted the end points of the velocity vectors 
which a moving point along the curve L has at A, B, G by A', B', O'. If 
the point moves along the path L, then the end point of the correspond¬ 
ing velocity vector moves along the hodograph. 



Denote by v E the velocity of the point on the hodograph at A'. From 
the definition of velocity we have v fl . 


m At 

i- Av 

= hm At= p - 


A’TR' _ 

limAiL But A IB' 


Av: hence 


Therefore: the acceleration of a moving point is equal to the velocity of 
the corresponding point on the hodograph. 

Example 4. If a point moves along a straight line, then the direction 
of the velocity is constant.' Therefore the hodograph is also a straight line. 

Example 5. Let us assume that a point moves along a circle K with 
a velocity which is constant in magnitude (Fig. 50). 

The hodograph will he a circle (Fig. 51). The point will move 
along the hodograph with a velocity which is constant in magnitude. 

Since the velocity of the point A[ on the hodograph is tangent to 
the hodograph, it is perpendicular to vp It follows from this that the 
acceleration of a point moving along the circle K is directed towards the 
centre of the circle and is constant in magnitude. 


§ 7. Resolution of the acceleration along a tangent and a normal. 

Motion along a plane curve. Let the motion of the point A along the path 
L be defined by the function a = f(t), where s denotes the arc coordinate. 
Draw a tangent t and a normal n at the point A. Give the tangent a sense 
agreeing with that of the curve A, and the normal — a sense towards the 
centre of curvature. 
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The projection of the acceleration p on the tangent is called the tan¬ 
gential acceleration p t ; the projection of the acceleration on the normal iR 
called the normal acceleration p„. Obviously 



P = Pt + JV (I) 

Having been given the tangential and normal 
accelerations, we can therefore determine the 
acceleration p. The tangential acceleration will 
bo defined by giving the component <p t along the 
tangent. Similarly, the component p n along the 
normal defines the normal acceleration. 


Let us denote by da the acute angle between the tangents at the 
point A whose arc coordinate is s, and the neighbouring point B whoso arc 
coordinate is s + As, Assume that As > 0 . We then havo 


,. d« 
hm-j— 

At-*- o As 


e’ 


where o denotes the radius of curvature. As we know, 

Av 


therefore 


= lim —7T-, 
jt-*o At 


Vt 


= lim 

41-+0 


Froj fdv 
At ' 


where Propdv denotes the component of dv along the tangent i. But 
Projjdv = Proji(v + dv) — ProjjV. Hence Proj 4 dv = (® -|- Av) cosdoc — 
— v. Therefore 


Pt = lim 
at->-o 

But 


(v ~f- Av) cos Ax—v 


lim 

Ai-*0 


At 


cos da— 1 


: v lim 


cos da- 


' At 


— + lim — cos Ak. (1) 


At ]™ da 

Prom known rule for evaluating indeterminate forms we obtain 


cos Ac 


Ak As 
A s At ’ 


( 2 ) 


lim 


cos da —1 


= lim 


cos Ax- 


M-*o A a 

Therefore in virtue of ( 2 ) 

v cos da- 
lim 


da 


= lim 

-dct-j-O 


-sin da 


0 . 


At 


■ 0 • — ■ v i 
<? 


' 0, 
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whence by ( 1 ): 


Pt = dv / df = s". 


Let us now evaluate p n . We have 


Pn 


= lim 

At^O 


Projadv 

At 


But Proj„dv = Proj„(v -f- dv) — Proj n v = (v + Av) sin da. Hence 


Since 


p n — lim(v -j- Av) 
ae-*o 


sin da 
At ' 


.. sm da .. smda da As 

lim —— = lira —-3- -r- 

m-*o At da As At 


1 - v, 

Q 


it follows that 

Pn = V 2 IQ- 

Therefore the tangential acceleration p t and the normal acceleration 
p n are expressed by the formulae 

p t — dv/dt — S", Pn = ^l8’ (II) 

where q is the radius of curvature. 

Since the tangential acceleration is perpendicular to the normal 
acceleration, it follows that 

id = MT& an) 

Prom formula (1) we see that p n > 0. Therefore the normal accelera¬ 
tion is always directed towards the centre of curvature. 

Let us note that the tangential acceleration depends only on the 
change of the absolute value of the velocity and not on the change of its 
direction. The tangential acceleration is constantly zero if and only 
if 4 ? = const.' 

The normal acceleration depends on the radius of curvature q and 
therefore on the change of the direction of the velocity. The normal 
acceleration is constantly zero if constantly v = 0 or Ijo — 0. In the first 
case the point is at rest, and in the second case the motion is along a 
straight line. 

Example. A point moves along a circle of radius r with a velocity v whose 
absolute value is constant. Therefore by (I) 

p t = du / df = 0, p n = v s /r = const. 

Hence the acceleration is constantly directed towards the centre of the circle 
and its absolute value is constant (cf. p. 39, example 5). 
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Motion along a space curve, Lot a point move along a space curve L, 
Denote the velocity of the point at A by v and its velocity at B by 
v -|- Av. 

Pass A plane 17 through the tangent at A parallel to the tangent at B, 
The vectors v and v Av drawn from the point A lie in this plane. 
Therefore the vector Av/At lies in the plane 11. As the point B tends to the 
point *4, the plane U tends to the so-called osculating plane at A. It there¬ 
fore follows that the acceleration f> = limdv / At lies in the osculating 

M-+0 

plane. 

Hence: the, acceleration vector lies in 'the osculating plane.» 

The tangent lies in the osculating plane. The lino perpendicular to 
the tangent and lying in the osculating plane is called the principal 
normal. The centre of curvature lies on the principal normal, honnmg 
the projections of the acceleration on the tangent and the normal, we 
obtain 

P = Pt + P*> 

which is analogous to formula (I) obtained in connection with plane mo¬ 
tion. 

Giving the tangent a sense agreeing with that of the curve, and 
the normal a sense towards the centre of curvature and proceeding as 
before, we obtain: 

p t = dvjdt= a" and p„ — v 2 j q, 

where g denotes the radius of curvature. 

The above relations are identical with those of (II) in the case of 
plane motion. 

Example /.Uniform motion. Let a pointJ. move along a curve Lon 
which an initial point 0 and a sense have been chosen. Assume that the 
velocity of the point A is constant in magnitude (i. e. in absolute value). 
Such a motion is called a uniform motion along the curve L. 

We are assuming, therefore, that *> = $■ = const. Integrating, we 
obtain 

s — vt + S 0 . ( 3 ) 

Substituting t = 0, we get s = s 0 . Hence the constant s 0 denotes the 
arc coordinate of the point A at the time t — 0. 

Uniform motion is defined by a function of the first dogree with 
respect to t. Conversely, an arbitrary function of the first degree 
s = at A- b defines a uniform motion with the velocity v = s- ■=- a, In 
addition s 0 = b. 
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By (3) we have 

Pt — «' = s- = 0, p n = v 2 Iq. 

Since the tangential acceleration is zero, the acceleration is con¬ 
stantly directed towards the centre of curvature. The magnitude of the 
acceleration is p n . Therefore the magnitude of the acceleration is inver¬ 
sely proportional to the radius of curvature g (or directly proportional to 
the curvature K = 1 f g). 

In particular, if a point moves uniformly along a circle of radius r, 
then g — r, and hence 

Pn = r■ 

Thcreforo: if a point moves along a circle uniformly, then the accelera¬ 
tion is of constant magnitude and it is directed towards the centre of the circle. 

Example 2.Uniformly accelerated motion. A point moving along 
a curve L has a constant tangential acceleration. Such a motion is called 
a uniformly accelerated motion along the curve L. 

Assuming that p, = p — const, we get s- — p t = p; hence 

s- — v = pt c ± , s = Ipt 2 + cgt + c 2 . (4) 

Uniformly accelerated motion is defined by the function s = /(f) of 
the second degree in t. Conversely, an arbitrary function of the second 
degree s = at 1 -f- bt ~f- c defines a uniformly accelerated motion because 
after differentiating twice: 

p t = s- — 2 a= const. 

Let us assume that in a uniformly accelerated motion defined by 
function ( 4 ), a point had a velocity v = v 0 and an arc coordinate s — s B 
at f = 0 . 

Put ting t = 0 , we obtain from (4) = c v s 0 = c 2 . Substituting in 

equations (4), we obtain 

v = pt -f- v 0 , s = jpt 2 -f- v 0 t A- s 0 . 

In particular, if v 0 = 0 and s 0 = 0, we get 
v — pt and s — 

Example 3, Motion along a cycloid. Let a circle of radius i roll along 
a straight line. Examine the motion of an arbitrary point on the 
circumference of the circle. 

Assume that at the beginning a given point P on the periphery of the 
circle is a point of tangency of the circle and the straight line. Let us 
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select this point as the origin of the coordinate system with the lino as the 
a-a-ris. If the circle turns through an angle <p, the point will occupy a now 
position. P'{x, y). In order to express the coordinates x, y as functions of 
the angle cp, let ns note that the new position of the point can ho obtained 



P Q 

Pig. 53. 


by first turning the circle clockwise about the centre through the angle q> 
and then translating it along the *-axis through the segment PQ which is 
equal to the arc P'Q subtending the angle cp. Since the longth of tho arc P'Q 
is rip, it follows that x = — r sin 95 -f rep, y — r — r cos cp, or: 

x = r{q> — sin 9 ), y — r(l— cos 95 ). 

After one revolution of the circle, i. 0 . for 93 = 2 n, the point P is 
again, a point of tangency, after which the motion repeats itself. The 
resulting curve consisting of congruent arcs is called the cycloid. 

Assume that the circle revolves uniformly, i. e. that the angle cp is 
proportional to the time: cp—mt (where m is a constant). The equations of 
the motion of the point P are then 

x — r{cot — sinnrf), y = f(l — cos tot). 

Differentiating them twice with respect to time, we obtain the 
components of velocity and acceleration 

x’ = r«(l — coscuf), y = rm sin cot, 
x•• — rm 2 sincof, y = rco s coamt. 

Hence 

|v| = |/r 2 co 2 (2 —■ 2 cos cot ) — 2«ojsin |coi|, |p| — rm 2 . (5) 

Because of the fact that the motion repeats itself after one complete 
revolution, we can confine ourselves to the time interval 0 t <1 2n/co. 
Prom the above equations we see that the magnitude of the acceleration 
of the point P is constant, but the magnitude of the velocity changes. At 
t — 0 or t — 2 «/o), i. e. when the point is on the line, the velocity is zero, 
whereas at t = nfto, i. e. when the point attains its highest position, the 
velocity is greatest and equal to 2 rm. 

Let us give the cycloid a sense agreeing with that of tho motion of 
the point. During the time 0 <1 1 <( 2njm we have v = |vj and hence by (5) 
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v = 2m sin \mt. 

The tangential acceleration will hence be 


ft = v — rm 2 cos \mt. 

In order to determine the normal acceleration, we calculate the 
curvature from a well-known formula 

1 __ | x-y — yx-\ _ Pco 3 (l — coamt) _ 1 

0 ( 3 j -2 ^. 2 )| 8 r 3 co 3 sin 3 arf/2 4r sin &>f/2‘ 

Hence 

Vn = « a /5 = sin \mt. 

Since da — v di, the distance covered by the point up to the time i is 
t t 1 

a = Jds = fv dt = f 2cor sin \cot di — 4r(l — cos |cui). 
000 

In particular, for t = 2 njm we obtain the length of the path of the 
cycloid for one revolution of the circle. The length turns out to he 8 r. 


§ 8. Angular velocity and acceleration. Let a point A move along a 
circle of radius r and centre M. Lot us select a sense on the circle and an 
initial point 0 (Fig. 54). Denote by cp the angle between the radii MA and 
MO assumed to agree with the sense selected. We have s = r<p; therefore 


s- = rep• and s 44 = rep ". ( 1 ) 

The derivative cp 4 , which is usually denoted by m, is called the angular 
velocity. 


The derivative cp" is called the 
angular acceleration and it is denoted 
by e. We obviously have <p 4 = m and 
co- = e. Therefore by (1) 

v = rco and p t = re, (I) 
and since p n — v 2 jr, it follows that 
p n = rco 2 . (II) 



Angular velocity vector. Let a point rotate about a certain axis l. 
This means that it moves along a circle lying in a plane perpendicular to l, 
whose centre is the point of intersection of this plane and the axis l 
(Fig. 55). 

Let the point have an angular velocity « at the time t. Denote the 
vector lying on l and having a length |w| by co. Select the sense of the 
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vector w in such a way that a person, having hits head at the terminal 
point and his feet at the initial point of the vector, hook the motion 
proceeding from Ms right hand to his left hand. 

The vector to is called the angular velocity vector. 

It is 'easy to verify that the velocity v of the point A is equal to the 
moment of co with respect to A: 

v = Morn^u). (2) 

If the vector OA is denoted by r, where 0 is an arbitrary point on the 
line l, then v = w X OA and hence 

v = r X to, (III) 

Denoting the projections of the vector cd on the coordinate axes by 
co a , (o v , co g , the coordinates of the point A by x, y, z anti the coordinates 
of the point 0 by x 0 , y 0 , z tt , we obtain 

v x = a> s {y — y B ) — — z 0 )> = mjz » 0 ) eo,(d3 • • a 0 ), 

v,= m v (x— x B )—m„(y — y 0 )- ^ 

If, in particular, l passes through the origin of the system of coordi¬ 
nates, then, setting x 0 = y 0 = z 0 = 0 , we obtain 


v x = m Ar ~ m v z > v y = oj x z — co z a 5 , 


w..x — m. x y. 


(V) 


§ 9. Plane motion in a polar coordinate system. If a point moves 
in the ay-plane, then its position is completely 
determined by the length of the sogmont 
OA = r, called the radius vector, and the angle 
<p which OA makes with the x-axis. The mo¬ 
tion of the point will therefore be definod by 
two functions 



Since x — r cos cp, y 
vatives with respect to t, we obtain: 


F(t), <p^f(t). 

r sin (p, taking den¬ 


ar = r cos cp — rep' sin cp, y — r sin cp — rep' cos ep, 

x" = r“ cos cp —- 2 rep" sin ep — rqr 2 cos cp — rep" sin cp, 
y = r- sin cp + 2 'rep- cos <p — rep ,2 sin cp + rep" cos ep. 

Prom equations ( 1 ) and ( 2 ) we can determine »•, x", y, y“ if wo know 
r-, r-, cp-, cp and conversely. Prom ( 1 ) we obtain 

v 2 = ar 2 + y % = r 2 + r\-\ 


(1) 

( 2 ) 


(3) 
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r = (4) 

It is often convenient to resolve the velocity and acceleration not 
in the directions of tho coordinate axes, but in the direction of the radius 
vector and a direction perpendicular to it, while the positive sense along 
these directions is chosen as in the figure. These components are called 
the radial and transverse components, respectively. 

If a a , a y are the components of an arbitrary vector a beginning at 
the point A(r, cp), then projecting this vector on the axis AR as well as 
on AL, we obtain for the radial component a r and the transverse compo¬ 
nent a v : 

a t ~ a x cos cp ~f- a v sin cp, — — a x sin p -f- a v cos p. 

Applying these formulae to the velocity and acceleration vectors, we 
obtain by equations ( 1 ) and ( 2 ): 

v r = r, v r = rep-, , (I) 

Pt — r- — rp-*, p,, = rp- + 2 rep- = ~ ~ (rV)- (II) 

Example. A point moves along the spiral r = a bp in such a way that the 
angle ep is proportional to the time t. Hence cp = cot, where oo is the factor of propor¬ 
tionality. Then <f = m, ep" = 0, r = bp' = bco and r* = 0, whence 

v r — bco, p r = — (o + bmt) to 2 , v 9 = (o + bat) co, p, P = 26co s . 

§ 10. Areal velocity. Let a motion take place in the xy-plane. Denote 
the area of the region swept out by the radius vector during the time from 
t to t + At by zl$. Prom the formula for calculating areas in polar coordi¬ 
nates we obtain 

<p+dt? 

AS = ifr 2 dp, 

9 

whence, on the basis of the mean value theorem, 

Ap, ( 1 ) 

where r,, denotes the mean value between the maximum and minimum of 
the radius r during the time from t to t -f- At. 

The ii m j s called the areal velocity and it is denoted by A. There- 
M-+Q At 
fore by ( 1 ) 







48 


CHAPTER II — Kinematics of a point 


From formulae (4) on p. 47 we obtain y = - a -(a??/' — */*•)• HoB.ee 

by (I) 

A = \{xy —- yx-). (II) 

Example. Determine tbe velocity and acceleration of a point 

moving along the circle x 2 — 2ax + 
+ y 2 = 0 with a constant areal 
velocity h. 

The equation of the given circle 
in polar coordinates is r — 2a cos <p. 
The condition that the areal velo¬ 
city he constant is expressed by 

$r*q>' = h, or <p- = 2h/r 2 . ( 2 ) 



Differentiating the equation of the circle, we obtain 
r = — 2aip • sin 9 ? = 


4 ah , 
•-3-® n V- 


4 ah , 2 h 

■--smtp, = - 


Therefore 

»- = — ~r sm( P> »* = r 
As the areal velocity is constant, we have from formula (II), p. 47, 

1 d . 

Pf = 7mi*r)> 

it follows that = 0 . Therefore the acceleration always has the direc¬ 
tion of the radius vector. 

Differentiating the first of the relations ( 2 ), we obtain 2 w<p- + 
— r 2 y = 0 and hence 

2 T’cp' 


?" : 

differentiating r, we get 


lQah 2 . 


1 Qcf/hft 

f" — — 2 ay sin 9 ) — 2ay 2 cos pp — — 2 a sin cp —— sin cp ■ 


4/j2 

— 2ffl COS <P — : 

• ^>4 


3 2a 2 h 2 . , „ ,4 h 2 

-5— sm T — 4a 2 cos 2 ^ — : 


yO 

16 aW 


(1 + sin 2 p). 


Since 


Ah? 

r* 


4 h 2 


r 7 3 ' 2 = r Tr = 4a 2 cos’? ~^ oos 2 f, 


yi ~~ r r 6 

from the formula p r = r” — ry 3 we obtain 

p, = — SZaW/r 1 


[§ll] 
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§ 11. Dimensions of kinematic magnitudes. The measure of velocity, 
acceleration, etc. depends on the units of length and time. We shah con¬ 
cern ourselves with the question of how these measures chang e when the 
units of length and time undergo changes. 

Let us select an arbitrary unit of length L and a unit of time T. 
Assume that a point in uniform motion traversed a path of l eng th sL in 
the time tT (e. g. if L denotes cm, and T sec, then sL = s cm, tT = 
== t sec). The measure of the velocity v using units L and T is 

v = s It. 

Let us now select new units of length and time L', T'. Assume that 
the new units and the preceding are connected by the relations 

L = XL', T = t T\ (l) 

where X and r indicate how many new units are contained in the old. 
Denoting the measures of length, time and velocity in the new units by 
s', t' and v', we obtain 

v' = s'jV. 

Since sL = sXL' and tT = UT', it follows that s' = si, t' = tx, 
whence 

, 5 .A s X 

tx t X 

and hence 

X 

v' = v — (or v' — «Ar -1 ). 

T 

The unit of velocity (i. e. the velocity whose measure is 1 ) in 
units L and T is denoted by 

J- or LT~\ 

The velocity whose measure is v we denote by 
v^ or vLT~ x . 

For example, 5 cm • sec -1 denotes a velocity whose measure is S, if the unit 
of length is the cm and the unit of time the sec. 

Let us now suppose that we have chosen new units of length and 
time L' and T' which are connected with the old units by equations ( 1 ). 
Substitute in vLT~ x for L and T, XL' and tT' respectively, and then 
transform the resulting expression as if the letters L' and T‘ denoted 
numbers. We obtain 


4 












50 


CHAPTER IX — Kinematics of a point 


VLT- 1 = vXL'x- x T'- y = vXr 'LT . 

Substitute v' — vlr ~ 1 . Then 

vLT~ l = v'L'T"~ l . 

Let us note that, according to the definition, v' is the measure of 
velocity in units L' and T'\ consequently, v'TJT represents the velocity 
in units of length and time L' and T'. 

We see, therefore, that the symbol LT~' enables us to determine the 
measure of the velocity in changed units by formal calculation. 

Example. Determine the measure of the velocity 12 cm • see" 1 in units m 
and min. 

We have cm = 0.01 m, seo — ^ min. Calculating formally, wo obtain 
12 cm - sec -1 = 12 ■ 0.01 m • ( g l ff min) _1 = 12 ■ 0.01 ■ 00 m • min' l -■•= 7.2 m • min" 1 . 

Therefore 7.2 is the measure of the given velocity in units m and min. 

The expression LT~ l , in which L and T do not denote particular 
units, but are symbols representing arbitrary units of length, and time, is 
called the dimension of velocity. 

General definition of dimension. The notion of dimension given above 
for velocity can be generalized to other magnitudes such as acceleration, 
angular velocity and acceleration, etc. 

We shall call the dimension of any magnitude A the expression 

L*T>, 

where the exponents <x, p are numbers satisfying the condition: if a is the 
measure of the magnitude A in units of length and time L, T, and a' its 
measure in.units L\ T' connected with L and T by equations (1), then 

a' = osAV. (2) 

The dimension of the magnitude A is denoted by [A], Hence 
[A] = ISTA 

The unit of the magnitude A 'in units of length and time L, T is 
denoted by IATA Therefore, if a is the measure of the magnitude A in 
terms of the unit L a T 0 , then this magnitude is denoted by 

aL*$A 

Suppose now that we have introduced new units of length and time 
L', T' connected with the preceding by equations (1), p. 49. Calculating 
formally,' we obtain alAT^ a{7,L'Y{xT)l > ^ , and hence 

dL^T =?= («A°tA) L ,a T' f . Therefore, denoting the measure of the given 
magnitude in units L ! and T ! by ci', we obtain from (2) 


r§n] 

Dimensions of kinematic magnitudes 

51 


aL a T fi = a'L’TA 

(3) 


llius formal calculation permits us to determine the measure 
in terms of the changed units. 


Example. The dimension of acceleration is LT~ S (as can be verified by 
employing the same method as used in connection with the velocity). Represent an 
acceleration of 5 cm- /sec -2 in units m and min. 

Since 1 cm = 0.01 m, 1 sec = min, it follows that A = 0.01, r = J g , 
“ = 1. /? = —2, and hence by (3), 5 cm • sec" 2 = 5(0.01 m)(gL min)- 2 = 

= 5 • 0.01 ■ 60 2 m ■ min -2 , or 5 cm • sec = 180 m • min -2 . 

Determination of dimension. The following theorem fs useful for the 
determination of dimensions: 

Let there be given the magnitudes A and B for which 

[A] = L*TA [B] = L V T\ (4) 

as well as a third magnitude G defending on A and B in such a. manner that 
if we denote, by a, b, c the measures of the magnitudes A, B,C expressed in 
arbitrary units L and T, we always have 

c = ga p b“, ( 5 ) 

where the numbers g , p, q do not depend on the units L and T. 

From these assumptions follows 

[G] = i/* x «qpw J +2 <! . (j) 

This formula can be written in still another way. Dimension [(7] 
can be obtained if we reckon formally as follows: 

[C 1 ] = fL ct T^) p (L y T 5 ) a = — B P0L+Qy T^ +a3 ' 

we can therefore give formula (I) in the form 

[C] = [H]W- 

Proof. Let us select new units L' and 2" connected with the preceding 
by equations (1), p. 49. Denote the measures of the magnitudes A, B , C 
in terms of the new units by a', b', c'. According to assumption (5) we 
have c' = ga^b" 1 . By (4), a' = A*f% and b' = ?Jt s b hence c' = 
= a) p {l 7 r s by — x px+<1Y r p ^^' !S c, and by the definition of dimension 

follows formula (I), q. e. d. 

From the above theorem we obtain the following corollaries: 

Corollary I. If formula (5) has the form 

c = ab, then [ O ] - [,4][B] = L“ Vy T^ s , 

c = afb , then [C] = [A]/[B] = L a ~ v T*~ s , 

c = a p , then [C] = [Ay = L* P T^. 
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Examples: 1. Velocity is expressed by the formula v — sjt. Therefore 

W = W m = LlT = LT~\ 

2. Acceleration in uniformly accelerated motion is given by the for¬ 
mula p = v jt. Hence 

M = [V\l[f\ = LT- l IT = LT-\ 

A similar result is obtained if we use formula s = We calculate 
from it p = 2s/1 2 . Therefore 

M = [s]l[t? = LIT*^LT-\ 

3. Angular velocity is given by a> = dcpjdt. The dimension of the 
angle cp is lA r F® because the measure of cp is independent of the units of 
length. Hence 

H = 1 JT = T~\ 

4. An gular acceleration is given by e — d s <p / d7 2 . Therefore 

[e] = l jT 2 — T-\ 

Corollary 2. Certain constants can depend on the choice of the units 
of length and time. We can therefore speak of the dimension of these 
constants. 

Example. In a certain motion the absolute value of the acceleration is propor¬ 
tional to the square of the velocity. Denoting the constant of proportionality by k, 
we have 

p = kv % . 

In units of cm and sec, k = 2. Calculate k in units of m and min. We have 
k = pjv i , from which [i] = [p]/[v] a = LT~ i j(LT~ 1 ) i ; hence [7c] = L and 

2 cm -1 = 2 ( t A_ m) -1 = 200 m -1 . 

Therefore k = 200 in a system of units m and min. 


II. CHANGE OF FRAME OF REFERENCE 

§ 12. Relation among coordinates. The velocity and acceleration of 
a point depend on the frame of reference relative to which the motion of 
the point is being examined. The motion of one and the same point will 
therefore be described differently by two observers moving relative to 
each other. 

If we are travelling in a train, for instance, then the passengers travell¬ 
ing with us are at rest relative to us. To an observer standing near the tracks 
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the passengers move with the velocity of the train. We can express this in 
the following way: relative to a frame attached to the train the passengers 
are at rest, and relative to a frame attached to the earth the passengers 
move with the velocity of the train. 

The motions of the planets and sun relative to a frame of reference 
attached to the earth are very complicated. Copernicus discovered that 
the motions of the planets are represented much more simply if we choose 
as a frame of reference a frame attached to the sun. 

Let there he given a frame of reference 0(x, y, z) and a second frame 
M(£, t], C) moving relative to the former (Fig. 59). In order to differentiate 
one frame from the other, we shall call (%, y, z) a fixed frame and (f, tj, t) 
a moving frame. The motion of one and the same point will be represented 
differently in both frames. 

We shall be concerned with the problem of representing the motion 
of the point A relative to one frame when this motion is known relative 
to another frame. 

This problem is very important and we shall meet it in many 
situations. 

Denote by * 0 , y 0 , z 0 the coordinates of the origin M in the frame 
0{x, y , s), and by f 0 , t] a , ft the coordinates of the origin 0 in the frame 
M(C, rj, ft. Let ...,y s he the angles between the axes of both frames 

as indicated in the table: 



axes 

f 

n 

r 

X 

% 

a a 


y 

ft 

ft 

ft 

2 

Yi ) Ys | Ys 


If x, y, z and ft f are the coordinates of the point A in the first and 
second frames, respectively, then, as it is known from analytic geometry. 


x — 

x 0 

+ 

£ 

cos % 

+ 

V 

COS 

+ 

C COS 


y = 

Vo 

+ 

£ 

cos 

1 

t 

V 

cos ft 

+ 

C COS ft, 

(I) 

z = 

ft 

+ 

£ 

cos y x 

_L 

1 

V 

cos y 2 

+ 

C COS y s , 


£ = 


1 

~r 

X 

cos <x x 

1 

1 

y 

cos ft 

+ 

z cos y v 


n = 

7 7o 

+ 

X 

cos # 2 

+ 

y 

cos ft 

+ 

z cos y 2 , 

(I') 

C = 

Co 

+ 

X 

COS t 

+ 

y 

cos ft 

+ 

z cosy 3 . 
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The motion of the frame M{£, y, £) relative to (){x, y, z) will be known 
i^the coordinates ic 0 , y 0 , z 0 and the angles « lf « 2 , ■ ■ y a aTO given for each 
moment t. Therefore % y 0 , z 0 and « x , %, .. y x are functions of the time t. 
If the motion of A relative to M(£, y, £}. is defined by the functions 
£ = f(t), f] = q,(t), £ = V>[t), then the motion relative to 0(x, y, z) is 
obtained from formulae (I) 

X = x 0 + fit) cos + <p(t) cos « 2 + y>(t) cos « 3 
and similarly for y and *. 

If the motion of A takes place in the plane II, then selecting axes 
x, y and £, y in this plane and denoting by q> the angle between the axes x 
and £ (Fig. 60), we obtain 

x = x 0 + £ cos q — y sin <p, y = y 0 + £ sin <p + V coh </>, (1.1) 

f = f 0 + *00595 + ysincp, y = y 9 — xmxtp -|- yemep. (LI/) 

If the directions of the axes of the moving frame M{£, y, £) do not 
chaiigo, then this frame is said to move with an advancing motion. 

In this case the angles « x , « 2 , .. y s are constant. 

We say that a moving frame revolves about the axis l with an angular 
velocity co, if the points lying on the axes £, y, £ revolve about the axis 
l with an angular velocity co. 

Let the frame M{£,y, f) revolve about the £-axis with an angular 
velocity co. Let us assume that the fixed frame 0{x, y, z) coincided with 
the moving frame M{£, y, £) at the time t = 0. We then have x 0 =» y 0 =- 
= z 0 = £ 0 — y 0 = Co = 0. Denote the angle between the x and £ axes 

by <p. Obviously <p = cot. Since the axes x, y and £, r/ constantly lie in one 

plane, by (II) and (II'): 

x = £ cos cot — y sin cot, y = £ sin cot -f- y cos cot, z = £, (III) 

I = x cos cot + y sin cot, y——x sin mt + y cos a)t, £ == z. (IIT) 

Example I. The motion of a point relative to a fixed frame is defined 
by the equations 

x ~ a cos mt, y — bs&nast, (1) 

and hence the path of the point is an ellipse whose equation is 

* 2 ?/ 2 

How is the motion of this point represented in a moving frame with 
the same origin, if this frame revolves in a positive direction with an 
angular velocity co ? 
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We assume that both frames are coincident at the moment t — 0. 
Denoting by £, y the coordinates of an arbitrary point relative to the 
moving frame, we have 

£ = x cos cot + y sin cot, y = — x sin cot 4- y cos cot, 

for by hypothesis the angle q> between the x and £ axes is equal to cot. 
Substituting on the right side of these formulae the expressions (1), we 
obtain the equations of the path described by the point in the moving 
frame 


£ = a cos hot + b sin 2 cot, y = (6 — a) sin cat cos cot, 
or, making use of the identities cos 2 cot = ffl + cos Serf), sin 2 co£ 


|(1 — cos 2arf) and sin cot cos cot = \ sin 2rot: 


£ 


+ 


- cos 2ait, 


■ sin 2 cot, 


whence 




+ y‘ l 


- b 


Hence: relative to the moving frame the point describes a circle when 
a 4= b, and it remains at rest when a — b. 


Example 2. Motion along a helix. A 11 important example of the 
motion of a point along a space curve is helical motion which arises in the 
following manner. The moving frame (£, y, £) revolves with a constant 
angular velocity co about the £-axis, while relative to the moving frame, 
the point moves uniformly with a velocity c along the line £ = r, y = 0 
(i. e. along the line parallel to the f-axis and cutting the f-axis in the point 
£ = r). 

Such a motion arises, for example, when a circular cylinder rotates 
about its axis with an angular velocity co, while a point moves along the 
generatrix of the cylinder with uniform motion. 

At t = 0 let the fixed frame (x, y, z) be 
coincident with the moving frame {£, y, £), while 
the moving point lias the coordinates (r, 0, 0). 

By (III) 

x = r cos cot, y = r sin mt, z = ct. (2) 

The above equations can also be obtained 
directly from the figure. They represent the 
parametric equations of a helix. The motion 



Fig. 61. 
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of the point therefore takes place along a helix. Differentiating (2) we 
obtain * 

x- — — rm sin cot, y — ra> cos mt, %' — c, 
x■■ — — rco 2 cos cot, y" — — ra)i shi == O' 

Consequently 

j vj = }/V 2 a>® -f- c 2 , |p| — roA. 

Hence: in motion along u helix the absolute values of the velocity and 
acceleration are constant. 

§ 13. Relation among velocities. The velocity of a point A relative 
to a fixed frame (*, y, z) is called absolute velocity, we denote it by v 0 . 

The velocity of a point relative to a moving frame is called relative 
velocity ; we denote it by v r . 

Let ns imagine that the point A, whose motion we arc investigating, 
is attached rigidly to the moving frame (£, p, £), i. e. that its coordinates 
f, rj, £ do not change. Under this assumption the point A connected with 
the moving frame would possess a certain velocity relative to the fixed 
frame. This velocity is called the velocity of transport and we denote it 
by Vi- 

We can also say that the velocity of transport of the point A at 
a given moment is the velocity of a point attached to the moving frame 
and coinciding at the given moment with the point A. 

Let us suppose, for example, that a passenger is running along the aisle of 
a train. As the fixed frame let us take the frame attached to the earth, as the mov¬ 
ing frame — the frame attached to the train. 

A person standing near the track will observe the motion of the passenger 
relative to the fixed frame, and a person sitting in the car —• relative to the moving 
frame. 

The velocity of the passenger, as observed by the person near the track, will be 
absolute velocity . The velocity, as observed by the passenger sitting in the car, will be 
relative velocity. The velocity of transport will be the velocity of that point on the floor 
of the aisle which is touched at the given moment by the passenger running along the 
aisle. 

The velocity of transport in this case will therefore be the velocity of the train, 
The absolute velocity will be greater or smaller than the velocity of transport 
depending on whether the passenger runs in the same or opposite direction of the 
motion of the train. 

We shall now concern ourselves with the relations that obtain among 
the absolute, relative and transport velocities. 

The point A has the coordinates x , y, z relative to the fixed frame. 
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Consequently the projections of the absolute velocity on the axes of the 
fixed frame will be: 

^=*-. % = «*, = *■. ( 1 ) 

Similarly, the projections of the relative velocity on the axes of the 
moving frame will be: 


Vr s = v T7] = ry, v rc = £'. (2) 

In order to equate the absolute velocity with the relative velocity, 
let us form the projections of the relative velocity on the axes of the 
fixed frame. We obtain 

» 

v fje = i" cos a 1 + y cos tx s + £' cos a 3 , etc. (3) 


By (I), p. 53, the coordinates x, y, z relative to the fixed frame are 
x = x 0 £ cos oc 1 + rj cos « 2 -f- £ cos x 3 , etc. 

Differentiating the above expression, we get from ( 1 ) 

d cos £x<> 


, „ d cos a, , d cos cc„ 
v. m = x- = x i + e— 

-j- rj' cos a 2 -j- £' cos x 3 . 


df 


£' cos % + 




The velocity of transport is obtained by supposing that the point A is 
attached rigidly to the moving frame, i. e. that the coordinates £, y, £ are 
constant, or that £■ = 0 , y = 0 , £■ = (). Therefore in virtue of (4) the 
projections of the velocity of transport on the axes of the frame (a:, y, z) 
are 


, . d cos, d cos «, , „ d cos a, 
% = *o + S'- V df + f 


etc. (5) 


By (3) and (5) we obtain from (4) v a = v t + and similarly v a = 
= v *y + «V„ % = % + Vr x> or 

V a = + V r . (I) 

We have thus proved that the absolute velocity is equal to the sum of 
the velocity of transport and the relative velocity. 

When the moving frame moves with an advancing motion the angles 
a,, «j, ..., y 3 are constant; hence the derivatives 

dcosaq dcos « 2 dcosy 3 

d t ’ d t ’ di 

are zero. Therefore from formula (5) we obtain „ 

Vt x = Xq, v ty = yo, V U = Zq. 
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Hence, if v„ is the velocity of the origin of the moving frame, then 

v< = v„. 

Therefore: if a frame moves with cm advancing motion, then the. velocity 
of transport is the same for all points and equal to the, velocity of tike, origin of 
the frame. 

Remark. We say that the point A executes two motions simul¬ 
taneously: one with relative velocity, the other with velocity of trans¬ 
port. The motion relative to a fixed frame is termed a compound motion of 
both component motions or their resultant motion. 

The velocity of the resultant motion is therefore the sum of the 
velocities of the- component motions. In order that the velocity of the 
resultant motion be defined, it is sufficient to give tho velocities of the 
component motions; it is not necessary to say, in addition to this, which 
of the velocities is relative and which is the velocity of transport. 

Example I. A train is moving with a velocity u; along tho floor of 
a car a point A rolls with a velocity v relative to the floor. What is the 
velocity of the point A relative to the earth? 



Fig. 62 . 


Fig. 63. 


Let us assume that the axes of the frame (x, y, z) are attached to the 
earth and the axes £, rj, £ to the car (Fig. 62). The velocity of transport of 
the point A is therefore u, because this is the velocity A would have rela¬ 
tive to the earth were it at rest relative to the car. Let the relative velo¬ 
city of A be v. Hence its absolute velocity v a (i. e. tho velocity relative to 
the earth) is 

V„ = u + V. 

Example 2. A cylinder revolves about its axis with an angular velo¬ 
city co. A point A moves along the generatrix with a velocity v (relative 
to the generatrix). What is the absolute velocity of tho point A ? 

The relative velocity is v. In order to determine the velocity of 
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transport, let us note that if the point A were attached to the cylinder, 
then it would move along tho circle K with an angular velocity cv (Fig. 63). 
Therefore, if r denotes the radius of the base of the cylinder, then the 
velocity of transport u is tangent to the circle K and ju| = m. The abso¬ 
lute velocity is then v„ = v -\- u . and since v ± u, 

| v «| = j/r 2 + « 2 = ]/» 2 -f- r 2 o > 2 (v = jvj, u = juj). 

§14. Relations among acceierations. We shall consider now the 
relations that obtain among the accelerations of a point relative to various 
frames. Let us assume that we have two frames: a fixed (x, y, z) and 
a moving (£, y, £). 

The acceleration of the point A relative to a fixed frame is called the 
absolute acceleration p a . 

The acceleration of a point relative to a moving frame is called the 
relative acceleration p r . 

The acceleration which a point A would possess (relative to a fixed 
frame), were it attached rigidly to a moving frame, is called the accelera¬ 
tion of transport p t . 

We can also say that the acceleration of transport is the acceleration 
of that point attached to a moving frame which coincides with the point 
A at a given moment. 

For example, suppose that a passenger runs along the aisle of a ear. If we 
select as the fixed frame a frame attached to the earth, and as the moving frame 
a frame attached to the car, then: the absolute acceleration will be the acceleration 
observed, by a person standing near the track, the relative acceleration will be the 
acceleration observed by the passenger travelling in this car, finally, the acceleration 
of transport will be the acceleration relative to the earth of that point on the floor 
which the running passenger touches at a given moment. 

Denote by x, y, z the coordinates of the point A relative to the fixed 
frame, and by f, y, £ those relative to the moving frame. 

The projections of the absolute acceleration p a on tho x , y, z axes 

are: 

= ■*'■» Pa y = y, Pa z = Z“- ( 1 ) 

The projections of the relative acceleration p r on the (, rp £ axes are: 

Pr e = p r = //•-„ p r , = £". ( 2 ) 

Let us form the projections of the vector p r on the axes of the fixed 
frame. We obtain 


p r — f" COS »J + V" COS Ag + £■' cos * a , 


etc. (3) 
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By (I), p. 63, we have 

x — iB 0 -f- S cos «! + rj cos « 2 + £ 008 a 3> etc- (d) 


We obtain, the acceleration of transport by assuming that the point 
A is rigidly attached to the moving frame, orthat f, rj, £ are constants, and 
therefore that the derivatives S', rp, £', £", ??", £" are equal to zero. 

The projections of the vector p t on the x, y, g axes are obtained by 
differentiating (4) twice under the assumption that £, 1), £ are constants: 


Vh = + S 


d 2 cos «j 


d 2 cos « 2 , 


d s cos « 3 
dt- ' 


etc. ( 6 ) 


If * 8 , ... are constants, then p t = *j\ 

Therefore: if a frame moves with an advancing motion, then the accele¬ 
ration of transport is for all points equal to the acceleration of the origin of the 
frame. 

Let us differentiate (4) twice. We obtain 


.. , „d 2 cossc, , d 2 cosa„ , „d 2 co3« s 

ar=a *0 + f-df - 1 + ’»-ajH+£- S r J + 

+ £" cos % + V" 003 x ss + £" cos « 8 + ( 6 ) 

/ doosoq , dcosa, , „ dcos« 3 \ 

+ 2 ( s *- +J -TS-)' et0 - 

According to (3) and ( 6 ) the expressions in the first and second lines 
denote the projections of p t and p T on the x, y, z axes. 

Denote by p a the vector whose projections on the x, y and z axes are 
expressed by the formulae 


/ £ . dcosoq , ; __dcosa 2 t dcos# 3 \ 
\ di + ?7 ' di + ? <5 )’ 


etc. (7) 


The vector p 0 is called the acceleration of Coriolis. 

In virtue of ( 1 ), (3), ( 6 ) and (7), formula ( 6 ) can be written in the form 
Pa x = Pt x + Pr x + P 0x • Similarly, we obtain p ay = ^ 
aQ d p u — p tz + p H -f p Cj . We may therefore write 


P« = Pi + P r + Pc- (I) 

Hence, the absolute acceleration is equal to the sum of the accelerations : 
transport, relative, and Coriolis. ■ 

Acceleration of Coriolis. In order to understand the meaning of the 
acceleration of Coriolis, draw horn the origin if of the moving frame the 
vector of relative velocity MB = v r . The coordinates of the point B 
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relative to the frame (f, r h £) are v rp « f{ . or S', rp, £■. Let us imagine 
that the point B is rigidly attached to the frame (f, n, f). The velocity u 
of the point B relative to the fixed frame (x, y, z) is therefore equal to its 
velocity of transport (because its relative velocity is zero). Writing 
£‘» Vs C instead of S, rj, £, we obtain by ( 5 ), p. 67: 


— x q + 


f 


dcoscq 
d t 


dcos«» , _ 

r ‘--sr+ r 


dcos « 3 
dt ’ 


etc. 


Equating with formula (7), we obtain: 

“* = x o + iPa x , — iPc v , «* = ^6 + \p Cz . 

Therefore, if we denote by v 0 the velocity of the origin of the moving 
frame, then u — v 0 + |p 0 , whence 


Pc — 2 {u - v 0 ). (II) 

The difference u — v 0 is the velocity of the point B relative to the 
origin M of the moving frame (|, rj, £) (cf. § 15, p. 65, (I)). 

Therefore: in order to obtain the acceleration of Coriolis, draw from 
the origin of the moving frame the vector of relative velocity v r and imagine 
that this vector is attached rigidly to the moving frame. 

The acceleration of Coriolis is equal to twice the velocity of the end point 
of the vector v r relative to its initial point. 

It follows from this that the acceleration of Coriolis is zero if the rela¬ 
tive velocity is zero, or if the moving frame moves with an advancing motion. 

For in these cases the origin and the terminus of the vector v r have 
the same velocity. This can also be easily deduced from formula (7) by 
putting S' = 0, rj- — 0, £’ = 0 or a x = const, <x 2 = const, a 3 = const, 
etc. 

Let the frame (S, rj, £) revolve about a certain axis l with an angular 
velocity to (Fig. 64). Maintaining the previous notation and selecting an 
arbitrary point 0 on the axis l, we obtain 

u = OB Xw, v„ = OM X co. 

Then p a = 2(u — v„) = 2(OB — OM) X co. But OB — OM = v T . 
Hence 

p G = 2v r X w. (Ill) 

Hence we see that the acceleration of Coriolis is equal to twice the vector 
product of the relative velocity vector and the angular velocity vector. 

The acceleration of Coriolis is therefore perpendicular to the axis 
of revolution and the relative velocity, and its magnitude is 
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'em 


\p G \ — 2|co||v r j sin a, 

where at is the angle between the axis of revolution and the relative velo¬ 
city vector. Hence it follows that the acceleration, of Coriolis is zero (in 
addition to the case when v r = 0 ) when k — 0 , i. e. when v, r is parallel 
to w. 




We shall show later (in chapter VII) that at every moment the veloci¬ 
ties of the points attached rigidly to the moving frame (£,i), £) are such, 
as if the frame were executing two motions simultaneously: the first, an 
advancing motion with a velocity equal to that of the origin of the frame, 
and the second, a rotation about a'Certain axis, which passes through the 
origin of the frame, with an angular velocity co. 

Tins axis of rotation is called the instantaneous axis of rotation ; to is 
called the instantaneous angular velocity. 

At each moment of time there may bo a different instantaneous axis 
of rotation and different to’s. Therefore, denoting by v 0 the velocity of the 
origin M of the frame, we obtain for the velocity of transport v t of the 
point A the fohnula 

v t = v 0 + Ml X to. 

Hence, if we denote by B the end of the relative velocity vector 
drawn from the origin of the frame, and by u (as before) the velocity of 
transport of the point B, then u = v 0 + MB x to = v 0 + v T X to, when¬ 
ce by (II), p. 61 

p r = 2v r x to. (IV) 

Formula (IV) represents the acceleration of Coriolis in the general 

case. 

'1 he acceleration of Coriolis is therefore zero: 1 ° when to = 0 (i. e. when 
the frame moves with an advancing motion), 2° when v, = 0 , 8 ° when 
wj|v r . 
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Example I. A train moves along a straight track with an accelera¬ 
tion p. A point moves along the floor of the carriage with an acceleration a 
relative to the carriage. Determine the acceleration of the point relative 
to the earth* 

The relative acceleration is p r = a and the acceleration of transport 
Pt P- Since the frame of reference attached to the carriage moves with 
an advancing motion, the acceleration of Coriolis p c = 0 . Therefore the 
absolute acceleration (i. e. the acceleration relative to the earth) is 

Pa = Q -j- P- 

Example 2 . A cylinder of radius r rotates about an axis with an 
angular velocity to. A point A moves along the generatrix of the cylinder 
with a constant velocity v relative to the generatrix. Determine the 
acceleration of the point A relative to the fixed frame. 

Taking the axis of the cylinder as the £-axis, let us select a moving 
frame attached to the cylinder. If the point A were attached rigidly to the 
frame (f, rj, £), then it would move along the circle K with an angular 
velocity co. The acceleration of transport p t is therefore directed towards 
the centre of the circle K and |p f | = to 2 . By hypothesis, the relative 
acceleration p r = 0 . Since the relative velocity y r = y is parallel to the 
axis of rotation, the acceleration of Coriolis p c = 0 . Hence 

Pa = Pi- 

Example 3. A horizontal plane revolves about a vertical axis with an 
angular velocity co. A point A moves along the plane and at a cert ain 
moment has a velocity v r and an acceleration p r relative to the plane. 
Determine the acceleration relative to the fixed frame at that moment. 

Let O be the point of intersection 
of the axis of revolution with the mo¬ 
ving plane. If the point A were attached 
to the moving plane, then it would move 
along a circle with centre at 0 and ra¬ 
dius OA — r with an angular velocity 
a>. Hence the acceleration of transport 
p t is directed towards 0 and \p,\ — rco~. 

In order to determine the acceleration of Coriolis p c , select a point 0 
as the origin of themovingframe attached to the moving plane and draw 
from 0 the vector OB — v r . Since the velocity of the point 0 is zero, |p c is 
equal to the veloeitj? of the point B. Therefore p Q I v, and I t>A = 
2GB© = 2|v f |<o. ' 
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We should obviously have obtained the same result if we had used the 
formula p 0 = 2v r X w, and the fact that the angular velocity vector o> 
has the direction of the axis of revolution and is therefore perpendicular 

The absolute acceleration is obtained 
by adding together vectors p r> p t and p 0 . 

Example 4. A sphere of radius r re¬ 
volves about a fixed axis with a constant an¬ 
gular velocity to. A point P moves with a 
constant velocity c along a great circle 
passing through the axis of revolution. 
Determine the velocity and acceleration of 
this point relative to the fixed frame 
(*, V, 21 - 

Let (£, tj, £) denote the moving frame whose f-axis is the same as that 
of the fixed frame, while the plane H is the plane of the meridian along 
which the point P moves. This frame revolves along with the sphere about 
the s-axis with a constant angular velocity o> (which in the figure is 
represented by the vector drawn on the 2 -axis). The velocity of the point P 
relative to the moving frame, i. e. the relative velocity v r , is a vector of 
length c tangent to the meridian (along which the point P moves). The velo¬ 
city of transport v t is equal to the velocity of a point of the parallel of 
latitude passing through P. Since this point moves along a circle of radius 
g = r cos cp, where <p denotes the latitude of this parallel of latitude (i. e. 
the angle between OP and the equatorial plane), the velocity v t is tangent 
to the parallel of latitude and is equal to geo = rco cos <p. The velocities v r 
and v ( are perpendicular to each other; hence |v g ] = ]/c 2 + iV cos 3 9 ?. The 
absolute velocity v a forms with the meridians an angle 0 defined by the 
formula tan© = |v t j / |v,| = (rco / c) cos.gj. Since the point P moves along 
the meridian with a constant velocity c, its relative acceleration p r is 
directed towards the centre of the sphere and \p r \ = c 2 jr. Similarly, the 
acceleration of transport p t is directed towards the centre of the parallel of 
latitude (passing through P) and |p t | = gco a = rco 2 cos cp. The acceleration 
of Coriolis pg = 2v r x w is perpendicular to to and v, and hence per¬ 
pendicular to the equatorial plane and has the same sense as v t . Since, as 
is easily seen, the angle between w and v r is n — p, \p 0 \ = 2|v f | | co| sin cp = 
= 2 c co sin cp. Adding together the vectors p r , p t and p a , we obtain the 
absolute acceleration p a . 


to the moving plane. 
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§ 15. Determination of relative motion. Up to this time we have 
been concerned with the determination of the motion relative to a fixed 
frame, having been given the motion relative to a moving frame. We 
frequently encounter the converse problem, i. e. we have to find the 
motion relative to a moving frame, knowing this motion relative to 
a fixed frame. 

Prom formulae (I), pp. 60 and 57, we obtain for the relative velocity 
and relative acceleration: 

Pr = Pa-Pt~P C . (I) 

Therefore: the relative velocity is obtained by adding to the absolute 
velocity the velocity of transport with an opposite, seme. The relative accele¬ 
ration is obtained by adding to the absolute acceleration the acceleration of 
transport and Goriolis with opposite senses. 

Motion relative to a point. Let the points A, and A 2 move relative 
to a certain fixed frame {as, y, z) with velocities v 1 and v 2 . Let us place the 
origin of the moving frame (£,y, £) at A % , and let us assume that this 
frame moves with an advancing motion. 

The motion of the point A 1 relative to the frame (f, y, £) will be 
called relative motion with respect to the point A 2 . 

Such a motion would be observed by a person moving with an advan¬ 
cing motion together with the point A 2 . 

Let us denote by v 12 the velocity of the point A 1 relative to the point 
A 3 , i. e. relative to the frame (f, y, £). Since the velocity of transport is 
equal to the velocity v 2 of the point A 2 , and the absolute velocity is equal 
to Vj, it follows Vj = v 1>2 -)- v 2 , whence v l2 — v, — v 2 , or 

*1.2 = *i + (— V 2 ). (II) 

Denoting by p 12 the acceleration of the point A, relative to A 2 , i. e. 
relative to the frame (£, y, £), and observing that the acceleration of 
Coriolis is zero, we, obtain p 12 — p, — p 2 , or 

P i,8 = P it (— Pd- (III) 

Therefore: the velocity (acceleration) of a point A, relative to A 2 is 
obtained by aiding to the velocity (acceleration) of A 1 the velocity ( acceleration) 
of the point _d 2 with an opposite sense 

Example I. The points A x and A 2 move uniformly along the x and y 
axes, respectively, with the velocities c x and c 2 . Determine the velocity 
of the point A t relative to A. 2 . 

The sought for velocity v 12 is the difference between the velocities 
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of A 1 and A a . Hence v 1<2 = v 1 — v 2 . The projections of v lj2 on the * and y 
axes are c L and —c 2 . Therefore 

|v li2 | = Vci + c i 

Example 2. A point A x moves along a circle of radius r with uniform 
motion, while the point A 2 moves in such way that it is always at the 
other end of the diameter passing through A x . Determine the velocity 
and acceleration of the point A x relative to d 2 . 

Obviously, the velocity and acceleration of both points are equal in 
absolute value and.have opposite senses. Denoting by v and p the velocity 
and acceleration of the point A x , we obtain 

v lj2 = v — (—v) == 2v, and p 1>t = p — (—#») == 2 p. ■ 

Since jv ll2 | — const, the tangential acceleration of the relative 
motion is zero; consequently is the normal acceleration. Hence 
|p 1>2 | = K 2 | 2 / e = 4 M Z / arid since Ifi.zS = %( = 2 M 2 / r > 

4|v [ 2 1 q — 2|v| 2 j r, or q = 2t. 

Therefore the motion of the point A x relative to A t takes place along 
a circle with centre at A s and radius 2r, with a velocity twice as large as 
the velocity of the point A v 

Example 3. A body A. moves along the 2 -axis with a constant velocity 
u, and emits every T seconds smaE particles which move with uniform 
motion along the 2 -axis with a velocity c. Let v denote the frequency of 
emission (i. e. the number of particles emitted per second), and A the 
distance between two successively emitted particles. We obviously have 
v = 1 / T. 

Since the relative velocity of an emitted particle with respect to 
A is c — u, the distance of the particle from A after the time T is A = 
= (c — u) T. Consequently 

v = (c — u) I A. (1) 

Let us suppose now' that an observer B moves along the 2 -axis with 
a constant velocity v. Let us denote by v' the relative frequency of emis-. 
sion (i. e. the number of particles per second met by an observer), and by 
T' the time between the meetings of two successive particles. Since the 
velocity of the particles relative to B is c — v, A — (c — v) T', Hence 

v’ = (c — v) j A. (2) 

In virtue of (1) and (2) we obtain 

r' = v(e — v)/(c — u) = v(l~vlc) /(I— u/c). 


( 3 ) 
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Let us assume that the velocity c is large as compared with u and v. 
Since for smaU x’a we have 1/(1 — x) = I -j- %, from (3) 



hi eglecting the last term enclosed by the brackets as very smaU compared 
with what remains, we finall y have 

v' = „[1 _ ( v — U ) j e], (4) 

In particular, if u = 0, we get 

v’ = v(l — V I c). (5) 

Example 4. A swarm of smah particles is moving through space with 
a constant velocity v. A body A moves through this swarm with a velocity 
u. The relative velocity of the particles with respect to A is therefore 
w = y —u. Let us denote by w, v and u the absolute values of these velo¬ 
cities, by rp the angle between w and v, and by * the angle between w 
and u. From the triangle with sides v, —u, w we obtain 




We shaE give an application of the above formula. 

As the fixed frame let us choose a frame attached to the sun and the 
fixed stars. A certain star G sends to the earth rays of light travelling with 
a velocity v (v = 300 000 km/sec). The earth moves with a velocity 
u (u = 30 km/sec). Therefore the rays of light 
have a relative velocity w with respect to the earth. 

An observer on the earth who wants to see the star G 
must set his telescope in the direction of the relative 
velocity w. He wiE therefore see G seemingly at 
the place G'. The angle < -p, denoting the deviation 
from the true direction, can he calculated from (6). 

Since v is large as compared with u, the angle 
(p is very smaE. From formula (6) we obtain 


sm (p ■■ 


sm«x 

10 000 ■ 



For x — -J -n (i. e. sin a = 1) we obtain for the angle <p the maximum 
value (p = 22". 

Example 5. On the periphery of a circle with centre O the points A x 
and A 2 are moving with the angqlar velocities co x and a relative to a cer- 
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tain fixed frame. Choose the | and rj axes of the moving frame in the piano 
of the circle; let 0 be the origin, and the line OA 2 the £-axis. 

The angular velocity of the point A x relative to the chosen moving 
frame is called the (relative) angular velocity of the pomt A x with, respect to 
the point A t ; we denote it by a> ljg . 

It is easy to show that 

«h,2 = — "a- ( 7 ) 

Let us assume tha t the points A x and A t move with constant angular 
velocities. Denoting by T x , T % the periods of revolutions of the correspond¬ 
ing points A lt A 2 in the fixed frame, and by the period of revolution of 
the point A-,, relative to A 2 (i. e. the period of revolution of the point A x in 
the moving frame), we obtain: T x — 2re / a> v 2\ = 2?r / a> 2 , T x i — j co li2 . 
Hence by (7) 

1/T 1)8 = 1 / 5T x — 1 /T,. (8) 

The period of revolution of the minute hand of a clock is T x = 1 h, 
that of the hour hand T 2 = 12 h. Prom formula (8) we get: 1/T 1>2 =1 — fa, 
whence T x>% — h = 1 h, 6 min, 27 sec. Therefore the hands coin¬ 
cide every 1 h, 5 min, 27 sec. 

To a traveller circling the globe from west to east it seems that the 
journey lasted n mean solar days, because during the journey there were n 
days and n nights. However, returning to the place from which he started, 
he finds that the journey did not last n, but n' mean solar days. What is 
the relation between n and n' ? 

Let us denote by T x the time of the j ourney, and by 5P a the tim e taken 
by the sun to complete an apparent revolution about the earth. Con¬ 
sequently T x = n', and T 2 = ■— 1 (since the sun seemingly revolves about 
the earth from east to west, that is, in the direction opposite to that of the 
journey). The traveller assumed as the apparent mean solar day the period 
of time between two successive passings of the sun across the changing 
meridian on which he was. Since in the interval of n apparent clays 
there were n' real days, the apparent mean solar day is equal to %' / n 
real days. Hence T Xfi = n' / n. Therefore by (8) 

»/«■' = i/n'+ 1, or •%' = %— l. 

Therefore the number of real days elapsed was one less than the 
number of apparent days. 

If the traveller had gone from east to west, then (as is easily seen) 
the number of real days elapsed would be one greater than the number 
of apparent days. 
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DYNAMICS OF A MATERIAL POINT 

I. DYNAMICS OP AN UNCONSTRAINED POINT 

§ I. Basic concepts of dynamics. The subject of dynamics is con¬ 
cerned with the investigations of the motion of bodies under the influence 
of forces which cause this motion. 

In kinematics all frames of reference are, as we already know, equal¬ 
ly valid; it is a matter of indifference how we measure time (i. e. what 
intervals of time we consider as equal). The laws of dynamics stated 
by Newton, however, are not valid for every frame of reference and every 
measure of time. 

Inertial frame, absolute time. A frame of reference for which, along 
with a certain measure of time, the Newtonian laws of dynamics hold, is 
called an inertial frame, the corresponding measure of time — the measure 
of absolute time, and the motion of the body relative to the inertial frame 
— absolute motion, 

Strictly speaking, -we do not know at present of any example of either an 
inertial frame or of absolute time. Nevertheless, in a great number of problems we 
can Select frames of reference and methods of measuring time in such a way, that 
the application of the laws of dynamics leads to results differing sufficiently little 
from experience, so that for all practical purposes the errors can be neglected. 

For instance, if we are investigating the motion of small particles near the 
earth during a short interval of time, the results will be sufficiently accurate on the 
whole, if we take as an inertial frame the frame of reference attached to the earth, 
and if we base the measurement of absolute time on the assumption that the earth, 
relative to the fixed stars, revolves about its axis so as to make equal angles in 
equal times. 

In other problems, however (such as Foucault’s pendulum, the gyroscope, the 
motion of planets) the application of the laws of dynamics to a frame of reference 
attached to the earth does not lead to equally good results. Considerably better 
results are obtained here if we select for the inertial frame, a frame of reference 
whose origin is situated within the sun and whose axes point to the fixed stars. 
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tain fixed frame. Choose the | and rj axes of the moving frame in the piano 
of the circle; let 0 be the origin, and the line OA 2 the £-axis. 

The angular velocity of the point A x relative to the chosen moving 
frame is called the (relative) angular velocity of the pomt A x with, respect to 
the point A t ; we denote it by a> ljg . 

It is easy to show that 

«h,2 = — "a- ( 7 ) 

Let us assume tha t the points A x and A t move with constant angular 
velocities. Denoting by T x , T % the periods of revolutions of the correspond¬ 
ing points A lt A^ in the fixed frame, and by the period of revolution of 
the point A-,, relative to A 2 (i. e. the period of revolution of the point A x in 
the moving frame), we obtain: T t — 2re / a> v 2\ = 2?r / a> 2 , T x i — j co li2 . 
Hence by (7) 

1/T 1j2 = 1/^-1/T 2 . (8) 

The period of revolution of the minute hand of a clock is T x = 1 h, 
that of the hour hand T 2 = 12 h. Prom formula (8) we get: 1/T 1>2 = I — fa, 
whence T x>% — h = 1 h, 6 min, 27 sec. Therefore the hands coin¬ 
cide every 1 h, 5 min, 27 sec. 

To a traveller circling the globe from west to east it seems that the 
journey lasted n mean solar days, because during the journey there were n 
days and n nights. However, returning to the place from which he started, 
he finds that the journey did not last n, but n' mean solar days. What is 
the relation between n and n' ? 

Let us denote by T x the time of the j ourney, and by 5P a the tim e taken 
by the sun to complete an apparent revolution about the earth. Con¬ 
sequently T x = n', and T 2 = ■— 1 (since the sun seemingly revolves about 
the earth from east to west, that is, in the direction opposite to that of the 
journey). The traveller assumed as the apparent mean solar day the period 
of time between two successive passings of the sun across the changing 
meridian on which he was. Since in the interval of n apparent clays 
there were n' real days, the apparent mean solar day is equal to %' / n 
real days. Hence T Xfi = n' / n. Therefore by (8) 

njn' = l]n'+ 1, or •%' = %— 1. 

Therefore the number of real days elapsed was one less than the 
number of apparent days. 

If the traveller had gone from east to west, then (as is easily seen) 
the number of real days elapsed would be one greater than the number 
of apparent days. 
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DYNAMICS OF A MATERIAL POINT 

I. DYNAMICS OP AN UNCONSTRAINED POINT 

§ I. Basic concepts of dynamics. The subject of dynamics is con¬ 
cerned with the investigations of the motion of bodies under the influence 
of forces which cause this motion. 

In kinematics all frames of reference are, as we already know, equal¬ 
ly valid; it is a matter of indifference how we measure time (i. e. what 
intervals of time we consider as equal). The laws of dynamics stated 
by Newton, however, are not valid for every frame of reference and every 
measure of time. 

Inertial frame, absolute time. A frame of reference for which, along 
with a certain measure of time, the Newtonian laws of dynamics hold, is 
called an inertial frame, the corresponding measure of time — the measure 
of absolute time, and the motion of the body relative to the inertial frame 
— absolute motion, 

Strictly speaking, -we do not know at present of any example of either an 
inertial frame or of absolute time. Nevertheless, in a great number of problems we 
can Select frames of reference and methods of measuring time in such a way, that 
the application of the laws of dynamics leads to results differing sufficiently little 
from experience, so that for all practical purposes the errors can be neglected. 

For instance, if we are investigating the motion of small particles near the 
earth during a short interval of time, the results will be sufficiently accurate on the 
whole, if we take as an inertial frame the frame of reference attached to the earth, 
and if we base the measurement of absolute time on the assumption that the earth, 
relative to the fixed stars, revolves about its axis so as to make equal angles in 
equal times. 

In other problems, however (such as Fouoault’s pendulum, the gyroscope, the 
motion of planets) the application of the laws of dynamics to a frame of reference 
attached to the earth does not lead to equally good results. Considerably better 
results are obtained here if we select for the inertial frame, a frame of reference 
whose origin is situated within the sun and whose axes point to the fixed stars. 
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In addition to the previously mentioned method of measuring time, which is 
based on the assumption that the earth revolves about its axis uniformly, there 
exist still other methods of measuring time which are given in astronomy. 

In dynamics we assume that an inertial frame and absolute time are 
given. 

Mass and force. Dynamics gives rise to new concepts such as mass 
and force. We assume that they are known to the reader from physics and 
we shall not enlarge upon their definition. We shall give only those of 
their properties which we assume about them in dynamics. 

The mass of a body is expressed by a positive number which depends on 
the choice of the units of mass, i. e. on the choice of an arbitrary body 
whose mass is denoted by the number 1. 

The ratio of two masses does not depend on the choice of the unit. 

Therefore, if we denote by m x and m 2 the masses of two bodies 
expressed in terms of a certain unit, and by m[ and m' 2 the masses of those 
bodies expressed in terms of another unit, then 

m 1 jm i = m[ j m' 2 . 

Tor example, let the mass of a certain body A be m, if we take as the 
unit the mass of the body B. Let us assume, in addition, that the mass of 
the body A is m! and the mass of B is m", if we select as the unit the mass 
of another body G. The ratio of the masses of the bodies A and B is m /1, 
if the unit is the mass of the body B, and ml / to", if the unit is the mass of 
the body C. Therefore, by hypothesis, m / 1 = m’ f m ", whence 

ml = mm". 

Hence, knowing the mass of a body in terms of a certain unit, we can 
compute it in terms of any other unit. 

The mass of a body is independent of the time, i. e. the given body has 
the same mass at each moment. 

We consider a force to be determined if its magnitude (absolute value), 
direction , sense and point of application are given, A force acting on a body 
can be thought of as a taut string or a stretched spring fastened to the 
body (see figure). 

O^- 

Pig. 60 . 

A force whose magnitude is expressed by the number 0 is called a 
zero force. We do not distinguish a direction or sense in connection with 
zero forces. 
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'The magnitude of a non-zero force is expressed by a positive number 
which depends on the unit of force, i. e. on the choice of an arbitrary (non¬ 
zero) force whose magnitude we denote by the number 1. 

The ratio of the magnitudes of two (non-zero) forces does not depend on 
the choice of the unit. 

.On the basis of this, from the magnitude of a force given in terms of 
a certain unit, we can determine its magnitude in terms of a different uni t. 

We represent the force acting on a body as a vector. With tin's in view, 
we select an arbitrary unit of length, and an arbitrary unit of force. The 
given force is represented by a vector whose length is expressed by the same 
number as the magnitude of the force, while the origin, direction and sense 
are the same as^the origin, direction and sense of the force. For example, 
a vector having five units of length represents a force having five units 
of force. A zero force represents a zero vector. 

Operations on forces are defined as operations on vectors which 
represent these forces. Tor instance, if P l5 P 2; ..., P„ represent certain 
forces, then the sum of these forees is the force which is represented by the 
vector P = Pj. + P 2 + . .. -f- P n . 

The moment of a force (represented by the vector P) with respect to 
a point O is defined as the moment of the vector P with respect to 0. 

Material point. In dynamics we shall be concerned at first with the 
motion of points, and afterwards with the motion of bodies. As in kine¬ 
matics, we shall sometimes regard a point as a model of the body (e. g. in 
the case when the dimensions of the body are small in comparison with the 
path). 

The mass of a point is defined as the mass of the body which the given 
point represents; the point itself is then termed a material point. 

If a force acts on a body whose image is the material point A, then 
this force is represented in the form of a vector whose initial point is 
at A. 

The force acting on a material point can change with time in magnitude 
as well as in direction and sense. 

§2. Newton’s laws of danymics. The laws of dynamics stated 
by Newton give the relations that obtain in absolute motion among the 
mass, acceleration and forces that act upon a material point. 

Laws of motion. Let the frame of reference (x, y, z ) be an iner tml 
frame, and let t denote absolute time. Under these assumptions the laws of 
motion can be stated as follows: 
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I. If m denotes the mass of a material point, p the acceleration at the 
moment t, P the sum of the forces acting on the material point at the moment t, 
then 

mp — KP, (I) 

where K denotes a certain number (positive), depending only on the choice 
of units of length, time, mass and force (and hence independent of the 
time, mass and force). 

From equation (1) it follows that 

m\p\ = K\P\. (2) 

Therefore, if of the units mentioned, three are selected arbitrarily, 
the fourth can be so chosen that K = X. For instance, select arbitrary 
units of time, length and mass, and for the unit of forie select a force 
which gives a point of mass 1 an acceleration 1. For to = 1 and |P| = 1 

we have with these units |f>[ = 1, and hence from formula (2) w r e obtain 

K — 1. Relation (1) then assumes the following form 

mp = P. (I) 

Henceforth we shall always assume that the units are so chosen that 
K = 1. Newton's law will therefore always be taken in the form (I). 

Forming the projections on the axes of the frame of reference, we 
obtain in virtue of (I): 

mp* = P x , mp v = P y , mp z = P z , (II) 

Equations (I) and (II) are obviously equivalent. 

Since p = dv f dt and to is a constant, mp — d (tov) / dt. Hence re¬ 
lation (I) can also be written in the form 

d(rnv) / dt = P. (HI) 

The vector mv is called the momentum ( quantity of motion). 

Therefore: the derivative of the momentum (with respect to time) is 
equal to the sum of the forces acting on a material point. 

On a material point of mass to let there act forces whose sum P is 
constantly zero during a certain period of time. Then mp — 0; hence the 
acceleration p = 0, and consequently the point moves with uniform 
motion along a straight line (or is at rest). We therefore have the following 
law, known' as Newton’s law of inertia-: 

_ If forces whose sum is zero act on a material point during a certain 
period of time, then the point is either at rest or in uniform motion along 
ct, straight line. 
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Conversely, if a point is at rest or in uniform motion along a straight 
line, then the acceleration p = 0, and since by (I) mp = P, it follows that 
tli6 surn of the acting forces P is zero. 

The forces acting on a material point usually arise from the action 
of other material points on the given point. For such forces Newton gave 
the following law, known as the law of action and reaction : 

III. If a material point A acts on a material point B with a certain 
force, then the point B also acts on the point A with a force equal in magni¬ 
tude and direction, but opposite in sense ; the forces which the points A and B 
exert on each other are always directed along the straight line AB joining 
these points. 

K the force which the point A exerts on the point B has a sense 
towards A. (and hence the force which the point B exerts on A has a sense 
towards B), then we say that the points A and B attract each other-, in the 
opposite case we say that the points repel each other. 

Equilibrium of a point and forces. If a material point is at rest, then 
it is said to be in equilibrium. The forces P X) P 2 ,P„ are said to be in 
equilibrium, or to balance each other, if their sum is zero, i. e.ifP.+P.-f- 
-f ... + P„ = 0. ' * 

Therefore, if a material point is in equilibrium, then the forces acting 
on this point are also in equilibrium. On the other hand, if the forces 
acting on a material point during a certain period of time are in equi¬ 
librium, then in this period of time the acceleration p = 0, and hence the 
point is either in equilibrium or in uniform motion along a straight line. 

Force of inertia. D’Alembert’s principle. Law (I) can also be written 
in the form 

P + ( mp) = 0. (IV) 

A vector - mp whose origin is at the point m is called a force of 
inertia. 

One must not suppose that the vector — mp represents the force 
acting on the material point m. It is only for the sake of convenience that 
we call this vector a force (of inertia). Only forces whose sum is P act on 
the point to. 

Relation (TV) can be stated as follows: 

The forces acting on a material point are in equilibrium with the force of 
inertia. 

The above formulation is equivalent to Newton’s law I and is called 
d Alembert’s principle. This principle is very useful in connection with 
the investigation of the motion of the so-called constrained points. 
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§ 3. Systems of dynamical units. The fundamental units used in 
dynamics are the units of length, time and mass. By means of these units 
we define the unit of force. As a unit of force we select a force which gives 
to a mass 1 an acceleration 1. 

C g. s. system. In t his system the unit of length is the centimeter 
(cm), the unit of mass the gram (g), the unit of time the second (sec) 
and that of force the dyne. 

At first the meter (m = 100 cm) was to represent one forty millionth 
part of the earth’s meridian. A small error, however, was made in 
the calculations. Today a meter is defined as the length of a certain 
har preserved in Baris. Similarly, the unit of mass 1 g was at first to 
be the mass of 1 cm 5 of chemically pure water at 4° C under a pressure 
of 760 mm of mercury. At present, however, we take as 1 kilogram 
(kg — 1000 g) the mass of a certain block of platinum preserved in Baris. 

The unit of time 1 sec is defined by means of the so-called mean solar 
day whose determination belongs to the subject of astronomy. The mean 
solar day = 24 hours (h), an hour = 60 minutes (min), a minute = 
— 60 sec. 

The unit of force 1 dyne is the force which will impart an acceleration 
of 1 em/sec 2 to a mass of 1 g. 

The system of fundamental units (centimeter, gram, second) is called 
briefly the c. g. s. system. . . ' 

Measurement of masses and forces. In the vicinity of the earth small 
freely falling bodies drop to the earth vertically with a uniformly accele¬ 
rated motion (if air resistance is neglected). This acceleration (termed 
gravitational) is the same for all bodies at a given place on earth, but it 
changes with latitude. It is denoted byp. We shall take the gravitational 
acceleration to he in average g = 981 cm/sec 2 . 

Let m denote the mass of a small body. The force directed vertically 
downwards and of. magnitude Q — mg is called the weight of this body. 

Weight is therefore proportional to the mass of the body; bodies 
having equal weights (at the same place on earth) have equal masses and 
conversely. 

By means of an instrument called a balance (with whose principle we 
shall be acquainted in chapter VI) we can compare the weights of two 
bodies. Since the equality of masses follows from the equality of weights, 
the masses of bodies can he compared indirectly by means of a balance. 
Hence it follows that with the aid of a balance we can measure , i. e. we can 
determine the masses of bodies. 
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Forces are measured by dynamical or statical methods. 

The dynamical method rests on Newton’s first law (P = mp). From 
this formula we can determine the force P if we know the mass of the body 
m and the acceleration p which is imparted to it by P. 

The statical method is based on the fact that bodies change their 
shape (become deformed) when acted upon by forces. From a knowledge 
of the deformations we can infer in certain cases the magnitudes of the 
forces which cause these deformations. For instance, if a force directed 
vertically downwards acts at the lower end of a spring hanging vertically, 
then the spring becomes elongated. When the forces are small the elon¬ 
gation is proportional to the magnitude of the acting force. Instruments 
which serve to measure forces by statical methods are called dynamo¬ 
meters. 

\ 

Metric gravitational system of units. In engineering the so-called 
metric gravitational system of units is'generally used. In this system we 
assume as fundamental units the units of length, time and force. The unit 
of length is 1 m, of time 1 sec, and of force 1 kilogram (kg). This is the 
weight of 1 dcm 3 of water (under normal conditions) at a latitude of 
45° north (where the gravitational acceleration g = 981 cm/sec 2 == 
= 9.81 m/sec 2 ). 

If in the formula |Pj = m\p\ we put |P| = 1 and |p( = 1, we obtain 
m — 1.. Therefore the unit of mass will he a mass to which a force of 1 .kg 
imparts an acceleration of 1 m/sec 2 . 

Let m be the mass of a body, Q its weight (at a latitude of 45° N) 
and let g = 9.81 m/see 2 . Then Q = mg, and therefore 

m = Q j g = Q j 9.81. (l) 

From the above formula we can determine the mass of a body in 
terms of metric gravitational units when we know the weight of the body. 
Since the weight of 9.81 dcm 3 of water (at a latitude of 45° F) is 9.81 kg, 
the unit of mass in the metric gravitational system represents the mass of 
9.81 dcm 3 of water. 

In the c. g. s. system the mass of 9.81 dcm 3 of water is 9.81 kg (of 
mass) = 9810 g (of mass). Hence: 

The unit of mass in the metric gravitational system = 9.81 kg (of 
mass) = 9810 g (of mass). (2) 

In order to find the relation between the unit of force (kg) in the 
metric gravitational system and the unit of force (dyne) in the c. g. s. 
system, let us note that 1 dcm 3 of water (i. e. a mass of 1000 g) falls to 
the earth under the influence of its own weight of 1 kg with an accelera- 
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tion of 981 cm/sec 2 . Consequently 1 kg (of force) = 1000 • 981 dynes, 
whence 

1 kg (of force) = 981 000 dynes. (3) 

Dimensions of dynamical magnitudes. In dynamics there occur still 
other magnitudes (e. g. work, kinetic energy, etc.) whose units are defined 
in the same way as the unit of force by means of the fundamental units, 
i. e. length, mass and time. Similarly as for kinematic magnitudes (cf. 
Chap. II, § 11), we can introduce the notion of dimension for dynamical 
magnitudes. A knowledge of the dimension of a given magnitude enables 
one to determine easily the measure of this magnitude when the funda¬ 
mental units are changed. 

Suppose that we have chosen two systems of units of length, mass 
and time, which we denote respectively by L, M, T and L', M', 1" and 
that these units are related as follows 

L = W , M = T = xT. (4) 

Let the measure of some dynamical magnitude A be a in terms of the 
units L, M, T‘ and «' in terms of the units L ', M', T’. 

If it is possible to choose numbers x, fl, y such that for every two 
systems of units L,M,T and L',M',T' satisfying relations (4) there 
exists a relation of the form 

a' = ar/rL (5) 

then the dimension of the magnitude A is defined by the expression 

L a M fi T 7 . ( 6 ) 

The dimension of the magnitude A is denoted by [A], and the unit 
of the magnitude A in terms of the units L, M , T is represented by the 
symbol L X M/T y , 

The magnitude of A is therefore aL^M^T 7 in terms of the units 
L, M, T, and a'L'*M' 7 T ' 0 in terms of the units L ', M', T', whence 

alAM^T 7 = a'L'^M'^T' 7 . (7) 

Making use of formulae (4) and calculating formally, we obtain 
aL a M f T 7 = aiXL'YijiM'YixT') 7 , whence 

MaL^T 7 = (alVVO L ,x M ,fi T'r. (8) 

By equating (7) and (8) we get (5). In this manner by means of formal 
reckoning we can, if we know the dimension of the magnitude A, obtain 
its measure when the units of length, mass and time are changed. 

It is easy to generalize the theorem given on the page 51, which 
is very useful for the determination of the dimension. 
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Example I. A force of magnitude (absolute value) P acting on a 
material point of mass m imparts to it an acceleration of magnitude p. 
Therefore P = mp, whence [P] = [to] ■ [p]. Since [to] = M, and \p] = 
= LI 1 

[force] = LMT~ 2 . (i) 

The unit of force in the e. g. s. system is the dyne. Hence 

dyne = cm • g . sec -2 . (IJ) 

Example 2. Represent a force of magnitude 6 m ■ kg - min -2 in the 
c. g. s. system. 

We have 

6 m • kg • min -2 == 6 (100 cm)(1000 g)(60 sec) -2 = 

= (6 • 100 - 1000 • 60“ 2 )(em • g • sec -2 ) == 166-J dynes. 

§ 4. Equations of motion. One of the principal problems of dynamics 
is the determination of the motion of a material point when the mass m 
of this point and the force P acting on it are given. In the simplest case 
uhe force P can be given as a function of time, i. e. there are given func¬ 
tions: 

p- - m. p, = m, p, = m a) 

defining at each moment t (of a certain period of time) the projections of 
the force P on the coordinate axes. 

We shall meet with, cases, however, which are more complicated. It 
may happen that some region D has the property that a certain force P acts 
on a given material point situated anywhere within the region D. 

If the force P depends only on the position of the point and does not 
depend on anything else (e. g. velocity), then the region D is called a force 
field. 

An example of a force field is the earth’s gravitational field: for on a given 
material point situated near the earth there acts the force of gravity which depends 
on the position of this point (and does not depend on the velocity). 

In a force field the force P is therefore a function of the coordinates 
x, y,z of the given point. A field is defined if there are given functions: 

P x = F{x, y, s), P v = 0(x, y, z), P a = W(x, y, z), (2) 

determining at each point of the field the projections of the force P. There¬ 
fore, if we are investigating the motion of a point in a force field, then we 
are dealing with a force which depends on the position of the point. 

If a material point moves in a certain medium (e. g. in air), then, in 
addition to other forces acting on the material point, there is also the 
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force of resistance which, the medium offers in opposing the motion. This 
force depends, among other things, on the velocity of the material point. 
In this case we therefore have a force depending also on the velocity of 
the point. 

In the most general case we shall assume that the force P depends on 
the time, position and velocity of the point. We shall therefore assume 
that the force P acting on a material point is defined by the functions: 

P x = F(x, y , 2 , x-, y, z-, t ), P v = $(x, y, z, y, t), (3) 

P 2 = ¥{x, y, z , x-, y, z% t), 

whose values are the projections of this force which depend on the coor¬ 
dinates of the position of the point (x. y , z), its velocity x , y , z , and on the 
time t. 

Functions (3) are usually assumed to be continuous and to have conti¬ 
nuous partial derivatives in a certain region of the variables x, y, z, x , y , z , t. 

Obviously, in particular problems the force P does not have to de¬ 
pend on all the variables x,y,...,t it can be independent of some of 
them. 

Theoretically, the force P can depend on higher derivatives (e. g. on 
the second, third, etc.) of the variables x, y, z. However, such cases are 
not encountered in practical problems and we shall not consider them 
here. 

Let the motion of a material point be given by the functions: 

x = f(t), y = <p(t), z = f{t). (4) 

In virtue of equations (II), p. 72, we obtain 

mx- = P x , my = P v> mz■■ — P*. (I) 

If we assume that P m P„ , P* are functions of the form (3), then 
equations (I) become 

mx- = F(x, y, z, xy y, zy t), 

my - = cp(x, y, z, x-, y, z>, t), (II) 

mz- = ¥(x, y, z, x~, y, z-, t). 

These equations represent a system of differential equations of the 
second order, while the sought for functions are the functions (4). 

Let ns suppose that we are investigating a motion in the neighbour¬ 
hood of a certain moment t 0 . Assume that at the moment t 0 the point had 
coordinates x 0 , y 0 , z 0 , and its velocity had projections x’ 0 , y a , z‘ a . In ad¬ 
dition, let ns assume that the functions (3) are continuous, possessing con¬ 
tinuous partial derivatives in the neighbourhood of the values x 0 , y 0 , z 0 > 

y o>'®'o> to¬ 
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Prom the theory of differential equations it is known that under the 
preceding assumptions there exists one and only one set of functions ( 4 ) 
continuous together with its first and second derivatives in the neigh¬ 
bourhood of the moment t 0i satisfying equations (II) as well as the re¬ 
lations: 

/(t 0 ) = x 0 , cp{t a ) = y 0 , = 2o ; /'(y == a;- 0j ^'(y — y . Qt 

f'lt o) = z'b- (5) 

This system, as the only system of functions (4) satisf ying all the 
required conditions, therefore determines the motion of a material point 
having at the moment l„ the coordinates x 0 , y Q , z 0 and a velocity whose 
projections are x 0 , y B , z- 0 . 

We see from this that the motion is completely determined when the 
mass of a point, the forces acting on it and the so-called initial conditions 
(i. e. its position and velocity at the initial moment f 0 ) are given. 

Equations (II) are called Newton's laws of motion. 

Example. The force depends only on the time. Let the force P 
depend only on the time and be given by functions (1). The equations of 
motion (II) will therefore have the form: 

mx- = F(t), my- = &{t), mz *- = Wit). 

Dividing by m and integrating both sides, we obtain for t 0 = 0: 

r ‘ 1 

x ' ~ ni J F{t) dt + Ci > v = ^ dt + c *> ** = ~ fnt) at + Cf , 

0 0 

Let us assmne that at t — 0, x- = x' 0 , y = y Q , r = z m 0 (initial 
conditions). Substituting t — 0 in the above equations, we get c 1 = ar 0 , 
c 2 = y„> c 3 = z'o- Hence 

i 

X- = FS) + X- 0J y = 0 ,( 1 ) + y 0 , z- = ¥(1) + (6) 

where 

t 

F-y{t) = — f F(t) d t 9 etc. 
m J 
o 

Integrating equations (6), we obtain: 

x ~ dt -j- xyt -f c[, y = f 0 x (t) dt -j - y 0 t + cL 

0 o 

- - i 

z = fWJt) di -)- Zfit + c 3 . 


(7) 
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Let us now suppose that at t = 0, x — x 0 , y — y o> 2 -~ z a- -therefore 
from'equations (7), putting t = 0, we get c t = % c 2 = y 0 , c s — z 0 . Hence 

x = F 2 (i) + :r 0 i + x 0 , V = + 2/V + ^o» * = ^(’0 + ^ + z o> ( 8 ) 

where 

t 

F t (t) = JF x (t) At, etc, 
o 

Prom equations (8) it follows that the motion will be defined, if at the 
initial moment t = 0 the position of the point (i. e. x g , y 0 , z 0 ) and the 
initial velocity (i. e. x- 0 , y 0 , z - 0 ) are given. 

§ 5. Motion under the influence of the force of gravity. Let a force 
P of constant magnitude, direction and sence act on a material point of 
mass to. 

We have to deal with this situation — when investigating the motion of 
small bodies near the earth and talcing as the inertial frame a frame attached to the 
earth. If air resistance is neglected, then the only force acting on a projected body 
is the force of gravity which can be considered constant over a small region. 

Let P denote the force of gravity. Then |P| = mg [g is the acceleration 
due to gravity). Let us select a frame ( x, y, z) so that the sense of the 


z-axis is vertically upward. Then 

P x =0, P y = 0, P z = — mg. 

Newton’s laws of motion (p. 72, formulae (II)) become: mx" — 0, 
my = 0, mz" = — mg, or 

*■• = 0, y = 0, z" = ~ g. (1) 

Integrating the above equations, we obtain: 

ar = c l5 y = c 2 , z- = — gt + c 3 . (2) 

Integrating once more, we get: . 

x = c J t J r c[, y = c 2 f + c 2 , z = + c 3 f + Cg. (3) 


The numbers c 1; c 2 , c 3 , c' lt c' % , c 3 denote constants of integration which 
we shall determine from known initial conditions, i. e. the coordinates x 0 , 
y 0 , z 0 and the projections ar 0 , y 0 , z- 0 of the velocity v 0 of the moving point 
at the initial moment t 0 . Without loss of generality we can assume that 
t„ — 0; moreover (by selecting a system of coordinates suitably) we can 
assume that at f 0 = 0 the point was situated at the origin of the system 
and that the velocity Vq lay in the vertical plane zx. 

We are therefore assuming that at t = 0, x g = 0, y 0 = Q, z a = 0 and 
Vo = 0- 
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Substituting t = 0 in equations (2) and (3), we obtain¬ 
'd = *'o> c a = Vo = 0, c 3 = r„; c) = x 0 = 0, c) = y 0 = 0, 
c 3 = z 0 = 0, 

Equations (2) and (3) hence take on the form: 

x- — x- 0 , y = 0, z- = — gt -f z- 0 , (2') 

* = *’o k y = o, z = — fat* + z- 0 t. (3') 

Since y = 0 constantly, the motion takes place in the vertical 
zx-plane. 

We shall examine two eases: the so-called vertical projection and the 
oblique projection. 

Vertical projection. Let us assume that at the moment t — 0 the 
velocity v 0 was directed vertically (or was zero), and hence that ar 0 = 0. 
Putting r = v and z-„ = v 0 , we obtain from (2') and (3') 

x- = 0, y .= 0, x — 0, y = 0, ( 4 ) 

« = — gt + v„, z = + Vat (g) 

Since x — 0 and y ~ 0 constantly, the point moves along the z-axis, 
i. e. along a vertical. Moreover, we have v = p = — g. 

Therefore, if the initial velocity has a vertical direction [or is zero), 
then a point moves with a uniformly accelerated motion along a vertical under 
the influence of the force of gravity. 

Assume that c 0 > 0, i. e. that at the initial moment the velocity had 
an up-ward sense (e. g. that we had projected the point vertically upwards 
with a velocity v g ). Let us denote the height of the projection by A, i. e. 
the maximum elevation the point will attain. In order to obtain h it is 
necessary to calculate the maximum of the function z = — Jgt 2 -f v a t. 
We get 

h= »o / 2g at the moment t = zj 0 / g. (6) 

Oblique projection. Let ns assume that the velocity v 0 (4= 0) make s 
an angle a 4= dz fa wdth the K-axis. Setting | v 0 | = v 0 , we get x‘ 0 — v „ cos «, 
z ‘a — « 0 sin#. Therefore in virtue of (2') and (3') 

x- = v 0 cos oi, y = 0, z' = — gt+ v 0 sin x, (7) 

x — v 0 t eosx, y = 0, z = — %gl~ -f v 0 t sins. (8) 

Since cos« 4= 0 and v g 4= 0, by the first of the equations (8) t = 
= v l v 0 cos a, whence 

q 

z — -^+ stance. (9) 

cos 2 fX v ; 


8 
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This equation is that of a parabola. 

Hence: a point projected obliquely moves along a parabola „ 

The parabola cuts the a-axis in the points 0 and D. The length of the 
segment OD — d is called the range of the projection. 



In order to calculate d we substitute z = 0 
in (9). We obtain 

2 

d = — sin2«. (10) 

0 

Therefore: the maximum range of a projection 
. with a given velocity v 0 occurs for the angle oc = 
= in = 45°. ■ 


In order to obtain the height h it is necessary to calculate the maxi¬ 
mum of the function (9). We get 


h — vl sin 2 # / 2 g for x = v* sin 2* / 2 g. (17) 


§ 6. Motion in a resisting medium. A material point moving in 
a medium such as air, for instance, encounters resistance. Experiments 
show that air resistance can he expressed by a force depending only on 
the velocity of the point (for bodies the resistance also depends on the 
shape of the body). Resistance has the direction of the velocity, but an 
opposite sense. The magnitude of the resistance depends on the magnitude 
of the velocity, but not on its direction. Let us denote the magnitude of 
the resistance by F and the magnitude of the velocity by v. We can 
therefore write 

r = f{v). 

The function / is an increasing function with /(0) = 0. Eor velocities less 
than the velocity of sound (which is 333 m/sec in air) we can assume with 
great accuracy that 

E=M (1) 

where 1 is a factor depending on the temperature and density of the air. 

Vertical projection. Let us investigate the case of the falling point. 
Assume that the point falls along the 2 -axis to which we give a sense ver¬ 
tically downward. Consequently the component of the velocity z' = 
v > 0. The resistance is directed upwards and hence its projection on 
the 2 -axis is negative. Assuming that the magnitude of the resistance is 
expressed by formula (1), by putting X = km we obtain: 
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From this 


du 


and hence 


Setting 


g — kv 2 


df. 




(3) 


we get 


g_ 

k’ 


/ dv if _d® 

g — kv 2 k J v'i — v 2 ' 


1 , w® + v 

] n -j-c, 


g — lev 3 k J v" a _ — v- 2 kv a v^ — v 

where c is the constant of integration. Hence by (3) 


2 kv 


1 i n ^g> + v 


c = i. 


(4) 


Let ns assume that at the initial moment t — 0 the velocity was 
« = 0. Substituting v = 0 and t = 0 in formula (4), we get c = 0. Con¬ 
sequently 


0.21. 




1 


2 




+ 


l) V * 


(5) 


From formula (5) it follows that v is always less than v m . 

Hence: the velocity of a point falling vertically in a resisting medium 
does not increase infinitely , but is always less than the limiting velocity v m . 

Oblique projection. Let us now assume that the point moves in the 
vertical plane xz. Let the magnitude of the resistance in all generality 
he given by r — f(v). Denoting the resistance by r, we therefore obtain 


r= — 


/(«) 


v, whence F. t = 


/(*) ■, n /{■«) 
-— v x and r, = —-i— 

V 


V 


Therefore 




/(») . 




V V 

The equations of motion, will hence have the form 


mx- 


/(») 


mz" — mg - 






\jX ' 2 -j- 2 A 


V V 

The science of exterior ballistics is concerned with the solution of the 
preceding equations. This problem is very difficult because the values of 
the function /(») are known only from measurements. 
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§ 7. Moment of momentum. Let a material point A of mass m move 
with a velocity v. Wc have called the vector mv whose origin is at A the 
momentum or the Quantity of motion (p. 72). If x,y,z are the coordinates of 
the point A, then the projections of the momentum on the coordinate axes 
are mx\ my, mz\ respectively. 

Let K denote the moment of the momentum mv with respect to the 
origin of the coordinate system. Then (p. 18, formula (II)): 

K„ = m{yz — z-y), K v = m(z-x — x-z), K % = m(x-y — yx). (1) 

Take the derivative (with respect to time) of the moment of momen¬ 
tum. We obtain: 

Kl = m(yz — z-y), K v = m{z-x — x-z), K) = m{x-y — yx). (2) 

Assume that the frame of reference is an inertial frame and that 
a force P acts on the point A. Then mx" — P x , my = P v> mz•• — P e , 
whence by (2) 

= P v z — P,y, K' y = P z x — Py, K\~ P x y — P v x. (3) 

The expressions on the right hand sides of equations (3) represent the 
moments of the force P with respect to the axes of the frame. Therefore, 
denoting by M the moment of the force P with respect to the origin of the 
frame, we have by (3) 

Kl = M x , Ky = M v , A; = i¥ a . (4) 

The above equations can be written as one vector equation: 

fC = M. (5) 

The origin of the frame could have been chosen arbitrarily. 

Hence: the derivative of the moment of momentum with respect to an 
arbitrary fixed point is equal to the moment of the acting force with respect to 
this point. 

From equations (4) it also follows that the derivative of the moment 
of momentum with respect to an arbitrary fixed axis is equal to the moment 
of the force with respect to this axis. 

Principle of conservation of areas. Let us suppose that the moment 
of the force P with respect to a certain axis l is constantly zero; therefore 
either the line on which the force P lies cuts the Z-axis, or the force P is 
parallel to that axis. Let us choose the Z-axis as the z-axis. Hence we 
have H z = 0. In virtue of (4), K' z = 0 or K,, = const. From this and (1) 
we obtain 

m{x-y yx) = const, or x-y — yx ~ const. (6) 
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m 

Let A' be the projection of the point A on the xy-plane. The point 
A' has the coordinates x, y. Therefore the areal velocity (p. 47) of A' is 
~i{x-y — yx). From formula (6) it follows that the areal velocity of 
the point A' is constant. 

Therefore: if the moment of a force with respec.t to a certain axis is 
constantly zero, then the moment of momentum of the motion with respect to 
this axis is constant, and the areal velocity of the ■projection of the motion on 
a plane perpendicular to this axis is constant. 

This theorem is called the principle of conservation of moment of 
momentum or the principle of conservation of areas. 

§ 8. Central motion. If a material point movesinsueha manner that 
its acceleration at each moment is directed along a line passing through 
a certain fixed point 0, then the motion of the point is called a central 
motion and the point 0 the centre of motion. 

For instance, the uniform motion, of a point along the periphery of a circle is 
a central motion because the acceleration is constantly directed towards the centre 
of the circle which in this ease is the centre of motion (p. 43). 

Since the acceleration has the direction of the force acting on the 
material point, the hue of action of the force in central motion passes 
through the centre of motion. 

A force field in which the lines of action of the forces pass through 
a certain fixed point 0 is called a central field and the point 0 the centre 
of the field. 

A point of mass M situated motionless at a fixed point 0 and attract¬ 
ing another point of mass m with a force depending only on mutual dis¬ 
tance of these points forms a force field. This field is a central field 
because the force acting on the point m has — according to the law of 
action and reaction (p. 73, III) — a line of action passing through the 
point M. 

The material point moves in a central field with central motion; the 
centre of motion obviously lies at the centre of the fiel d 

Let us choose the origin of the coordinate system at the centre of 
the field. Since the .line of action of the force constantly passes through 
the origin of the system, its moment with respect to each axis is zero. Ey 
the principle of conservation of areas the motion of the projection of the 
point on each of the coordinate planes has therefore a constant areal 
velocity, consequently: 

yz — z-y = a , z-x — x-z = h, x-y — yx — c, 


( 1 ) 
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where a, b, c are certain constants. Multiplying the first equation by x, the 
second by y, the third by g, and adding, we obtain 

ax + by + cz = 0. (2) 

Hence we see that the coordinates of the point constantly satisfy 
equation (2). This is the equation of a plane passing through the origin 
of the system (i. e. through the centre of the field). Therefore the point 
moves in a plane passing through the origin of the system. 

H we select sk and y axes in this plane, then from (1) it follows that 
the areal velocity in the plane of motion is constant; the radius vectors 
consequently sweep out equal areas in equal times. 

Therefore: the 'path in a central motion is a plane path lying in a plane 
passing through the centre, the radius vectors emanating from the centre 
sweep out equal areas in equal times. 

We shall now prove the converse theorem: 

If the path of a point is a plane path and the radius vectors emanating 
from a certain fixed point 0 tying in the plane of the path) sweep out equal 
areas in equal times , then the line of action of the force constantly passes 
through the point 0. 

Proof. Choose the origin of the system at 0 and the x and y axes in 
the plane of the motion. The point therefore moves in the ay-plane. Since 
the areal velocity is constant, ary— yx — const. Differentiating both 
sides we get ar-y — yx = 0; hence (mar - ) y — ( my ") x = 0, whence 

P x y — P v x = 0. ' (3) 

Since z = 0, P z = mz" = 0. The force P therefore lies in the ay- 
plane; in virtue of (3) the moment of the force P with respect to O is zero; 
hence the line of action of the force P passes through O, q. e. d. 

Remark. Let us assume that the areal velocity in a central motion 
is zero. Then x-y — yx = 0, or (in polar coordinates) r\ = 0. It follows 
from this that either r = 0 constantly, i. e. that the point is at rest, or 
y = 0 constantly, or g> = <p 0 — const, i. e, that the point moves along 
a line passing through the centre (and inclined at an angle <p Q with the 
a-axis). 

Henee: if the areal velocity in a central motion is zero, then the point 
moves along a straight line passing through the centre. 

On the other hand, if we assume that the areal velocity is different 
from zero, then r 2 y = 0, or r = 0. 

Therefore: if the areal velocity in a central motion is different from zero, 
then the point never passes through the centre. 
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Blnet’s formula. A point A of mass m moves in a central force field 
in the ay-plane with an areal velocity different from zero. Let us intro¬ 
duce the polar coordinates r, <p and denote byP the projection of the force 
P on the radius vector OA. Then P x = P cos <p and P V =P soup; hence 
P x co 8 (p + P y sin y = P, whence * 


P = m{x" cos 9) -f y sin 99). (4) 

Since x — r cos y y = r sin 95 (cf. p. 47 , formula (2)), 
x■■ cos9) -f y sing) = f — ry 2 , 
whence in virtue of ( 4 ) 

P = m(r ‘ — ry 2 ). ( 5 ) 

Let us denote the areal velocity by \c. By assumption A 0. Since 
the areal velocity in polar coordinates is -Jr 2 y (p. 47), 


r 2 y = c, or 9>• = c / r 2 . 


( 8 ) 


Suppose that the path has the equation r = f{cp). Then 


dr 

df 


dr dg> 
Asp df 


dr c 
dg? r 2 


= — c 


d (l f r ) 
dtp 


and hence 


dr - 

di 


dr- dg) 
dg> df 


, d 2 (l jr) 1 


dg> 2 P 

From formula ( 5 ) in virtue of (6) and (8) we obtain: 

c 2 d 2 ( 1 / r) 


P: 


m 


dg) 2 


r 3 


and therefore 


( 7 ) 

( 8 ) 


me 2 /d 2 (l / r) ! 1 
r 2 \ dg) 2 r r 


(I) 


The above formula is called Binet’s formula. 

This formula enables one to determine the force acting in a central 
motion if one knows the equation of the path. Conversely, knowing the 
force P as a function of r and cp, we can determine the path. 


§ 9. Planetary motions. Kepler’s laws. On the basis of observations 
ELepler gave the following three laws relating to planetary motions: 

1. The planets describe ellipses with the sun at one focus. 

2. The radius vectors emanating from the sun sweep out equal areas 
in equal times. 

3 . The squares of the periods of two planets are proportional to the 
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third powers of their mean distances from the sun, (where by the mean 
distance is meant the semi-major axis of the ellipse along which a planet 
moves). 

The third law is not quite exact. The reason for this we shall know 
later. Let us further observe that Kepler’s laws are strictly kinematic. 

Corollaries from Kepler’s laws. Trom Kepler’s laws Newton deduced 
(by means of dynamics) the law defining the forces which cause the motion 
of the planets. Trom the first two of Kepler’s laws it follows that the 
planets move along plane paths with a constant areal velocity. Therefore, 
in virtue of the converse theorem on p. 86 , the forces acting on the pla¬ 
nets are central forces whose lines of action pass through the sun. 

Let us select axes x, y in the plane of motion of the planet, placing 
the origin of the frame in the sun as the focus of the ellipse along which 
the planet revolves. As the direction of the a-axis let us choose the direc¬ 
tion of the major axis of the ellipse, and give to the £K-axis a sense such 
that the centre of the ellipse will lie on the negative side of the a-axis. 
Denote the major axis of the ellipse by 2 a, the minor axis by 26, and the 
distance between the foci by 2e. The equation of the ellipse in polar 
coordinates will then have the form 



a(l —- e 3 ) 

r = —L- L-, 

1 -f- e cosy 

where 

a a 


( 1 ) 

( 2 ) 


Trom Binet’s formula (p. 87, (I)) we can 
obtain the force acting on the planet. We have in 
virtue of ( 1 ) 



1 -f s cos® 

—whence 
a(l — e 2 ) 


d 2 (l / r) 
dy 2 


s cosy 
a(TK If)’ 


and hence by ( 2 ) and Binet’s formula 


P = 


mc 2 u 

6 V 2 


(3) 


The area of an ellipse is nab; denoting the period of the planet by T, 
and noting that |c is the areal velocity, we obtain §c = nab / T , or 
c = 2nab / T. 'Therefore in virtue of ( 3 ) we get 


P = 


4tt 2 mah 




(4) 
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Since P < 0 , the force is directed towards the sun. 

By Kepler’s third law we have for two planets T 3 J T\ = a , 3 ja\, or 
a 3 f T 2 — a\ j Tp The ratio a 3 j T 2 therefore has a constant value for all 
planets. Putting 

/i — a 3 / T 2 , ( 5 ) 

we obtain from ( 4 ) 

P = (6) 

Hence: the. force under whose influence a planet moves is directed 
towards the sun, and is directly proportional (in magnitude) to the mass of 
the planet and inversely -proportional to the square of the distance from the 
sun. 

Law of universal gravitation. The preceding result deduced from 
Kepler s laws suggested to Newton the supposition that the force acting 
on the planet is dne to the mutual attraction of the planet and the sun. 
Newton generalized this reflection in the form of the law of universal 
gravitation: 

Any two material points attract each other with forces whose magnitude 
is directly proportional to the product of the masses and inversely proportional 
to the, square of the distance between them. 

According to the law of action and reaction, the forces with which the 
material points attract each other are equal in magnitude, opposite in 
direction and act along the line jo inin g these points. Denoting by m t and 
ni 2 the masses of the points, by r the distance between them, and by P the 
magnitude of the force with which they attract each other, we therefore 
obtain 


P = 


K 


man, 


2 


(I) 


where K is a certain constant, the so-called gravitational constant which 
depends only on the units of length, mass, and time. 

brom equation (I) we have K — Pr- f rnpng, consequently [AT] = 
= [-PJM 2 / [mjjmj, and hence [K] = L 3 M~ : 1 T~~. Measurements have 
shown that in the c. g. s. system: 

K — 6.6 • 10 ~ 8 cm 3 ■ g —1 • sec -2 . 

The gravitational constant can be measured by means of the so- 
called Jolly’s balance. It is a balance having an upper and a lower pan on 
one side and a single pan on the other side. A body a of mass m is placed 
on the upper pan and balanced by a weight of mass m. on the opposite pan. 
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Body a is next transferred to the lower pan; this will not disturb the 
equilibrium. However, if a body b of mass iff is placed under the lower 
pan, then the balance will tilt, In order to restore equilibrium we must 
add a mass y to the mass m. 



In the experiment the body b was a 
lead sphere. Since, as can be shown, a ho¬ 
mogeneous sphere attracts an exterior point 
as if the entire mass of the sphere were 
concentrated at its centre, denoting by r 
the distance from the centre of the sphere to 
the body a, we have KmM / r 2 = iuj, or 


Fig- 72. 


K = ygr 2 l inM, 


Mass of the earth. It can be shown that a sphere composed of con¬ 
centric layers of constant density attracts an exterior point as if the 
mass of the sphere were concentrated at its centre. Assuming that the 
earth satisfies the preceding condition, and denoting by iff the mass of 
the earth, by B, its radius and by Q the weight of a body of mass m (on the 
surface of the earth), we obtain Q = KmM jR 2 . Q = mg, therefore mg — 
= KmM / jR 2 , or 

iff = gR 2 / K. (7) 

Using g — 9.81 m • sec -2 , R = 6300 km, if = 6.6 ■ 10 —8 cm 3 • g” 1 • sec -2 , 
we obtain (after changing m and km into cm) 

M = 6 ■ 10 27 g. 

The density of the earth is obtained from the formula 
q = M I {R a n =3 g j iKRu — 6.6 g/cm a . 

Kepler’s equation. We shall now determine the position of a planet 
at a given moment of time. Let us choose a system of coordinates in the 
plane of motion of the planet as on p. 88. In a rectangular coordinate 
system the ellipse along which a planet moves has the equation 

(a; -f- g) a / a 2 + y 2 / b 2 — 1. 

Let us introduce an auxiliary angle u defined by the equations: 

(a ’ + e) / a = cos u, y jb — sinw. (II) 

The angle u is called the eccentric anomaly. 

Lquations (H) define the angle u unambiguously. From (II) we get 
x = a (cos u — e / a), y = 6 sin u. 
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Substituting s = e J a, b = a]/l — E 2 , we obtain 

* = ®(cosw — e), y = a]/1 — E 2 sinw. (8) 

The radius vector r is obtained from the equation 
= x 2 -f j/ 2 = a 2 (l — s cos u ) 2 . 

Therefore 

r = a( 1 — e cos u). (Ill) 

The angle <p which r makes with the *-axis is called the true anomaly. 
From the equation of the ellipse in polar coordinates (p. 88, (1)) we 
get re cos <p = a( 1 — s 2 ) — r; hence 


f£(l -f cos <p) = (1 — E )[a(l + e) — r], 

whence by (Illy, r(l + cosy) = a(l — e)(l + cos u). Since 1 + COS <p = 
= 2 cos 2 and 1 -f- cos u = 2 cos 2 |m, 


and similarly 
whence 


cos j<p = Ya {I — e) cos \u, 
yrsin \tp = ]/»(! + e) sin Jat; 


tan \tp = 


U + 6 


tan iu. 


(IV) 


(V) 


Formulae (IV) and (V) deter min e cp unambiguously in terms of u. 
Let us suppose that at the moment t = 0, u — 0, and hence <p = 0. 
The area of an ellipse is nab. If T denotes the period of revolution of a 

planet, then the areal velocity is nabfT. Hence the radius vector sweeps 
, nab , . , 

out an area t during the tune from 0 to t. This area can also be re¬ 
presented in the form of an integral 


nab 

= 

Differentiating (V) we obtain 



o 


Therefore by (IV) 

dtp = 


dy 

COS 2 jy 


II + e dit 
/ 1 — e cos 2 fw 


11 + e fl(l ■ — e ) 


d u 



d-w. 


(9) 


Substituting in (9) we obtain 
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« 



D 


whence in virtue of (III), 



Prom this and the fact that £#j/l— e 2 = ab, we get 

u — e sin u = 2?rf / T. (VI) 

The expression 2 nt j T is. called the mean anomaly. 

Equation (VI) is called Kepler's equation. 

By means of Kepler’s equation we can determine u at each moment t, 
and then by equations (III), (IV), (V) the radius vector r and angle <p. 
Astronomy gives numerous methods for solving Kepler’s equation. 

Tn astronomy the eccentric anomaly u is usually denoted by the letter Jfi, the 
true anomaly p by v, and the mean anomaly 2 nt / T by M. 

§ 10. Work. Suppose that a material point was displaced from point 
A to B and that during this displacement a force P (there can he other 
forces besides) acted on it. 

Constant force. Let us assume that the force P acting on a material 
point during its motion from A to B was constant in magnitude, direction, 
and sense (even though the motion could take place along a curve). 

The work of the force P through the displacement AB is defined as 
the scalar product 

PAB. 

If work is denoted by L, then 

L = P ■ AB. (I) 

Let tx be the angle between P and AB. Consequently 

L = [P| ■ \AB\ cos a. (II) 


* Js 

A y(t\ 

Pig. 73. 

Work can he a positive or negative number, or zero. The work of 
a force P is zero if P = 0 or AB — 0 (i. e. when there is no displacement), or 
when k = (i. e. when the force is perpendicular to the displacement). 

If P 4= 0, AB 0, and cos a. =(= 0, then work is a positive or negative 
number depending on whether a is an acute or obtuse angle. 
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If (X 0 oi? a 7i (i. e. if th© forco has the direction of the displace- 
-ment), we have 

L = ±]P|.|lB|, 

where the sign depends on whether the force and the displacement have 
the same or opposite senses. 

From theorems on a scalar product (Chapt. I, p. 7) it follows that 
the work of the force P through the displacement AB is equal to the 
product of the displacement and the projection of the force on the 
direction of the displacement, or the product of the force and the project¬ 
ion of the displacement on the direction of the force. 

It should be noticed that — according to the definition — work does 
not depend on the time it takes the material point to be displaced from, A to B. 

Let us denote the projections of the displacement AB on the coordin¬ 
ate axes by Ax, Ay, Az. Hence in virtue of (I) 

L = P x Ax + P y Ay + P* Az. (I) 

If the point A has the coordinates x 0 , y a , z 0 , and B y % , z v then 
Ax — x x — x 0 , etc. Consequently 

L = P ^ x i ~~ *o) + P v(¥ i ~ Vo) + PJL*i — 2b). ■ (2) 

Variable force. Let us now assume that the point moves along a curve 
C defined parametrically by the functions: 

x = /f ff )> y = <p{o), 2 = y\a), (o' <*&<* or"). (3) 

Suppose along with this that if oy < cr 2 , then the position of the point 
corresponding to the value a x occurs sooner than the position correspond¬ 
ing to the value a,. 

Let us further assume that there acts on a material point a variable 
force P whose projections at an arbitrary point (x, y, z) of the path are 
given by the functions: 

Px = F{x, y, s), P v = 0(X, y, s), P 2 == W(x, y, z). (4) 

Of course, we assume that the functions 
F, 0, W are defined at every point of the 
path. Let us form an arbitrary subdivision 8 
of the interval a'a" by means of the points 
o' — o„, o lt ..., a K = o". To these values of 
the parameter a let there correspond the 
points 
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A' = A a (x 0 , y a , z 0 ), 4i(* a , y t , Zj), • A n {x n , y„, z n ) — M , 

on the curve 0. 

In virtue of (3) 

z ( = fie*), Vi = cpfa), z { = yj(a { ) for i = 0, 1, ...., n. (5) 
Let us put: 

Axi"=x i+1 — x { , Ayi = yi+i — jfo Az t = z i+1 Si, 

(i = o, l,1). (6) 

Finally, let us denote the forces acting at the points A 0 , A x , ...,A n 
by P 0 ,Pj,...,P». By (4) 

P lx = P{%{, Vi, Zi), -Pj V = 0{ x i, Vit z «)> ~ Vi 1 Z i)- ( ‘ ) 

If the force P acting through the displacements A^A X) AyA ^,... were 
constant and equal to P„, P {, ... respectively, then the work on these 
displacements would be expressed by the formulae: 

Lfj = PAx 0 -|- Pdi/ Ay o -)- Poz Az 0 , 

-hj ^ P \x A% x P w Ay-y P iz Azyj 


Putting L' — L 0 + Ly + L 2 + • •we therefore obtain 

L' = 2( P is Ax t + P iv Ay t + P it Az ( ). (8) 

The expression on the right side of the above equality obviously 
depends on the subdivision d of the interval a'a". 

If L' tends to a certain limit for every normal sequence 1 ) of sub¬ 
divisions {<5 S } of the interval a'a", then this limit is called the work of the 
force P along the curve C (or along the length of the curve G). 

Expression (8) can he considered as the approximate value of the 
work L of the force P. 

The limit of expression (8) is the so-called line integral along the 
curve C 

L = f(P x dx + P y d y + P„ da). (Ill) 

c 

The line integral can be reduced to an ordinary definite integral by 
expressing the variables x, y, z as functions of the parameter a. Making use 
of equations (3), we obtain 

l ) i. e. such that the length of the maximum interval of subdivision tends to 


zero. 
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L = j[P x /'(cr) + P y ^'(o) p s 

where P = ■*-(/(*), <p(o), y( ff J), P v = $(/(„), p ( ff ), etc. In particular, 
if a denotes the fame, then f(a) = xy cp' {a ) = y, v '( ff) = «, Consequently 

f 

L = flPye- + P v y + Pjs -] dt (IV) 

Since x\ y , g- are the projections of the velocity v P x- 4 - P y 4 - 
4- Pfi- = P • v. Hence ' * + vV + 

f 

L = f{P ■ v) dt. (Y) 

. Remark. Formula (III) is correct when the positions of the moving 
point on the curve follow each other in the order which corresponds to an 
increase of the parameter a. However, if the contrary is true, i. e. if 
> a 2 , then the position corresponding to Oy occurs later than that cor¬ 
responding to t? 2 > and hence it is necessary to substitute in formula (ITT ) 

ax } dy, d z for cLr, d y> dz. We obtain then 

L = d* + P„ dy + Pz dz). 

Therefore, if a material point has moved along curve C from A' to A* 
and the force P has done work L, then, if thepointmoves along the curve C 
from A to A (in this case the positions will follow each other in an order 
opposite to that before), the same force P is going to do work_ L. 

Work of a sum of forces. Let us suppose that a material point moving 
along a curve G was acted upon by two forces P and Q. Put R = P 4 - Q 
Denote by L the work of the force R, by U the work of the force P, and by 
L" the work of the force Q. Then 

L = f(R x d* 4 - JR y dy + B., dz) = 

G 

~f~ QA da; 4~ (P» + Q v ) dy 4- (P a + QA da] = 

= J(Px da; + p v dy -f P z dz) 4 - f (Q x da; 4 - Q v dy + Q, da) = 

0 c 

= L' + L", 

and hence 

P = L' 4 - L". (VI) 

IVe can therefore say that the work done by a sum of two (or more) 
forces along a certain curve is equal to the sum of the works done by the 
separate forces along this curve.. 
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Dimension and units of work. By (II), p. 92, we have (work] = 
= [force] ■ [distance] = LMT~% and hence 

[work] = L~MT . 

The unit of work in the c. g. s. system is the erg. It is the work done by 
a force of 1 dyne acting through a distance of 1 cm. Consequently 

cr g = cm 2 • g ■ sec~ 2 . 

A greater unit is the Joule (J) = 10 7 ergs. In the metric gravitational 
system the unit of work is the kilogram-meter (kgm). It is the work done 
by a force of 1 kg acting through a distance of 1 m. Since 1 kg (of force) = 
= 981 000 dynes, and 1 m = 100 cm, 

kgm — 9.81 • I0 7 ergs = 9.81 J. 

- § II. Potential force field. We called the region 1) (p. 77) a force 
field if on a material point, situated anywhere in the region D, there acts 
a force depending only on the position of that point. 

The force field is defined by the given functions: 

P x = F(x, y, z), P y = 0{x,y,z), F* — l F[x,y, z), (1) 

which deter min e the projections of the acting force P at the point with 
coordinates x, y, z. 

Stress field. It can happen that a force P is proportional to the mass m 
of a material point. Then the force acting on a unit mass (i. e. the force 
P/m) at a certain point of the field is called a stress field at this point. 

An example of such a field is the earth’s gravitational field. The 
weight of a body is proportional to the mass of the body. On the earth’s 
surface the stress field is equal in magnitude to g (gravitational accelerat¬ 
ion). 

Lines of force. Certain curves in a force field called lines of force 
deserve special consideration. These are curves having the property that 
a tangent at ail arbitrary point has the same direction as the force acting 
at that point. For instance, in the earth’s gravitational field the lines of 
force are vertical lines. lines of force are defined by the system of diffe¬ 
rential equations: 

da!/P,= dy/P, = d!s/P,. (2) 

Definition of a potential field. If a material point in a force field 
moves from a point A to a point B along some arc AB, then the work done 
by the acting force P (p. 94, (III)) is 

L = f(P x da; + P v d y + P z dz). 


(I) 
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The work will in general depend not only on the points A and B, but 
also on the path described, i. e. on the arc AB. Fields in which the work 
depends only on the points A and B, and not on the arc AB, play an 
important role in mechanics. Therefore, if a material point moves from A 
to B along various paths in such a field, then the force P always does the 
same work. Such fields are called potential or conservative fields. 

Therefore: a 'potential field is a force field in which the work does not 
depend on the path , but only on its origin and end points. 

If a point in a potential field has traversed a. closed path (or has left 
the point A and returned to A), then the work done throughout the length 
of the path is zero. The workin a potential field depends only on the origin 
and end points, hence, if they coincide, the work is such as if the point 
had not moved at all. 

Conversely, if a force field has the property that the work along every 
closed path is zero, then the field is a potential field. Let us choose two 
arbitrary points A, .Band arc AMB, ANB. Denote by A' the work along 
arc AMB and by L" along arc ANB. By hypothesis, the work along the 
closed curve AM BN A is zero. This »work can be represented as the sum 
of the works: from A to A along the arc AMB and from A to A along the 
arc BN A. Since the work along the arc BN A is equal to — L”, L' -j-' 
+ (— L") = 0, whence L' = L". Therefore the work along both arcs is the 
same. 

We can therefore say that for a force field to be a ‘potential field, it is 
necessary and sufficient that the work along every closed curve in the field 
be zero. 

Potential. Let us select an arbitrary coordinate system (x, y, z) and 
a point A in a potential field. If we look upon the point A as fixed, then 
the work L AB , where A is an arbitrary point of the field, will depend only 
on the coordinates x, y, z of the point 
B. Therefore the work L AB will be a 
function of the coordinates x, y, z. De¬ 
noting this function by V(x, y, z), we 
obtain 

L AB = V{x,y,z). (3) 

The function V(x, y, z) is called a force function or a potential. 

Let us consider some point B' with coordinates y', z'. The work 
along an arbitrary curve ABB’A is zero. Therefore L AB + L BB • -+• L SA = 0. 
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But L b , a = —L ab . = — 7(7, y', »'). Hence by (3) 7(a, i/ : z) + 

+ V — 7(7, ?/, z") = 0, whence 

Abb- = F(7, y'> *') — V(x, y, z). (II) 

Formula (II) can be stated as follows: 

In the passage from one point to another the work is equal to the differ¬ 
ence of potentials between these points. 

We have defined the potential as a function depending on the choice 
of the point A. Had we chosen another point A'(x', y', %'), the potential 
would have, been expressed by another function V'(x, y, z). 

Since by the definition of a potential we have for an arbitrary point 
B{x, y, z) 

V'{x, y, z) = L a , s = V(x, y, z) — 7(7, y\ z'), 

' hence 

V(x, y, z) — V‘{%, y, z) = 7(7, y', z') — const. 

Therefore the difference of both functions 7 and V' is constant. We 
see from this that in a potential force field the function is defined to 
within a certain constant (as in an Indefinite integral). As formula (II) 
shows, this constant does not play any role, since for the magnitude of the 
work there enters only the difference of the potentials at the two points. 

Dimension of the potential. Since by definition the potential is equal 
to work, the dimension of the potential is the same as the dimension of 
work. Therefore 

[potential] = L 2 MT~' Z . 

The units of work are equally units of potential. 

Relation between force and potential. Let us move a material point 
from the point A(* 0 , y, z) to the point B(x, y, z) along a line parallel to the 
aj-axis. By (I) and (II) the work is: 

L A b = V(x, y, z) — V(x 0 , y, z), or L AB = $(P X da; + P v dy + P, d*). 

AB 

Since the point was translated along a parallel to the a:-axis, djf = 0 
and dz — 0. Therefore 

Lab = fP x da; = JP a dr, 


r ( x > V> z) — F(*„ y, z) = jp a dr. 

*« 


whence 


[pi] 
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Taking the partial derivative with respect to x we get 3V j dx = Py, we 
obtain analogous formulae for the remaining partial derivatives. 

Hence: the partial derivatives of the potential are equal to the correspond¬ 
ing projections of the force on the coordinate axes , i. e. 


37 _ 37 

dx dy 



(III) 


Conversely, if we assume that in a given force field there exists 
a function 7 satisfying relations (HI), then the field is a potential field. 
For let a given function 7 satisfy relations (III). Then the work from, the 
point A(x lf y x . z t ) to the point B(x 2 , y 2 , %) along an arbitrary 7 arc AB is: 


Lab 


= j(P x dx + P v dy + P z da) = fl~ dr + |? dy + ^ d A 

AB AB ' 11 1 


Since the expression in the parenthesis of the last integral is the total 
differential d7, we obtain the formula 


L A b — /d7 — 7(a; 2 , y 2 , z 2 ) 7(a^, y x , z x ), (4) 

AB 

expressing the fact that the work does not depend on the path, hut only 
on the end points. In virtue of (4) the function V is therefore a potential. 

Hence: if for a force field there exists a function V satisfying relations 
(III), then the force field is a potential field and the function V is a potential. 

Potential surfaces. If c is an arbitrary constant, the surfaces defined 
by the equation 

V(x, y,z) — c (5) 


are called potential surfaces. 

Therefore: a potential surface is one along which the potential has a 
constant value. 

In differential geometry it is proved that the direction cosines cos 
cos fi, cos y of the normal to the surface (5) at the point ( x , y, z ) satisfy 7 the 
conditions: 


37 37 37 

cos k : eos B : cos y = : — 

r ‘ ex By 


3z 


whence, by (III), 

cos a : cos p : cos y = P x : P y : P z - 

Since the direction cosines cos a', cos/S', cosy' of the force P satisfy 
similar conditions: cos 7 : cos/i' : cosy' = P x : P v : the force P is 

normal to the potential surface. 
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Therefore: at every point of a potential surface the acting force is per- 
p&ndicudar to this surface. It follows from this that the lines of force are 
perpendicular to potential surfaces. 

Let us select two neighbouring potential surfaces 8 and H' having 
potentials c and c', where c' > c. From an arbitrary point A of the surface 
8 let us draw a normal to this surface intersecting 
the surface 8' at the point A'. 

The work along the displacement from A to A' 
is L AA : = c' — c > 0. Since the work is positive, 
the force P has the sense of the displacement AA 7 . 

Hence: with respect to a potential surface the 
force points in the direction of increasing potential. 

Approximately we have L AA , |P| A A' = 
= c’-~ c, or \P\ = (o'— c) f AA'. 

Hence: on one and the same potential surface the force is approximately 
inversely proportional to the segment of the normal enclosed between this 
surface and a neighbouring potential surface. 

§ 12. Examples of potential fields. Let us now look at several kinds 
of potential fields which are frequently dealt with in practice. 

Constant field. If a force P in a certain field is constant in magnitude, 
direction and sense, then the field is called a constant field. 

The earth s gravitational field in a small neighbourhood of a given 
point on the earth-surface is a constant field. 

Let ns select a coordinate system [x, y, z), giving to the z-axis the 
direction of the force P, but an opposite sense. Putting |P| == mg, we obtain 

P*=0, P„ = 0, P z = — mg. 

It is easy to verify that the function 

V = — mgz 

is a potential because we have 

SF / 9* = 0 = P x: dV I dy = 0 = P vi W f dz = - m , g = P,. 

Hence: a constant field is a potential field. 

The work from the point A(x lt y u to the point B{x t , y t , *„) along 
an arbitrary path is L AB = ^ _ ( _ hell06 g 
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By hypothesis, the force P is the force of gravity, and it is clear that 
*i — = A is the difference between the levels at which the points A 

and B are situated. Therefore, putting |P| = Q = mg, we obtain 

■b&B = Ofa- 

The potential surface has the equation V = const.; hence — mgz = 
= const., or z = const. Therefore, potential surfaces are level surfaces 
(i. e. perpendicular to the direction of the force). Since the lines of force 
are perpendicular to the potential surfaces, the lines of force are straight 
lines parallel to the z-axis, i. e. vertical lines. 

Central fields. If the direction of a force in a force field always passes 
through a certain fixed point O, then the field is called a central field and 
the point O the centre of the field (p. 85). 

Let us assume that in a given central field the magnitude of the force 
at an arbitrary point A depends only on the distance r of the point A from 
the centre O. Denote by P the projection of the force P acting at A on the 
direction of OA. Therefore P is a function of r. Set 

P = f{r). 

Let the origin of the coordinate system be at O. Denoting by x, y, z 
the coordinates of the point A and by a the angle which OA makes with 
the a;-axis, we obtain cos oc = x j r. Therefore 

P* — P cos « = P y and similarly P v — P y> P z = P y- (2) 

Put V = fP dr = Jf(r) dr. Since r = 1/a; 2 + y* + z\ dr j dx = 
= x I r, dr j cy — y / r, and dr j dz — z f r. Therefore 


0F = dF_0r £ = p£ 

dx d r dx r r 


and analogously 


0F 

dy 


p 

y 3 


w 

dz 


P- 



Our field is hence a potential field and the function 
V is a potential. 

Therefore: a, central field in which the force depends only on the distance 
of the point from the centre is a potential field, and the potential is expressed 


by the formula 


V = JP dr. 


(3) 
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Since the potential at the point A is a function of the distance r of 
the point A from the centre 0, the potential has a constant value on 
spheres with centre at 0. Henee the potential surfaces in this case will be 
spheres with centre at 0. The lines of force are obviously straight lines 
passing through the point 0. 


Newtonian gravitational field. Let us suppose that a point of mass m 
is attracted with a force P by a fixed point of mass M according to New¬ 
ton’s law of gravitation (p. 89, (I)), i. e. that 

[P| = KrrtM / r 2 . 

Since the force is directed towards the point M , the field is a central 
field whose centre is the point M. Therefore, according to the definition 
of tire number P,P =— KmM / r 2 . 

We have 


Consequently 


V — j'P dr — — JEmM dr / 
V = KmM I r. 


(4) 


Hence the work along an arbitrary arc A'A is 


L A ' A — KmM 



where r and r’ denote the distances of the points A and A' from the 
centre. If, in particular, we select the point A' at infinity i. e. if we put 
r' =oo, then we shall obtain 


L xA ,== KmM jr — V. (5) 

Therefore: in a Newtonian gravitational field the potential at a point A 
is equal to the work a force would do in bringing a material point from 
infinity to A. 


Axial field. A force field having the property that at every point of 
the field the line of action of the force cuts a certain fixed line l at right 
angles is called an axial field, and the line l is called the axis of the field. 

Let us assume that the magnitude of the force P acting at an arbitrary 
point A depends only on the distance r of the point from the axis of the 
field. Put P = — |p| or P = |P| depending on whether the force P is 
pointed towards or away from the axis l. Since the magnitude of the force 

P is a function of r (i. e. the distance of the point A from the axis l), we can 
write 

P => f{r). 

Let us select a system of coordinates in which the axis of the field is 
the 2 -axis. It is easy to see that the projections of the force P acting at the 
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poi nt Ajx, y, z) are P x = Pxjr, P v = Pyjr, and P s = 0, where r = 
= ]/a; 2 + y 2 . Put 


Therefore 


/Pdr = / f{r) dr. 


Similarly 


SF _ d V dr p x 

dx dr dx r 


W 
9 y 


P,. 


Since V does not depend on z (because r does not 
depend on z), 


z 
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It follows from this that the given field is a potential field and V is 
the potential. 

Hence: an axial field in which the magnitude of the force depends only 
on the distance of the point from the axis is a potential field and the po¬ 
tential is 

V= fP dr. (6) 

It is easy to see that in this case the potential surfaces are cylinders 
whose common axis is the axis of the field. The lines of force are straight 
lines cutting the axis at right angles. 

For instance, if P — ma> 2 r (to constant), then V — fP dr = fmco 2 rdr, 
and hence V = = ^mco 2 (x 2 -(- y 2 ). The potential surfaces are obtai¬ 

ned by setting V = const. Therefore |•m^o 2 (a; 2 -j- y 2 ) = const, whence 
x 2 -\- y 2 = const; this is the equation of a cylinder whose axis is the 
z-axis. 


Sum of potential fields. Let there be given several force fields 
Pj, P s , ... in a certain region D. A force field P = P x -f- P 2 + ... in the 
region D is called the sum of the force fields P 1; P 2 , ■ ■■ 

If the force fields P 1; P 2 , ... are potential fields, then —— as is easily shown 
.—- the sum of the fields is also a potential field whose potential V is equal to 
the sum of the potentials V lt F 2 , ... of the separate fields. 

For let us put V = V t + F a -f ... We have 


37 _ 8Vi 
dx dx 
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dx 


+ . . . = Py + P ix + ■ ■ ■ 


and analogously 
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3F _ 

dy ' 


W 
3z : 


Therefore V is the potential of the sum of the given fields. 

Let us suppose, for example, that a point of mass m is attracted 
according to Newton’s law by two fixed points of masses ?% and m 2 with 
forces Pj and P 2 . The resultant force will therefore be P = P* -j- P 2 , On 
p. 103 we have shown that the forces P t and P 2 
have potentials. Hence according to (4), p. 102, 
denoting the distances of m from and m 2 by r 1 
and r„ we obtain: 



K 


mm , 


and F„ ~ K 


mrtbn 


The force P therefore has the potential F = 7* + F 2 . Consequently, 
V = Km{m 1 j + m 2 / r 2 ). Similarly, if a point of mass m is attracted by 
n fixed points of masses m ls m 2 , ..., m n according to Newton’s law, then 


V — 



ph 

ri 


+ ... + 


m, 


(7) 


where r x , r 2 , ..., r„ denote the distances of the point to from the points 
m x , m % , .m„, respectively. 


§ 13. Kinetic and potential energy. Let a force P act on a material 
point A(x, y, z) of mass to. Then (p. 78, (I)): 

mx- = P XI my = P v , mz" = P z . 

Multiply both sides of the first equation by x *, of the second by y, 
of the third by and add. We obtain 

m{x-x- + yy + *•*") = Py +p s y- + P zZ -. (1) 

Let us denote the absolute value of the velocity of the point A by v. 
Then® 2 = ar 2 + y* + z- 2 , whence d(® a ) / d* = 2(x’x" + yy + Z‘Z"), and 
hence d($ to® 2 ) / d t = m(x'x- + yy -f-Z's"). Substituting this equation 
in (1), we obtain 

d(^mv 2 ) / dt — P x x' + P v y P e 

Integrating both sides {with respect to t) from the initial time < 0 to t, 
we ge t 

t t 

fd(btiv 3 ), r 

J dt ~ ^ ~ J + P«y + P»z'] dt. 

u t. 


( 2 ) 


[P3] 
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Let ® 0 be the absolute value of the velocity at the initial moment i 0 ; 
the left hand side of (2) becomes fynv- — JtoUq, and the right hand side 
equals (p. 95, (IV)) the work that the force P did during the time from 
t 0 to t. Let us denote this work by L tzl . Equation (2) can therefore be 
written in the form 

fm#— $mv%*=L u . (3) 

The expression ^mv 2 is called the kinetic energy of the point. 

Putting 

E = \mv % , E 0 = -Jm® 2 (4) 

we obtain: 

E E 0 — L ht . (I) 

Hence: the increase in kinetic energy in a certain time is equal to the 
work of the acting force in this time. 

This theorem is called the equivalence of work and kinetic energy. 

In particular, if the work of the force P is constantly zero, then 
E — E 0 — 0, i. e. E — E 0 , and hence by (4) » = ® 0 . Therefore the point has 
a velocity which is constant in magnitude. Hence, if the force is e. g. 
constantly perpendicular to the path, then the point moves with a uniform 
motion. An example is the uniform motion along a circle of a point under 
the influence of a force constant in magnitude and directed towards the 
centre of the circle. 

Let the point now move in a potential field,. Denote by V and F 0 the 
potentials the point possesses at the moments t and f 0 , respectively. Then 
L t ,t = V — Vo, whence by (I) E — E 0 — V — F 0 , i. e. 

E — V ~ E 0 — F 0 . (5) 

The expression —F is called the potential energy. 

Setting — F = U, and — F 0 = U 0 , we obtain 

E -V U = E a -f U 0 = const. (II) 

The sum of the kinetic and potential energies, i. e. the expression 
E + U, is called the total energy. 

Hence: if a point moves in a potential field, then its total energy is 
constant. 

The preceding theorem is called the principle of conservation of total 
energy. 

Dimension of kinetic and potential energies. By (4) [IS] = [to][® 2 ]; 
hence 

[kinetic energy] = 
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T her efore kinetic energy has the dimension of work. The units of 
work are consequently also units of kinetic energy. 

By definit ion, potential energy has the dimension of a potential and 
therefore also has the dimension of work (p. 98). 


§ 14 . Motion of a point attracted by a fixed mass. Motion along a 
curve of the second degree. Let a material point A of mass m be attracted 
by a fixed point of mass M with a force P acting according to Newton’s 
law. Let us place the origin 0 of the coordinate system at the point M. 
Denoting (as on p. 101) by P the projection of the force on. the direction of 
OA, we obtain 



( 1 ) 


Denoting the coordinates of the point A by x, y , z, we obtain (p. 101): 


P, 



■K 


mM x 


etc. 


Therefore the equations of motion of the point 


JTX OiiD. 


mx‘ 


-K 


mM x 


my = — K 


mM y 


mz" ' 


- K 


mM z 


(I) 


In our case the forcePhas the potential V = KmM / r (p. 102), and 
therefore the potential energy U — — KmM j r. By the principle of 
conservation of total energy fymv* — KmM jr — const, whence putting 
y = KM, 

v% = 2/4 / r -f h, where h = const. (2) 

Since the motion in the problem under consideration is central 
(p. 85), the path is a plane curve. Let us assume, therefore, that the mo¬ 
tion takes place in the Mpplane and that the areal velocity is different 
from zero. 


From Binet’s formula (p. 87, (I)) we obtain by (1) 


KmM 

me 2 f 

^■2 

r 2 [ 


and since KM = y, 

d 2 (l / r) , 1 
d ?) 2 

Let us set 1 j r = u. We obtain, 

d 2 u „ 


d 2 (l / r) 1] 
d<p 2 1 r\’ . 

(3) 

1- y 

" c 2 

(4) 
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.A. particular solution of the above equation is u = y j c 2 . The general 
solution of the homogeneous equation 


d 2 « 


diy 


-f u = 0 


is as is easily v erified of the form u = a cos w -j- b sin <p. The general 
solution of (5) will therefore be 


u — y j c 2 + a cos (p -f b sin<p, 

where a and b are arbitrary constants. Setting a = q cos <p 0 , b = g sin 
(where q and cp 0 are arbitrary constants) and substituting 1 / r = u back 
again, we obtain the general solution of (4) 

1 lr = yl& + e cos (cp — tpo). (6) 


Now the general equation of a conic section, if the pole is at a focus, 
has the form 


r p 


-cos {rp — <p 0 ), 


where p is a parameter, e the distance between the foci, and <p Q the angle 
the axis of the curve makes with the axis of the coordinate system. Equa¬ 
tion (6) is therefore the equation of a conic section. By comparing them 
we get 

p — c 2 / y and e = qc 2 / y. (7) 

Such a curve is an ellipse, hyperbola or parabola, depending on 
whether e < 1, e > 1 or s = 1. In order to recognize the type of conic 
section, we must calculate the constant q. We shall determine it from 
formula (2). 

We have v % = r A r\ A . Since Jc is the areal velocity, -|c = 
i. e. <p- = c j r 2 ; therefore (p. 87, formula (7)) 


By (6) we obtain 


d(l / r) 
d<p 


■y 2 = y s j c 2 + 2 yg cos {f — <p 0 ) + C 2 g s . (8) 

r in terms of <p from formula (6) and substituting in 


formula (2), we obtain v 2 = 2 y 2 j c 2 -f 2 yq cos (<p — <p 0 ) 
comparing with formula (8) 


Q = 


and' hence by (7) 


A + A, 


h, whence by 


(9) 
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Therefore s0 l depending on whether h 0. Sotting t = f 0 , v = v 0 , 
r — r 0 , we obtain from formula (2) h = v\ — 2 p j r„; consequently: 

h 0 0 depending on whether v%0 2/i / r 0 . 

It follows from this that the type of conic section does not depend on the 
direction of the velocity , but only on its magnitude. 

We can therefore determine the type of conic if we know one position 
of a point and its speed at that position. 

Comets, for instance, move within the limits of the solar system under 
the influence of the sun’s attraction and hence move (with respect to the sun) 
along conics. 

Let us now assume that a point moves along an ellipse whoso equation 
is 11 r = 1 / p (e j p )oos(<p ■—- <p Q ). From Binet’s formula we get 

_KMm = m t whenoe [{M ^ 0 * , f 
r 2 p r 2 

Let a and b be the axes of the ellipse and T the period. The areal velocity 
will then be \c — abn / T. Since p = b 2 j a, KM — in 2 ah / T 2 , whence 

a? f T 2 = KM f &n 2 . (10) 

It follows from tills that the ratio a 3 / T 2 depends only on the mass of the 
attracting body and not on the mass of the moving point. 

If the sun were at rest, then the ratio a 8 / 2 12 would bo a constant for the 
planets (such as is required by Kepler’s third law). The sun, however, is not at rest, 
since it is attracted by the planets. This fact accounts for the deviations from 
Kepler’s law. 

We shall consider this matter later in connection with the problem of two 
bodies (chap. V). 

Motion along a straight line. Let us examine, in addition, the par¬ 
ticular case when the areal velocity is zero. The motion in this case takes * 
place along a straight line passing through the centre of the field, i. e. 
through the point M (p. 86). Since v denotes the absolute value of the 
velocity, 

v = \r\. ( 11 ) 

Let us suppose that at t = 0, r — r 0 and v = v 0 . From equation (2), 
p. 106, it follows that 


( 12 ) 


whence 


v* = 2p, j r h, 
h = v 2 — 2/4 I r B . 


(13) 


Motion of a point .attracted by a fixed mas* 


108 


[§x« 


Let us assume that at t — 0 the velocity vector of the moving point 
was directed away from the point M, that is, that the point was rece ding 
from M. Therefore at t — 0, r > 0. 

Let us consider the two cases depending on whether h > 0, or h < 0. 

1 h A 0. By (12) v 2 iff 2/4 / r constantly; hence v~ :> 0; therefore 
® > 0 constantly. It follows from this that the point will never stop, but 
will always move away from M. Hence r > 0 constantly, whence bj r (11) 
v = r during the entire time of the motion. From (12) we obtain 

r- = v — 1/2/4 / r -f h, whence dr / ]/2/j / r + A = d t. (14) 

Consequently 

f d r 

J (16) 

U 

From the above equation it follows that when t tends to co, r also 
tends to oo, and hence the point recedes to infinity. 

2° h < 0. In this case there exists an r = r x for which v = 0. We 
obtain the value of r x from (12) by putting v — 0 and r = r x . We get 

r i = — 2/4: h. (16) 

It is easy to show that r 1 > r 0 . For we have 2/4 > 2/4 — rgv J = 
= r o(^f l h 0 — »*) = r 0 { — h). Since h < 0, — 2/4 / h < r 0 , and therefore 
by (16) r x > r 0 . 

At the beginning of the motion, so long as r > r l3 the point will 
move away from M-. During this period r > 0 constantly; therefore by 
(11) r — v and as a consequence of this, formulae (14) and (15) will hold. 

Substituting r x for the upper limit of integration in formula (15), we 
obtain the time t x for which r = r x . Therefore 


**1 

dr _ f 
]/2 yr- 1 + h 1 

fo 

At t = t x we shall have v — 0, and for t > t x the point returns and will 
come closer to M. 

Assuming that the earth is a sphere composed of concentric homo¬ 
geneous layers (i. e. of constant density), it can 
be shown that the earth attracts an exterior 
material point as though the entire mass of 
the earth were concentrated at its centre O. The 
results obtained can therefore be applied to the 



Fig. 81. 
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motion of bodies attracted by the earth, donoting the mass of the earth 
(concentrated at its centre 0) by if, and assuming that the origin of the 
coordinate system is at the point 0, while the moving point is above 
the surface of the earth, i. e. that r 2, B, where R is the radius of the 
earth (Pig. 81). 

Example, Let us assume that a material point was thrown from the 
surface of the earth vertically upwards with a velocity v 0 . Therefore 
r 0 = if and by (13) h — v\ — 2/t / if. Prom formula (7), p. 00, it follows 
that (i = KM = gR 2 , where g denotes the gravitational acceleration. 
Hence 

h — v* — 2 gR, 

If v„ < ] /ZgR, then h < 0, and hen ce th e point will return to the 
earth again. On the other hand, if i> 0 )'2 gR, then h I> 0, and hence the 
point will never return to the earth again. 

Assuming that R = 6300 lan, g = 9.81 m/see a , we obtain |Ugll 12km/seo. 
Therefore, if the body is thrown upwards with a velocity v e 12 km/geo, then 
it will never return to the earth again. This result does not taka into account the 
resistance of the air. 

§ 15. Harmonic motion. Simple harmonic motion. On a material 
point of mass m in a central field let there act a force P which is always 
directed, towards the centre O, and whose magnitude is proportional to the 
distance of the point from O. 

The force P is called an elastic force. 

Let us assume for the present that the point moves along the »-axis 
whose origin is O. Denoting the coordinate of the point m by and the 
component of the force by P, we shall therefore have 

P — ~ Mx, (1) 

where l 2 is the constant of proportionality. Hence mar = —- X z x. Putting 
7c 2 = l 2 / m, we obtain x- = — k*x, whence 

X" + Ifix — 0 . ( 2 ) 

From equation (2) it follows that the magnitude of the acceleration 
of the point is proportional to the distance of the point from. O and always 
directed towards O. 

A motion having this property is called a simple harmonic (or oscilla¬ 
tory) motion. 

^f° ren t , i a, l ® f l lla d° :t i (2) is a linear equation of the second order 
wi constant coerfieients. The roots of the characteristic equation 
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u are r , 


fore 


it ta. nie general solution of equation (2) is there- 


(3) 

CL sin Jd/Qj 

(4) 
(i) 


* = c x sin kt -f c 2 cos kt. 

Writing constants c a , c 2 in the form Cl = a cos kt 0 , c 2 == 

(where a and t 0 are arbitrary constants and,® > 0), we obtain 

x = a sin 7: (t — t 0 ), 

whence, starting the calculation of time from the moment i, 

x = a sin let. 

The constant a is called the amplitude. 

Since |sin&i| <( 1, the amplitude a represents the greatest deviation of 
the point from O. For t = ± jr / 2k we get x = ± a. The path of the point 
is therefore the line segment from —a to a. Let us put 

T = 275 / k. (5) 

Then a sin. kit ~j- P) = a sin (kt ~~ 2 tl) = asinfcf. Therefore by (I) 
the point occupies the same position at the times t and t + T. The motion 
is therefore periodic of period T. 

Substituting in (I) for k the value determined from (5), we obtain 

aj^asm^-t. (II) 

If n denotes the number of periods in 1 second, then n = 1 / T. 
Hence in virtue of (II) 

x — a sin 2 nnt. (Ill) 


Differentiating (II), we obtain: 


2®r 2yr, 

: -y-cos-y <, 


X" = p = 


ian* . 2n 


( 6 ) 


By (II) and (6) we can form the following table giving the position, 
velocity, and acceleration of the point at t = 0, \T, JP, £-P, and P: 


t 

0 

IP 

IP 

iP 

T 

X 

0 

a 

0 

— a 

0 

V 

2ost / T 

0 

— 2 an j T 

0 

2eK7i f T 

p 

0 

— 4a5i*/2« 

0 

Aan'j 

0 


From the table we see that during the period P the point moves 
from the origin of the coordinate system to the point x = a, then returns 
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through the point 0 and arrives at the point x — — a, then returns to 0 
etc. The maximum velocity is at 0, whereas at the end points of the path (i. e. 
at the points x — ± a) the velocity is zero. The acceleration, on the other 
hand, is greatest at the end points, i. e. for x = ± a; at 0 the acceleration 
is zero. 


Example. A sphere of mass m is attached at the lower end of a spring 
hanging vertically (Tig. 82). Let 0 denote the point at which the mass is at 
rest (in equilibrium). If the sphere is depressed along the vertical from its 
position of equilibrium, then the sphere will begin to oscillate 
vertically. If the mass of the spring is small, then we can as¬ 
sume as an approximation that the spring acts on the 
sphere with a force P proportional to the extension (or 
contraction), and is directed constantly towards the point 
A a which was the position of the end of the nnstrotched 
spring before the sphere was attached to it. 

Let 0 be the origin of the a>axis directed vertically 
downwards. Putting A d O = d, we obtain 

P = — + d), 



where A is a constant depending on the spring. Since the sphere is in 
equilibrium at 0, and P — — X*d (because * = 0), it follows that 
— Pd ■j-mg=Q, whence A 2 = mg j d. During the motion roar ■ = P -f mg = 
= — P(x + d) + mg; hence roar- + A 2 ik = 0; therefore -f- Me — 0, 
where 


& 2 = A 2 / m = g I d. 

Ty (I), p. Ill, the solution of the above equation is x = a sin Id; 
therefore 


x — a sin 



The sphere will therefore execute a simple harmonic motion about 
the point 0. By (5) the period of the motion is 


T ~ 2n I h = 2jt :]/<? j g — j A. 

ihe period of the motion therefore depends on the mass of the point. 

Plane harmonic motion. Let a point move in a central force field in 
which the force P is directed towards the centre of the field and is (in 
magnitude) proportional to the distance of the point from the centre. 

Let us select the centre of the field as the origin 0 of the coordinate 
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system. Since a central motion is a plane motion, we can assume that it 
takes place in the xy- plane. 

According to Newton’s law mp = P, where p denotes the accelera¬ 
tion. The acceleration is therefore directed towards the centre of the field 
and is (in magnitude) proportional to the distance of the point from the 
centre, 

A motion having this property is called a plane- harmonic motion and 
the force P is called an elastic force (cf. p. 110). 

By hypothesis, we have 

P x = — Px, and P v = — )?y, 

where A is a constant of proportionality. The equations of motion will 
have the form 

roar - m '— Px, my = — Py. 

As before, putting fc 2 = A 2 j m, we obtain 

X" ~ — kdx, y = — khj. (7) 

On p. Ill, formula (4), we showed that the solution of the above 
equations is: 

x = a'sin h(t —1„), y — a" sin k(t — t" a ), (8) 

where a’, a”, t' 0 , t" 0 are arbitrary constants. 

As is easily shown, this motion is also periodic of period T = 2jt / k. 
From equations (8) we obtain: 

a"x cos kf a — a’y cos Jcl' g = a'a" cos kt sin k[f a — t' a ), 
a"x sin jfct" — a'y sin kt' 0 = a'a" sin kt sin fe(iJJ — t' a ). 

Squaring each of the equations and adding, we obtain 
a" 2 ,r 2 + a'hf — 2 a‘a"xy cos kSfl — t' 0 ) = [a'a” sin k{t" — i')] 2 . (9) 

If a' = 0, or a" = 0, or — t' a = nn / k (where n is an integer), then 
equation (9) is the equation of a straight line. In the remaining cases (9) 
is the equation of an ellipse whose centre is at the origin of the coordinate 
system. 

Hence: a plane harmonic motion takes place along a, straight line pass¬ 
ing through the centre of ihe field, or along an ellipse whose, centre is the centre 
of the field, 

A plane harmonic motion along a line is obviously a simple harmonic 
motion. 

Damped harmonic motion. On a material point moving along the 
z-axis, let there act in addition to an elastic force P (i. e. a force which is 

s 
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proportional to the distance from the centre and. directed towards the 
centre), another force Q (damping or retarding the motion) which is 
in magnitude proportional to the velocity, hut directed opposite to it. 

The motion which the point will then execute is called a damped 
harmonic, motion. 

Denoting the components of the forces P and Q by P and Q, we can 
write: 

P = — px, and Q = — 2 par, (10) 

where A 8 and fi > 0 are constants of proportionality. Therefore mar- = 
= — 2?x — 2px\ Putting 

F I m = F, and /1 / m = e, (11) 

we therefore obtain 

X" + 2ex‘ -f- Fa; = 0. (IV) 

Equation (IV) is a linear differential equation of the second order 
with constant coefficients. Its characteristic equation is 

r 2 + 2er F = 0; (12) 

hence 

ri, 2 = —e±]/e 2 —F. (13) 

We shall consider three cases here, depending on whether the dis¬ 
criminant e a — F is negative, positive, or zero. 

1° e 2 — F < 0. This case arises when e is small, i. e. when the 
damping force Q is small. Let us set 

]/F — e a = k v (14) 

Therefore, by (13) r li2 = —e ± ikpt. Hence the general solution of 
equation (IV) in this case is 


x — e **(<>! sin k v 


Writing constants c ls c 2 in 



+ c a cos k s t). 

form c 1 = A cos k x t 0 and c 2 — 
= -— H . sin Aji t m where A > 0 and t 0 
•e arbitrary constants, we obtain 

x = He^sin k x [t — t 0 ). (15) 

Let us select as a new initial 
it time, the time f„; therefore let us 
substitute t — *„ = i'. We get a- == 
= He“ E(t+i *5 sink]?; writing t again 
instead of t' and putting A,e~ et ‘ = a, 
we obtain 
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x = ae cl sin k x t, where a > 0. (V) 

The graph of the above function is shown in the Pig. 83. In order 
to determine the extrema of this function, it is necessary to determine 
the places where the derivative x• = mr'W cos kpt — e sin k x t) is zero. 
Hence ar = 0 for those values of t, for which 

tan k 1 t=k 1 je. (-16) 

If t 0 is the smallest positive root of equation (16), then the remaining 
roots have the form 

t a = t Q -{- 7m / &i, (17) 

where n is an arbitrary integer. Examining the sign of the second deriva¬ 
tive, we establish that a maximum occurs for an even n , and a minimum 
for an odd n. It follows from this that at the times t n the derivative x- 
changes its sign and therefore the velocity changes its sense. 

The times f„ are called times of return, while the corresponding 
positions of the moving point — points of return. 

The points of return occur periodically every n j k x seconds, successi¬ 
vely, once to the right and once to the left of the origin O. 

The time T t = 2 tc f \ is called, as before, the period of the motion. 

The time \T X — n I k x between two times of return is called a period 
of oscillation. 

Hence by (17) we have 

t H = h + inT v (18) 

Let us take under consideration two successive points of return 
x n , x n+1 , which correspond to the times t„, t n+1 . By (V) and (18) we have 

|af„| = ae _£C(,+iJ,ri:i jsinA 1 f 0 |, |a; B+1 | = ae~' ,(t " +i(,t+1)r,) [sinh i f 0 |, 
whence 

|®n+x| / M = ® * 1 - 

It follows from this that the coordinates x n (in absolute value) 
decrease to zero in geometric progression. 

Hence: if the damping force is small, then the maximum displacements 
of the points follow each other in equal intervals of time (period of oscillation) 
and decrease to zero in geometric progression. 

2 ° e s — F > 0. T his case arises when the damping force is large. It 
is easy to verify that the roots of the characteristic equation (13) are in 
t his case negative. Denoting them by —and —we obtain the 
general solution of the equation (IV) in the form 
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* = Ae~ Sli + Be,-®' 1 , _ (VI) 

where A and B are arbitrary constants with Q y > 0 and {? 2 > 0 . 

When the time t increases, then x tends to zero rapidly. It is not 
difficult to verify that there exists at most one point of return. The velocity 
is therefore zero at most once. 

3° e 2 — £2 = o. With this assumption the characteristic equation 
( 13 ) has a double root — e. The general solution of (IV) has the form 

x = e“ d (dt + B), (VII) 

where A and B are arbitrary constants. 

When the time increases, x tends to zero rapidly. As before, there 
exists at most one point of return, and therefore the velocity becomes 
zero at most only once. 

Forced harmonic motion. On a material point moving along tho ai-axis 
let there act, in addition to an clastic force P and a damping force Q, 
a force R directed along the a-axis and depending only on time. 

The component of the force R will therefore be 
R — mw f(t), 

where w is a constant. 

Let us suppose that the force R is periodic, e. g. that 

R = mw sill (at + fi), (19) 

where » and § are constants. The equation of motion has the form 
(of. (IV), p. 114 ): 

x■■ + 2sx ■ + Ms = w sin (at + /?), (20) 

where the meaning of the constants e and k is the same as before. In order 
to obtain the general solution of equation (20), we determine one parti¬ 
cular solution of the form 

, x = b sin (at -f- y). (21) 

Having the determination of b and y in mind, let us substitute (21) 
in ( 20 ). We get 

(& 2 — a 2 ) b sin (at + y) + 2 aeb cos (at + y) = w sin (at + ft). (22) 

Setting <xt + y = 0 the first time, and at -f- y == fan the second time, 
we get 

2aeb = w sin (p — y), (£» — a 2 ) b = w cos (fi — y), (23) 

whence 
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. (A* — a 2 ) 2 + 4vV* tan( ^ 7) k? — a 2 ’ (24) 

and from these equations we determine b and y. 

On the basis of (24) it is easy to verify that (21) satisfies (20) identi¬ 
cally for every t. 

Let us consider the case* e % — b 2 < 0. The general solution of the 
homogeneous equation x- + 2ex m + k 2 x = 0 is given by formula (15), 
p. 114. Therefore the general solution of equation (20) is 

x = Aer st sin k y (t — t 0 ) + b sin (at -f y), where k y = ]/&* — e 2 . (25) 

As t increases, the first term tends to zero rapidly, and the motion 
becomes approximately harmonic with the equation 

r, = b 3in(xf + y). 

The amplitude of this motion is b. The force R is periodic with period 
T' = 2n I a. The period of the damped harmonic motion is T x = 2sr / k y . 
Let us suppose that the periods T' and T y differ little from each other, so 
that« differs little from k y . If the damping force is small, then e is small; 
hence k y = l/F^T 2 differs little from k. Therefore k also will differ little 
from x. By (24), b can therefore be large even when w is small (i. e. when 
the force R is small). 

We see from this that a small periodic force with a period near that 
of the motion can cause large displacements of the point from, the centre if 
the damping force is small. 

A company of soldiers marching across a bridge will cause it to vibrate. If the 
periods of the steps and the vibration of the bridge differ little from each other, the 
displacements of the bridge can become large so rapidly that the bridge will collapse. 
Similarly, when an automobile experiences bumps on a bad road, even small bumps, 
but ones whose period is near the natural period of the car springs, then the vibra¬ 
tions can become so large that the car springs will break. 

Lissajous' curves. On a material point let there act a force P whose 
projections on the coordinate axes are (in magnitude) proportional to 
the coordinates of the point and directed towards the origin of the 
system. We can therefore assume that: 

P x — — /■“%, P v = — P z = 

where A 1; A a , 4 are constants. The equations of motion have the form: 

mar- = — Apr, my = — A| y, ms" = — A|s. 

Putting Af / m = k y , A| / m = itg and Ag / m = k$, we obtain. 
x" — — Jcfx, " = —y kr„y, z“ == kr,z. 


( 26 ) 
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The solutions of the above equations (cf. p. Ill, formula (4)) are the 
functions: 

x = % sin/cjff — 1' 0 ), y — a 2 sin& 2 (f — ijj), z — a s sin/c 3 (7 —- t'^). (27) 

The periods of these functions are (p. Ill, formula (5)): 

T 1 = 2tz I h lt 2\ = 2jr / 7c a ; T s = 2jr / Jc a . (28) 

If the motion is periodic of period T, then the ratios T : T lt T : T 2l T ; T z 
must be integers. Therefore the ratios T x : T, it : T s , and T 2 : T s (or 
because of (28) the ratios k 2 : k u k 3 : k lt and fc 3 : 7c 2 ) must be rational 
numbers. Therefore, if not all of these ratios are rational numbers, then 
the motion is not a periodic motion. 

In the case of motion in the plane, the paths of the motion defined 
by equations (27) are called Lissajous’ curves; they play an important 
role in acoustics. 

Example. The motion takes place in the xy- plane. Let lc„: k. — 2 
and t' 0 = fp = 0. 

Putting k x — k and k 2 — 2k, we obtain by (27): 

x — a-t sin kt, and y = a 2 sin 2kt. 

Since y = 2ct 2 sin kt cos kt, it follows that smM = xfa 1 and 
cos kt = apy j 2a 2 x, whence (x / sq) 2 + [apj j 2— 1; therefore 

4a 2 a; 4 — 4aj;a|:c 2 -f a{y % ,— 0. 

The path will therefore he a curve of the fourth degree. 

§ 16. Conditions for equilibrium in a force field. If a material point 
m a certain force field is in equilibrium at the point A, then obviously the 
force P acting at A is equal to zero. Conversely, if at a certain point 
•^(*0. i/o, z o) of the field the force P — 0, then the material point situated 
at A at the time f = f 0 without initial velocity (i. e. v 0 = 0) will remain 
constantly at rest, i. e. in equilibrium. This follows from the fact that the 
initial conditions determine the motion unambiguously, and rest (i. e. 
motion defined by the equations a: = y = e = z 0 ) satisfies the initial 
conditions and the equation mp = P; for, we have constantly 6 — 0 
and P = 0. 

In a potential field the partial derivatives of the potential V are 
equal, as we know, to the projections of the force on the axes of the co¬ 
ordinate system (§ 11, p. 99). Therefore, if the point A is a position 
of equilibrium, then at the point A: 

dV I dx= 0, dV I 01/ = 0 , dv j dz = 0 , 


( 1 ) 


Conditions for equilibrium in a force field 


119 


mi 


The above equations hold in particular at those points for which the 
maxima or minima of the potential occur. 

Hence: the points at which the extrema of a potential occur are ike 
positions of equilibrium. 

The positions of equilibrium can also arise, however, at such points 
for which the potential does not have an extremum; for, equations 
(1) represent only the necessary conditions for the existence of an 
extremum. 

Stable equilibrium. Let a material point be in equilibrium at the 
point A in a force field. 

Equilibrium is said to be stable if a material point, after being displaced 
slightly from the point A and after receiving initially a small amount 
of kinetic energy, will constantly move at a small distance from A and 
possess constantly a small amount of kinetic energy. Strictly speaking, 
equilibrium at A is stable, if for every two numbers R > 0 and e > 0, we 
can choose numbers R 0 > 0 and e 0 > 0, such that a material point si¬ 
tuated anywhere at a distance less than I? 0 from A, after receiving ini¬ 
tially kinetic energy in amount less than e 0 , will move at distance from 
A constantly less than R and possess kinetic energy constantly less 
than e. 

If the equilibrium at the point A is not stable, then this point is 
said to be in an unstable equilibrium. 

Dirichlet's theorem. In a potential field a point at which the potential 
attains a proper maximum, is the position of stable equilibrium. 

Proof. In a certain potential field let the potential V attain a proper 
maximum at the point A (a function is said to attain a proper maximum 
at the point A if, in a certain region about this point, it assumens its 
greatest value only at the point A). 

Let us assume that the potential has the value zero at this we can 
always obtain by adding a suitable constant, since a potential is defined 
only to within a certain constant (p. 98). 

Let us take arbitrary R > 0 and e > 0. Without any loss of generali¬ 
ty of proof we can also choose an R so small that in a sphere K with 
centre at A and radius R, the potential is negative everywhere outside 
of A. Let us denote the m aximum potential on the surface of the sphere K 
by L\ therefore L < 0. 

How let e„ be an arbitrary number satisfying the inequalities: 
e 0 > 0, s 0 < — fi ° < 2 fi - 


( 2 ) 
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Since the potential is zero at A, there oxiats a sphere K 0 with centre 
at A and radius R 0 < R, such that 

— s 0 < V <i 0 in sphere K 0 . ( 3 ) 

Let us place the material point anywhere at a distance < R 0 from A 
(i. o. in sphere K 0 ) and give it an initial kinetic energy 

$0 < £ o- (4) 

By (5), p. 105, 

E — V — A’ 0 — V o (5) 

constantly during the motion. 

Since by (3) ■—e 0 < V 0 , we have on account of (5) and (4) 

E-V<2e 0 . (6) 

As E j> 0, we obtain — V <1 2e 0 , whence by (2) — V < —- L , so 
that V > L. Therefore the material point never goes outside the 
surface of the sphere K (because the potential on it ia L); its motion will 
hence take place inside the sphere Ii, i. e. at a distance from. A less than!?. 
In addition, within the sphere K, V 0 constantly, i. e. — V i> 0; 
therefore by (6) A? < 2e 0 , whence by (1) E < e. Hence the equilibrium at 
A is stable, q. e. d. 

Example. Let us consider a force field in which P x = . Wx, P v = 

= — Wy, Pz= — The field is hence a potential field with a potential 
V = — §#r 2 ( where r 2 = a ; 2 -f~ if -(- g 2 . 

The point A{0, 0, 0) is the position of stable equilibrium because at 
this point the potential attains the largest value zero, and beyond it is 
negative. 

We shall prove now directly the stability of equilibrium at A. 

Let R > 0 and e > 0 be given arbitrary numbers. Let us place 
a material point at a distance r 0 from A and give it a kinetic energy E. 
Therefore E + |A 2 r 2 = E 0 -\- whence 


® £ Po + 

(P 

In addition \k?r- E 0 -f- jtk 2 rl, whence 


r 


(8) 

If we therefore choose e 0 and R 0 such that 


?o + WK < e 

and /^e 0 +:Rt<R 



Equations of motion 


121 


[§ 17 ] 


simultaneously, then we obtain for every E 0 < e„ and r 0 < i? 0 by (7) and 
(8)-® c and t -.ct R. Thus ive have proved that the equilibrium at A is 
stable. 


II. DYNAMICS OF A CONSTRAINED POINT 

§ 17. Equations of motion. So far we have examined the motion of 
an unconstrained material point, i. e. one which could execute arbitrary 
motions when acted upon by suitable forces. However, we shall also 
encounter problems in which the motions of the point are subject to 
certain restraints, e. g., that the point- must always remain on a certain 
line, surface, etc. 

Example. Let us imagine) that a small sphere is strung on a stiff wire (e. g. in 
tho form of a circle). Whatever the forces acting on the sphere, it can execute only 
those motions during which it will always remain on the wire. Therefore, the 
problem in this ease is that of investigating the motion of a material point which 
must always remain on a certain curve. 

Such a point is said to be constrained, and the restraining conditions 
which the motions of the constrained point must satisfy are called con¬ 
straints. 

Reaction. When inquiring into the motion of constrained points, we 
shall assume that there acts on the constrained point (besides the given 
forces) a certain additional force which causes the point to maintain 
constraints. This additional force is called the reaction. 

We attribute this reaction to the action on a material point by the bodies 
causing the constraints. The reaction of the wire is therefore e. g. the force with 
which the wire resists its being left by the sphere strung on it. 

Let a material point A be constrained to remain on the curve 0 
(Dig. 84). Let the reaction at a certain position of the point A be R. The 
component N of the reaction, perpendicular to the tangent, is called the 
normal reaction, the tangential component T is called the tangential 
reaction or friction. 
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Si milar ly, if a point is constrained to remain on a certain surface 8 
(Fig. 85), then the vector component of the reaction perpendicular to tho 
surface S is called the normal reaction, whereas the tangential vector 
component is called the tangential reaction or friction. 

Therefore, every time we assume that there is no friction, we are 
assuming equivalently that the reaction is perpendicular to the curve 
(surface). If there is no friction, the curve (surface) is said to be smooth. 

If we only assume that a point A lying on a certain side of a surface 
cannot pass to the other side (even though it can leave this surface), 
then the reaction is regarded as being directed towards that side of the 
surface on which the point lies (Fig. 86). 

For instance, if a small ball lies on a table, then the reaction of the table is 
directed upwards. 

Equations of motion. We have defined the reaction as an additional 
force which causes the constrained point to maintain constraints. There¬ 
fore, if we add the reaction R to the acting force P, then we can regard the 
material point as an unconstrained point. Denoting the mass by m, and 
the acceleration of the point by p, we therefore obtain 

mp = P |- R. (I) 

In this manner the investigation of the motion of a constrained point 
is reduced to the investigation of an unconstrained point. If we assume 
in addition, that the reaction satisfies certain special conditions, e. g. that 
there is no friction, then (as we shall show later) equation (I) is sufficient 
to determine the motion. 

Example. Let a point of mass m slide down a 
plane, inclined at an angle k with the horizontal, 
under the influence of its weight Q — mg. 

Let us assume that there is no friction. The re¬ 
action R is therefore perpendicular to the plane 
(Fig. 87). 

Denoting the acceleration of the point by p, we 
have by (I) mp = Q + R. Forming the projections on the inclined 
plane and putting p— |p|, we obtain mp = mg sin «, whence 

p = g sin k. 

Kinetic energy. The increase in the kinetic energy of a constrained 
point is equal to the sum of the works of the acting force P and the 
reaction R. Under the assumption that there is no friction, the reaction is 
perpendicular to the path, and therefore the work of the reaction is zero. 
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It follows from this that, if there is no friction, the increase in kinetic 
energy is equal only to the work done by the force P. 

In particular, if there is no friction, then the sum of the kinetic and, 
potential energies of a point moving in a potential field is constant. 

§ 18. Motion of a constrained point along a curve. Motion along a 
plane curve. Let us assume that a point A of mass m is to remain on a 
plane curve C, and that the force P acting on the point lies in the plane of 
the curve G. Let us suppose that there is no friction, i. e. that the reaction 
R is perpendicular to the curve. 

Denoting the acceleration of the point by p, we have (cf. formula (I), 

p. 122) 

mp = P + R. ( 1 ) 

Let us give the tangent t a sense agreeing with that of the curve, and 
the normal n a sense towards the centre of curvature (Fig. 88). Let p t) p n , 
P it P n be the projections of the acceleration p and the force P on the 
tangent and the normal, and let R be the projection of the reaction R 
on the normal. Forming the projections on the tangent and normal, 
we obtain from equation (1) 

mpt = P t , mp n = P„ + B. ( 2 ) 

Let v denote the projection of the velocity on the tangent, and q the 
radius of curvature. Then (p. 41): 

p t — n Pn = g 1 I e> 

whence by (2): 

mv — Pt, mv* . e = P n + B. (I) 

The first of the equations (I) enables one to determine the motion 
if one knows the force P or its projection P t . This equation can also be 
written in another form, namely. 

ms '■ = Pf, 

where $ denotes the arc coordinate on the curve G. 



Fig. $8. 
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The second of the equations (I) enables one to calculate the reaction 
R if one knows the velocity v. 

Motion along a space curve. Let us assume that the path is a space 
curve G and that there is no friction. 

Lot us give the tangent t a sense agreeing with that of the curve, the 
principal normal n a sense towards the centre of curvature, and finally 
the binormal b a sense such that the system (t, n, b) has a sense agreeing 
with that of the coordinate system (Tig. 89). 

Let us form projections on the tangent, tho principal normal, and the 
binormal. Since the projection of the acceleration on the binormal (p. 42) 
and the projection R on the tangent are zero, we obtain from the equation 
mp = P + R: 

■mp t = P t . mPn = -B» + P n , 0 = P t -j- E v , 

whence 

mv = P t , mu 2 / q = P n + B„, F b +B b --=0. (II) 

The first of the equations (II) enables one to determine the motion; 
from the remaining two equations in (II) one can calculate the compo¬ 
nents R n and B b , and hence the reaction R. 

Motion of a heavy constrained point. Let the force of gravity act on 
a constrained material point of mass m. Let us assume that there is no 
friction. The potential of the gravitational force is V = — mgz (the 2 -axis 
being directed vertically upwards). By the principle of conservation of 
total energy we therefore obtain \mv 2 --j- mgz = const, or after simplifying 

v 2 + 2gz = h. (in) 

Knowing the velocity iqand the coordinate z 0 at a certain moment t 0 , 
we can determine the constant h. We get 

h = + 2grz 0 , whence v i + 2gz = v 2 + 2gz 0 . (4) 

From (III) it follows that 2grz <[ Ti, and hence z <1 Ji / 2g, Hence the 
maximum height to which the point can rise is 



If a point is situated several times at the same level z — z' during 
the motion, then by (in) we have v 2 =h — 2gz'. 

Hence: on me and the same level a point has one and the same velocity. 

Example I. A curve 0 along which a point falls is situated in the 
vertical xz-plane. The equation of the curve 0 is z = /(*)■ Let us assume 
that at the time t = 0 the point is at A(x a , z 0 ) and has a velocity v 0 —- 0. 
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Denoting the arc coordinate by s and noting that v = s\ we get 
by (4): 

S' 2 + 2 gz = 2gz 0 , whence = 2 g(z 0 — z). 


Let us select a sense on the curve G which agrees with the initial 
motion of the point (i. e. a downward sense). Up to the time when the 
material point arrives at the point B, situated at the same height as the 
point A (Fig. 90), we have r = ]/2gr(s„ — z), and hence ds / f/2 g(z D — z) = 
= d«. Since ds = }h + f'\x) da:, 


/V 


i + rw 

2g[/(*o) — /(*)] 


dx = 


t. 


( 6 ) 


The above formula gives the time at which a material point 
arrives at the point D having coordinates % = £, y — /(f). If aq denotes 
the abscissa of the point B, then for x 0 S § < x ± integral (6) has a finite 
value, and hence the time t is finite. For f = aq the integrand becomes 
infinite because by hypothesis z 0 = f{x 0 ) = /(%). In this case the value of 
the integral can be finite or infinite. It follows from this that the material 
point may arrive at the point B or not: this will depend on the shape of the 



curve G. It is easy to show that if the tangent at the point B is not 
horizontal (i. e. if f'( x i) 4= 0), then the value of (6) is finite, and hence the 
material point will arrive at the point B. 

Example 2. Let a point slide in a vertical plane along a curve C, 
a portion of which, namely, BEDF is a circle with centre at 0 and radius r. 
Let us assume there is no friction. Let us also assume that the point need 
not always remain on the curve G, just so that it does not go over to the 
other side; the reaction will therefore be directed towards the side on 
which the point is situated (Fig. 91). 

Let us ask from what height z 0 should a point be released, without 
initial velocity, in order to traverse the periphery of the circle BEDF. 

Let us select an arbitrary point E on the circle. Denote by « the 
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velocity of the point at M and by # the angle which the radius OE makes 
with the vertical. By (I), p. 123, mv 2 / r = mg cos #. + B, whence 

E = — (v 2 — gr cos &). 

T 

Since R 0 (because the reaction must be directed towards the side 
of the point, i. e. towards the centre of the circle), 

i> 2 — gr cos # ^ 0. (7) 

Since the point was released from a height z 0 without initial velocity, 
denoting the ordinate of the point E by z, we shall have v 2 + 2gz = 2gz 0 . 
Determining v 2 from this equation and substituting in (7), we obtain 
2 gz 0 — 2gz —■ gr cos # (> 0, whence 

z 0 ^ z + i r cos ( 8 ) 

The inequality (8) is the necessary and sufficient condition which 
must he satisfied by the height z„ in order that the point traverse the 
periphery BDEF, The right side of this inequality attains its maximum 
value at the highest point on the circle, at which z = 2r and # = 0. 
Substituting these values in (8), we obtain 

z 0 (5; 5r / 2. 

Hence, if a material point is released from a height z 0 ^ / 2, then 

the point will go completely around the circle. 

If, on the other hand, z 0 < 5r / 2, then at a certain point of the 
circle, namely, at that point at which z„ = z + cos d our material 
' point will leave the circle. This is so, because were the point to move 
farther along the circle, then, as is easily verified, we should have A! <0, 
which is impossible, since this would mean that the point is pressed to the 
curve. After leaving the circle the point will obviously fall only underthe 
influence of its weight. 

Example 3. A point of mass m moves under the action of the force ■ 
of gravity along a helix 

x = r cos <p, y — r sin <p, z — kp. (9) 

We have 

ar = — rp‘ sin p, y = ry oosp and &■ = kp\ 

hence v 2 = x■ 1 + y 2 + z -2 = {r 2 + k 2 ) p- 2 , whence by (III), p. 124, we 
obtain ( r 2 -j- k 2 ) p- 2 + 2 glcp — h, and therefore 

dt j dp = + |/(r 2 + k 2 ) / ]/(& — 2 ghp), 


and finally 
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t = ±-^rl/r 2 + k 2 }<h — 2ghp + c. 

The sign on the right hand side and the constant c depend on the 
initial conditions. Expressing p in terms of t and substituting in (9), we 
obtain the equations of motion. 

§ 19. Motion of a constrained point along a surface. Let a forcePact 
on a material point of mass m. Let us assume that there is no friction and 
that the point is to remain constantly on the surface 8 whose equation is 

F(x, y, z) = 0. (1) 

The reaction R is therefore perpendicular to S. From differential 
geometry it is known that the direction numbers of the normal to the sur¬ 
face are proportional to the partial derivatives dF / ex, 3 F / 3 y, 8F / 3z. 
Since the reaction R has the direction of the normal 

R x = A 8F / dx, B v = l 8F / dy, E z = A 8F / ?z, (2) 

where A is a factor of proportionality depending on time. Therefore 
Z = A(f). 

From the equation mp = P -f- R we obtain by (2): 

dF 3 F n , dF 

mx■■ = P x + Z —, my = P v + A-—, rnz ■■ = P. 4- A—— (I) 

dx cy cz 

Equations (1) and (I) taken together determine the unknown func¬ 
tions of time x = /(f), y = p{t), z = y>(t) and A = Aft). After determining 
these functions we can calculate the reaction R from equations (2). 

Example I. A heavy point of mass m moves over the surface of 
a right circular cylinder (the z-axis being directed vertically upwards) 

x 2 y 2 — r 2 . 

We have here F{x, y, z) = x 2 -f- y 2 — r 2 — 0, P x — 0, P v = 0, and 
P z = —mg; hence by (I): 

mx~ = 2Zx, my — 2Xy, mz-- = —mg. (3) 

The third of the equations (3) gives after integrating 

z = — igt 2 ai H - b> ( 4 ) 

where & and b are constants. Let the initial conditions for t = 0 be; 

x 0 — r, y a = 0, z 0 = 0, = 0, y a = u, z' 0 = w, (5) 

where u and w denote certain constants (*J = 0, because at the time 
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j — q p ]-^0 velocity v 0 is tangent to the cylinder, and .lienee perpendicular 
to the z-axis). By ( 4 ) and (5) we get b = 0 , and a = u>; therefore 

^ = — iyV+wL ( 6 ) 

Since v 2 + 2 gz = w* + %%, ar 2 + ?/' 2 + *' 2 + ^ # + w *> whence 

by ( 6 ) x .z + yt. + (__ gt + wf + 2 wgt — f/ 2 i 2 = w s -|- ™ 2 , and therefore 

z- 2 + y 3 = « a - C 7 ) 


Hence the projection of the point on the horizontal plane moves 
along the circle z 2 -f \f — r 2 with a constant velocity u\ the angular 
velocity is therefore to = u j r. From this x —■ r cos (ut j r -f- (p 0 ) > an d V “ 
= r sin(«tt jr -+ <p B ). Since at i = 0, according to (5), z 0 »’ and ?/„ = 0, 
we can take <p 0 = 0. We therefore get: 


Equations (6) and (8) define the motion of the point. We obtain the 
factor X from equations (3) by substituting for ar and x tho values ob¬ 
tained from (8). We get X — — mu 2 / 2r a , whence by (2): 




mr 


Z, R ,r 




y, R z = 0, 


and finally 


ft = Kft 3 + J8* = -^]/z 2 + ?/ = 


mtr 

r 


Hence: the reaction is constant in magnitude and always perpen¬ 
dicular to the axis of the cylinder. 

Example 2. A point of mass m, under the influence of gravity, moves 
on a sphere (the z-axis being directed vertically upwards) 

z 2 + V 2 + z 2 ~ r 2 = 0. (9) 

In virtue of (I), p. 127: 

mx" — 2Xx, my — 2 Xy, mz *• — 2Az— mg', (10) 


Equations (10) cannot be solved by means of elementary functions. 
Nevertheless, we can deduce certain consequences without solving these 
equations. 

Let us note that the reaction R is constantly directed towards the 
center of the sphere, and hence that its projection R' on the horizontal 
plane is constantly directed towards the origin of the coordinate system. 
Consequently, R' is a central force. 
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Since the projection of the force of gravity on the horizontal plane * 
is zero, denoting by p' the projection of the acceleration of the point on 
the horizontal plane, we obtain rap' = R'. 

It follows from this (p. 86) that the motion of the projection will 
be a central motion. The path of projection will thereforebe either a straight 
line l passing through the origin O, or a curve C which will never pass 
through the origin (p. 86). 

In the first case the motion of the point itself will take j)lace in 
a vertical plane whose trace is l\ hence the point will move along a me¬ 
ridian. This case will occur if the point is given an initial velocity tangent 
to the meridian, because then the projection of the velocity (on the 
ay-plane) will be directed towards the origin 0, the areal velocity of the 
projection will bo zero, and the path of the projection will be a straight 
line passing through the centre 0. 

In the second case, when the path of the projection is the curve G 
never passing through O, we will have, denoting by r 0 and r x the smallest 
and the largest distance of the projection from O, rl<± z 2 + y % *f- 

By (9) z s = r 2 — (a 2 -f y 2 ); hence r 2 — r\ <( z 2 <( r 2 — rjj, whence 

]A* 2 -— r i jzj fS 1A -2 -— t'i). 

It follows from this that the point goes around the sphere between 
two horizontal planes. This case will occur if the initial velocity v 0 oi the 
point is not tangent to the meridian, because then the projection of the 
velocity v 0 on the ay-plane will not be directed towards 0 and the areal 
velocity of the projection will he different from zero. 

$ 20. Mathematical pendulum. A mathematical pendulum is a ma¬ 
terial point m suspended in a gravitational field by a weightless and 
inextensible string fixed at one end at the point 8. 

The string acts on the material point only when it is in tension; the 
reaction R is directed along the string towards the point 8. The distance of 
the point m from 8 is constantly not greater than the length l of the 
string. The point can therefore move within and on the surface of a sphere 
K with centre at 8 and radius l. 

Let the string be in tension and make an angle < with the vertical 
SO. If we release the point m freely (i. e. without an initial velocity), then 
the point wih move in a vertical plane passing through S along a circle 
with centre at 8 and radius l. 

Taldng an arbitrary sense on the circle, let us denote the position 
of the point A (lying on the lower half of the circle) by means of the arc 

• 9 
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coor dina te s, calculated from the lowest point of the circle 0, Let us de¬ 
note by cp the angle between SO and SA, and let the sign of the angle y 
agree with the sense of the arc OA. Therefore 



5 = lip. ( 1 ) 

Forming the projections of the force of gra¬ 
vity Q and the reaction R on the tangent at the 
point A, we obtain ms" = — mg sin <p, and since by 
( 1 ) s” = bp-, it follows that mlcf = —mg sin 93 , 
and hence 

ip--— —ysin^. (I) 


Suppose that at f = 0 , we had cp — p a > 0, During the entire motion 
obviously — <p 0 <4 <p <1 q> a> since the point cannot rise to position higher 
than the initial position. 

If (p 0 is sufficiently small, then we can assume with a good appro¬ 
ximation that sin 95 = 99 . Therefore by ( 1 ) we obtain 

99“ + -y-99 = 0, 

and since according to ( 1 ) 99 = s j l, 

s" + ys = 0. (2) 

Comparing equation ( 2 ) with the equation of harmonic motion 
(p. 110 ) we see that the point will move with a harmonic motion. In our 
case k = m , so that the period of motion (by (5), p. Ill) is 

T = Zn^TTg. (3) 

Formula (3) is an approximate formula derived on the assumption 
that the angle cp 0 is small. It is interesting to xioto that the period T does 
not depend on the angle of the displacement. 

Let us now discard the assumption that angle cp a is small. Let us 
multiply both sides of equation (I) by f and integrate. We obtain: 

|<P ,a = y cosg? -j- c. (4) 

<p = <Pq and s' = 0 for t = 0; therefore by ( 1 ) 99 ' = 0. From equation 
(4) for t = 0 we get 0 = g ooB<p 0 /1 f c, whence c = — g aoscp 0 j l, and 
hence %qs- z = «?(cos q> — cos (p 0 ) J Z; therefore 
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cp' = 4; }l2g j l |/cos cp — cos qc 0 . (5) 

Let us suppose that we are investigating the motion of the point from 
the time f = 0 to the tim e when the point reaches the same elevation on 
the opposite side of the line OS. Therefore cp- <L 0, and (5) will be 


cp- = — 


/2g 


y- 1 /cos 99 —cos 99 0 , whence 

u 


dip 


% ]/cos 9 >—cos 99 0 


dt. 


Denoting the period of oscillation by T, we obtain 


’—-(pa 

1/1 f _ dg 

f 2<7 J 1 /cos cp —■ 


iT: 


cp —cos^o 


therefore 


T : 


21 


fl 


d xp 


_ <p 0 

/ 2Z r dp 

g J 1/cos cp — 


1 /cos 99 —eos 9> 0 


g J 1 /cos 9 )-COS 99 0 . 

—tpo 

Let us introduce a new variable u by means of the equation sin^ 
sinw sinLpo. Since cos cp — co3<p 0 = 2 (sin 2 f 99 0 — sin 2 ^), we obtain 


( 6 ) 




sm a |9? 0 


(7) 


Evaluating the integral by means of a series expansion, we obtain: 


T — 2m 


m 


1 + (J) a sin 2 (|93 0 ) + 


1 .3 
274 


sin 4 (| 9 > 0 ) + 


+ 


ni) “‘ (W + -]• 


For small <p 0 we obtain formula (3) by omitting the terms of the series 
beginning with, the second term. 


§ 21. Equilibrium of a constrained point. If a constrained point is 
in equilibrium it means that the acting force P balances the reaction R. 

Therefore , T , 

P + R = 0. W 


The above equation represents ^ . * 1 *, _ . - _ *_' 

If there is no Motion and the point is constrained to remain on the 
surface, then - as we know - the reaction is perpendicular to the sin- 
face. In the case of equilibrium, therefore, the acting force P must also be 

perpendicular to the surface. ,. , , + v 

Conversely, if at a certain time t the force P is perpendicular to the 
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surface 8, and the point has a velocity v = 0, then P -f- R — 0, so that the 
point will remain at rest. For, suppose that P -j- R 4= 0; then the point 
would move along a certain curve G lying on a surface S. Let us note that 
at the time t the normal acceleration is p n = v 2 / Q = 0. From the equation 
m p _ p after forming the projections on the tangent to G, we obtain 
nip t = 0, because P and R are perpendicular to the tangent. Since p n = 0 
and pi = 0, it follows that p = 0. Therefore we would have P + R = 
= mp = 0, which is contrary to hypothesis. 

Hence: the necessary and sufficient condition for equilibrium of a 
constrained point having to remain (without friction) on a certain surface is 
that the acting force be perpendicular to the surface, 

A similar theorem holds for a curve. 


Stable equilibrium. We define the stable equilibrium of a constrained 
point in a manner similar to that for an unconstrained point (p. 119), 
with this difference, that the displacement from the position of equilibri¬ 
um has to be consistent with the constraints. A point will therefore be in 
stable equilibrium if after a small displacement (consistent with the con¬ 
straints) from the position of equilibrium, and after receiving initially 
a- small amount of kinetic energy, it will move constantly in the vicinity of 
the position of equilibrium and possess constantly a small amount of 
kinetic energy. 


Equilibrium in a potential field. Let a material point in a potential 
field be constrained to remain on a certain surface whose equation is 
F(x, y, z) = 0. Let us assume that there is no friction. 

If at a certain point A(x, y, z) of the surface 8 the potential V attains 
an extremum with respect to the points on that surface , then the point A is 
the position of equilibrium. 

For, by hypothesis, the point A is an extremum of the function V 
with the subsidiary condition F{x, y, z) = 0. Therefore by a theorem, 
from the theory of maxima and minima there exists a constant X such 
that: 


3V dF 

dx dx 

Therefore 


0 , 


W , . 3 F 
3 V ‘ by 


0 , 


37 . .dF 
dz dz 
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cosines of the normal at A, the force P has the direction of the normal, i. e. 
the point A is actually the position of equilibrium. 

If a point A is a proper maximum of a potential with respect to the 
points of a surface S, then the point A is the position of stable equilibrium. 

The proof is similar to that on p. 119. 

The above remarks apply equally to the case when the material point 
is constrained to remain on a curve. 

Let a point in a gravitational field he constrained to remain on 
a surface $ whose equation is z = f(x, y) (the z-axis being directed ver¬ 
tically upwards). The positions of equilibrium are those points at which the 
force of gravity is perpendicular to the surface, i. e. at which the tangent 
plane is horizontal. These points can he the highest or lowest points 
(relative to the surrounding ones) or so-called saddle points. The proper 
maximum of the potential V — — mgz occurs at those points for which the 
function z = f(x, y) attains a proper minimum. Stable equilibrium 
therefore occurs at the lowest points. The points A.B are then positions 
of stable equilibrium; whereas C is a position of unstable equilibrium (see 
Fig. 93.). 

If we displace the point from the position A, e. g. to A' and impart to 
it a small velocity, then it will move in the depression around the point 
A with a small velocity. If, on the other hand, we displace the point (even 
ever so slightly) from the position G to the position C", then obviously it 
will move away from C under the influence of its weight. 



Example I. A heavy material point hanging on a string making an 
angle a with the vertical is in equilibrium under the influence of a horizon¬ 
tal force P (Fig. 94). The point is acted upon by the reaction R of the string 
directed along the string (towards the point of suspension), the weight Q, 
and the force P. Therefore 


R + Q + P = 0. 
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Putting |R| = R, ]P| = P and |Q| = mg, we obtain from the triangle 
formed by the forces R, Q and P 

P = mg tan %, R — mg / cos <x. 

Example 2. The equation of a curve G lying in the xz-plane is 3 = 
= f{x). A heavy point on the curve C is attracted towards the origin 0 of 
the coordinate system by a force P whose magnitude is proportional to the 
distance of the point from 0. In what position will the point he in equi¬ 
librium if we assume that there is no friction? 

In a position of equilibrium the force P, the weight Q, and the reac¬ 
tion R balance each other (Pig. 95, p. 133); hence 

P+Q + R = 0. (1) 

The projections of the force P on the axes of the coordinate system 

are: 

P x = — X % x t P, = — 1% (2) 

where X is a constant of proportionality. Let « denote the angle which the 
tangent at the position of equilibrium makes with the *-axis. Projecting 
on the tangent, we obtain from (1) and (2)-— X 2 xcosa .— A 2 zsin«— 
— mg ■ sin oc = 0. Dividing by cos a and noting that tan a = z , we get 

X 2 x + A 2 zz' -j- mgz' — 0. (3) 

Knowing the function z = f(x), we can determine the x coordinate of 
the position of equilibrium from equation (3). 

Por example, if the curve C is the parabola z = x 2 — -a, then by (3) 
we have Px + 2X s (x 2 — a) x -f- 2 mgx = 0, whence 

x, = 0, and *,= ±1/HMEPEM. 

The solutions % 2 ,3 provided that the expression under the 

radical is positive. 

Let us ask now: what is the curve, on which a point is everywhere in 
equilibrium ? 

Por such a curve equation (3) must be satisfied identically. Integrat¬ 
ing it, we obtain -JPa; 2 + -p% 2 -j- mgz = const., whence 

= const. 

Such a curve is therefore an arbitrary circle with centre at the point 
(0 ,—mgfX 2 ). 


x- -f Iz 
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. III. DYNAMICS OP RELATIVE MOTION 

§ 22 . Laws of motion. Let us suppose that we are investigating the 
motion of a material point in a frame (x, y, z) moving relative to the 
inertial frame. Considering the inertial frame {vide. p. 69) as fixed and the 
frame [x, y, z) as moving, we obtain {p. 60): 

Pa = Pr 4" Pt + Pc 01 Pr = Pa Pi Pc> 
where p a , p r , p t , Pa denote the accelerations: absolute, relative, trans¬ 
port and Coriolis. Multiplying (1) on both sides by the mass m of the given 
point, we get 

mp r = mp a — mp t — mp c . (2) 

Let us put: 

P a == rnp a , P, = — mpt, P c = — m Pc■ $ 

Since p a is the acceleration of a point relative to the inertial frame, 
P a is according to Newton’s law the force acting on the given material 
point; it is called the absolute force. The vector P t is called the force of 
transport ox the centrifugal force, and the vector P c the force of Coriolis or 
the compound centrifugal force. 

It should he noted that the vectors — rnp t and — mp c do not repre¬ 
sent any forces; we have called them forces of transport- and of Coriolis 
only for practical reasons. 

By (2) and (I) 

mp r = P„ -i- P t ‘V Pc • 

Accor din g to Newton’s law we have mp = P in an inertial frame; we 

see that equation (II) has a similar form. 

Hence: the laws of motion in a moving frame of reference are sum as if 
the frame were an inertial frame, subject to the condition, however, that to the 
acting forces we add the force of transport and the force of Coriolis. 

The sum of the forces: absolute, transport, and Coriolis, is called the 
relative force and we denote it by P r . 

Therefore 

P r =P a +P« + P c - (3) 

Equation (II) can therefore be written m the form 

mPr = p r . m 

An observer, being at rest relative to a moving frame and taking it as the 
inertial frame, will judge that the force acting on the material p«n*thardat- 
ive force P r . If the frame began its motion at a certain time f 0> then it will seem 
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the observer that in addition to the force P a acting previously, a new force P ( + P 0 
began to act from the time t 0 . For instance, a person riding on a merry-go-round 
judges that in addition to the force of gravity, there acts on him still another force 
directed from the centre of motion and trying to throw him off the merry-go-rouncl 
(the centrifugal force). However, to an observer at rest relative to the inertial frame, 
the forces of transport and Coriolis obviously do not exist. 

If a moving frame moves with an advancing motion with a constant 
velocity relative to a certain inertial frame, then p t = 0 and p 0 = 0 
(vide p. 61); because of this P t = 0 and P c = 0, and by (II) 

mp r = P a . 

Therefore for such a moving frame hold the Newton’s laws. 

Hence: every coordinate system which moves with an advancing motion 
with a constant velocity relative to an inertial frame is also an inertial 
frame. 

We see from this that the laws of mechanics will never enable us to 
decide whether a given inertial frame is at rest or not. 

If we are investigating the motion of a material point in a certain 
frame of reference (x, y, z), then we can obtain the relative force P r from 
equation (III). If we know in addition the absolute force P a from another 
source and if we observe that P a 4 = P r , then we shall be able to establish 
that the frame (x, y, z) is not an inertial frame and hence that it moves 
relative to every inertial frame. 

§ 23. Examples of motion. Advancing motion of a frame. If a frame 
moves with an advancing motion, the acceleration of Coriolis p a = 0 
(p. 61), and hence the force of Coriolis P 0 = 0. The acceleration of trans¬ 
port is constant for all points and is equal to the acceleration of the origin 
of the frame (relative to the inertial frame). Therefore the force of trans¬ 
port is constant. It follows from this that the force of transport forms 
a potential-field (p. 100). By (II), p. 136, we then have 

mp r = P a '+ P t . (I) 

Example /. An inclined plane moves with a constant horizontal 
acceleration a. A heavy point of mass m is situated on the inclined plane. 
Friction is not considered. What acceleration will the point m have with 
respect to the inclined plane? 

The absolute forces are: the weight Q and the reaction R perpendi¬ 
cular to the inclined plane. The force of transport is — ma. Let us select 
as the 2 -axis the intersection of the inclined plane with the vertical 
plane passing through m and give to it a downward sense (Fig. 96). Denot¬ 
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ing by a the angle which the inclined plane makes with the horizontal 
and forming the projections on the 2 -axis, w T e obtain from (I) 

p = g siiijx—fflcos.x, (1) 

where p = p,.^, and a = jaj. We see from this that p > 0 or p < 0, de¬ 
pending on whether a, < grtantt or a > gtan«. 



Example 2. A frame (x, y, z) moves with an advancing motion with 
a constant horizontal acceleration a in a gravitational force field. Let us 
assume that the 2 -axis is directed vertically upwards and that the a:-axis 
has the direction of the acceleration a, hut an opposite sense. 

The force of transport is P t = — ma; putting a = ]aj we obtain 
p = ma, P t = 0, and P t = 0. It is easy to see that the force of trans- 

t X y z T 

port forms a potential field having the potential F t = max; the potential 
of the force of gravity is Y, = — mgz. The relative force therefore forms 
a field having the potential 

V = max — mgz. (2) 

If only the force of gravity Q acts on the material point, then applying 
the theorem on the conservation of total energy and setting v = |v r [, we 
obtain by (2) Jmr 2 — V = const, whence 

r 2 — 2 ax + 2 gz = h, (3) 

where h is a certain constant. 

Let us suppose now that we are investigating the motion of a con¬ 
strained point which is to remain on a curve z= a? lying in the 22 -plane 
(Fig. 97). . 

Let us assume that at t = 0, x = 0 and v = 0. If friction is neglected, 
then the reaction is perpendicular to the path and does no work- Hence 
equation (3) applies to the motion. From the initial conditions it follows 
that h = 0; hence — 2 ax + 2 gx % = 0, whence 

r 2 = 2.r(a — gx). 


(4) 
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Since v 2 => 0, '2x{a — gx) j> 0; it follows from this that 0 <,x<Lajg. 
The motion will therefore take place along the arc closed between the 
abscissae x t = 0 and * 2 = a / g. Since v = ds / dS = (ds / da;) • (da; / di5) = 
= sb‘ 1/1 + (ds / daO* = ar]/l + 4a; 2 , it follows in virtue of (4) that 
ar 2 (l -f 4a; 2 ) == 2x{a — gx), whence 


and hence 


I / 1 + 4* 2 
(/ 2x{a ■— gx) 


da; = df t 


f V 1 + 4x2 
J |/ 2®(a — 0W) 


o 


da; = t. 


The above formula is valid from the momet t = 0 until the time when 
the point reaches the abscissa x 2 — a / g. Tor x 2 = a / g in virtue of (4) 
we have v = 0. After that the return motion will take place until the 
time when the point reaches the abscissa x = 0 , etc. 

Rotary motion of a frame. Let a frame (x, 
y, z) rotate about the z-axis with a constant 
angular velocity co (Tig. 98). The acceleration 
of transport has the projections: p t = — xuP, 
ft v = — yco 2 and = 0 . Therefore for the force 
of transport we have: 

P ix = mxco\ P ty = mym 2 , P tz = 0. , 


z 


'''4*,yz ) 



Fig. 98. 


It is easy to see that the force of transport forms a field having the 
potential , 

F = ■|-mcy 2 (* 2 -+- i/ 2 ). (5) 

The acceleration of Coriolis will be p 0 = 2v r X w (p. 62). The 
projections of the relative velocity on the x, y, z axes are *•, y\ z •, where¬ 
as Wj. = 0, Wy = 0, and co z = co. Therefore p 0x — 2 yw, p 0y = — 2*-co 
and p 0z = 0, whence 

Pc x = — 2 my co, P Cy = 2mx-co, P 0i = 0 . 

The equations of motion will therefore have the form (p. 136, for¬ 
mula (II)): 

mx- = P ax + mxuA — 2myco, my = P lly + mijoP + 2marco, (6) 

mz " = -Pa,- 

The work of a force in relative motion is called relative work. 


[§23] 
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Since p c is perpendicular to v t , P 0 is perpendicular to v r ; therefore 
the force of Coriolis does uo relative work. The relative work of a relative 
force is hence reduced to the work of the absolute force and the force of 
transport. 

If the absolute force is the force of gravity, then taking the z-axis 
as directed vertically upwards, we obtain V g = — mgz as the potential of 
the force of gravity. The force of gravity together with the force of 
transport forms a potential field having the potential 

V =.— mgz + -j- y z ). 

Therefore, if we set v = |v r |, then by the principle of equivalence of 
work and kinetic energy (p. 105) we get |m « 2 — F = const; hence 


\mP- + mgz — |mw 2 (a : 2 + t/ s ) = const. 

Therefore 

w 2 + 2gz — co 2 (a : 2 + y*) => K ("> 

where A is a constant. 


If we are investigating the motion of a constrained point along a 
curve (or surface) motionless relative to a frame (x, y, z), then under the 
assumption that there is no friction, the reaction does no relative work; 
hence formula (7) also applies in this case. 


Example 3. A plane curve C revolves with a constant angular velo¬ 
city a> about a vertical axis lying in its plane. Determine the motion of 
a constrained point moving along a curve G under the influence of the 
force of gravity. 

Let us choose the z-axis directed vertically upwards as the axis of 
revolution, and the zz-plane as the plane of the curve C. Let the equation 
of the curve G be z = /(*). Because y = 0, we get by (7): + 2^ 

— co 2 * 2 = h. Assuming that at t = 0, x = x 0 , z ~ f( x a)> an v ’ 
we obtain h = 2 gz 0 - oAxk ds = dr]/! + f\x), ^enee * = *' = 
= x- ]/’l -f f\x); therefore 

a;- 2 (l + f 2 {%)) + 2# f(x) — = h. (8) 


From this equation we can determine a; as a 
function of the time t. 

Example 4, In particular, let the curve C (in 
above example) be the straight line l passing 
through the origin 0 of the frame and inclined at 
an angle ip with the z-axis (Tig. 99). 
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In order to determine the motion of a point along the line l , ono 
could apply formula ( 8 ) by substituting z = /(as) = * cot <p. However, we 
shall derive the equations of motion directly. 

The force of transport is perpendicular to the z-axis and equal to 
mxaA. Let s denote the length of the segment OA. Since the force of 
Coriolis and the reaction are perpendicular to the line l, the projection 
of the relative force on l is equal to —mg cos <p + mxcA sin 95 . As 
x = s sin rp , we obtain 

ms = — mg cos p + msco 2 sin a 9 >, 

whence 

a“ — sco 2 sin 2 9 > = — gcosp. (9) 

The homogeneous equation s •• — sco s sin 2 ^ = 0 has a general solution 
of the form s = ae atsinif -f 6 e _ ‘°‘ 3ln . ?> . Since a particular solution of 
equation (9) is 

g cos 9 0 
s — —i—r— 5 —> 
co 2 sm 2 9 > 

the general solution of this equation will be 

S = + be~ a>u ™ lp + * (10) 

or sm a g? 

The constants a and b are determined from initial conditions. In 
particular, if <p = \n, i. e. the line l is the x-axis, then 

s = ae wt + be~ mt . ( 11 ) 

§ 24. Relative equilibrium. If a material point is in equilibrium (i. e. 
at rest) relative to a moving frame, then the relative acceleration p, = 0 , 
and the relative velocity v r — 0. It follows from this that the acceleration 
of Coriolis p a is also equal to zero, and hence the force of Coriolis P 0 = 0 , 
From equation (II), p. 135, we therefore obtain 

Pa + ~ b. (I) 

Hence: when a 'point is in relative equilibrium , the absolute force is in 
equilibrium with the force of transport. 

Relative equilibrium in a frame moving with an advancing motion. 
If a frame moves with an advancing motion, the acceleration of transport 
lias a constant value for all points; hence the force of transport must also 
be the same at every point. 

If, in particular, the moving frame moves with an advancing motion 
with a constant velocity, then p t — 0, whence P ( = 0, and equation (I) 
expressing the condition for equilibrium reduces to the form P a — 0. 
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Example I . A heavy point of mass to is hanging on an inextensible 
string in an elevator moving with an acceleration p. Let the string have 
a vertical direction and let the point be in equilibrium relative to the 
elevator (i. e. to the frame attached to the elevator). The acting forces, 
namely the weight Q and the tension in the string T, are therefore ba¬ 
lanced by the force of transport (Tig. 100). Let us put p = \p\ and T — }T|. 



T 


m 

mg 

Q 

mp 

P, 


Mg. 100 



The acceleration of transport is p. Let us assume that it is directed 
upwards. Therefore the force of transport is directed downwards and is in 
magnitude equal to mp. Torming the projections of the forces on the axis 
directed vertically upwards, we obtain T — mg — nip = 0, whence T = mg + 
+ mp. The tension in the string is therefore greater than the weight. If 
one held the body in one’s band, one would feel an increase in its weight. 

Conversely, if the acceleration is directed downwards, then T = 
= mg — mp; the tension in the string is smaller than the weight and 
the body seems lighter in this case. 

Finally, if <p — 0, then T = mg. Hence the tension in the string is 
equal to the weight during the uniform motion of the elevator. 

Example 2. A carriage of a cog-wheel railway moves with an acceleration 
p along a path inclined at an angle * with the horizontal. A material point 
hanging on an inextensible string is in equilibriiun relative to the carriage. 
Let p denote the angular deviation of the string from the vertical. 

The weight Q of the point and the tension T of the string are in 
equilibrium with the force of transport P t (Tig. 101); therefore 

T+Q + P t = 0. (1) 

The acceleration of transport is p. Let us assume that it is directed 
upwards. P t is hence directed downwards, and |P 4 ) = Torming the 
projections on the horizontal and vertical axes, we obtain from (1). 

T sin {} — mp cos « = 0, T cos p — mp sin » — mg = 0, (2) 
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where T = |Tj, and p = |f>|- From equations (2) we obtain: 

____— p COB L% 

T = m}'? 2 + g 2 + 2pg sm *. tan P = 

In particular, when « = 0, i. e. when the path is horizontal, T = 
= mfp* +f, and tan P~p}g. Hence in the railway carriage we can deter¬ 
mine the acceleration of the carriage from the angular deviation of the 
string from the vertical: because we have p = g tan/3. 

Example 3. A railway carriage moves along a horizontal curved path 
with a constant velocity v. We may suppose that the cariiago turns about 
a certain vertical line l. Let a heavy point of mass to hanging on an 
inextensible string be in equilibrium- relative to the carriage (Fig. 102). 

Let us denote by « the angle made by the string with the vertical, 
and by r the distance from the point of suspension of the string to 
the line l. The distance of the point m from the Z-axis is therefore 
r’ = r+x = r+d sin« (where d is the length of the string). The accele¬ 
ration of transport p t of the point m is perpendicular to l and directed 
towards l, while |f>*| = v 2 / (r + x). The force of transport, having an 
opposite sense, is \P t \ = mv 2 / (r + x). Since the weight Q and the tension 
Tin the string are in equilibrium with the force of transport, we obtain 
from the triangle of forces 

tana. = |P t | / |Q| — v 2 / g(r + »). 

When x is small in comparison with r, then tan a == v 2 j gr. 

Example 4. A heavy point of mass to is constrained to remain on a 
curve C revolving about a fixed vertical line l with an angular velocity co. 
Friction is not considered. In what position will the point be in equili¬ 
brium relative to the curve 01 

Let us choose a moving frame (x, y, z) revolving together with the 
curve C about the Z-axis with an angular velocity co, taking Z as the z-axis 
directed upwards. Let the curve C which is at rest relative to the frame 
( x , y, z) be given parametrically by means of the functions: 

x = f(cr), y — <p{o), 0 = y>(a). ( 3 ) 

In a position of relative equilibrium the weight Q, the reaction R, and 
the force oftransport P t balance each other (Fig. 103). Therefore the sum 
Q+P t is perpendicular to the curve G. Denoting the coordinates of the point 
in relative equilibrium by *, y , z , we obtain p tx = — xco 2 , p t — —- yen 2 , 
and p ir = 0, from which P tx = mxco 2 , P t = myco 2 , and P u — 0. There¬ 
fore the sum P t + Q has the projections: to.tcu 2 , mym 2 , and — mg. 
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The direction numbers of the tangent are proportional to the deriva¬ 
tives x' — f(a), y' = <p'{<y), z' — ip'{a). From the condition that P t + Q is 
perpendicular to the tangent it therefore follows (after dividing by in) 
that 

xx'co 2 -f- yy’co 2 — gz' = 0. (4) 

From this equation we can determine the value of the parameter 
a corresponding to the position of relative 
equilibrium. 

In particular, if the curve C having the 
equation a = y>{x) is a plane curve lying in 
the xz-plane, thfen for the position of equilib¬ 
rium we obtain from equation (4) (putting 
x = a, y = 0, and z = y>(a)) or directly from 
the figure: 

tan a = y>’{%) = / g. (5) _ 

For example, if the equation of the curve C is z = — )'r 2 — * 2 (i- e. 
the lower portion of the circle a; 2 + z 2 = r% then from (5) we get 
x i j/ r a —' x 2 = xco 2 j g, whence % = 0, and x %3 = ± p -2 I a)t -. 
solutions a : 2 ,3 exist only when r 2 — g % / w 4 ^ 0, i. e. when co ^ g / r. 

We ask now: what are the curves on which a point is at every position 
in relative equilibrium ? 

For such curves equation (4) must he satisfied identically, i. e. for 
every value of the parameter cr. Therefore we obtain from (4) 



d(x 2 + y*. 
d a 


cb 

-q -r- = 0. 
y da 


Integrating, we get |(x 2 H - y 2 ) oA — gz — const, whence 

z ^^(a? + y 2 ) + c, ( 0 ) 

where c = const. 

Equation (6) represents a system of paraboloids of revolution gener¬ 


ated by revolving the parabola s = + c about the «-axis. By (6) 

the curve lyiug on any one of these paraboloids satisfies equation (4) 
identically. The plane curves satisfying equation (4) are obtained by 
forming section of the paraboloid with an arbitrary plane. We get elbpses 
and parabolas as sections. In particular, the section with the vertical 

CO 2 


plane y — 0 will be the parabola z : 


% 


X 2 -j- G. 
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| 25. Motion relative to the earth. Force of gravity. Let us take as 
a frame of reference an inertial frame whose origin is in the sun and whose 
axes are directed towards the fixed stars. The earth is not at rest relative 
to such a frame. When investigating the motion of a point during a short 
interval of time, we can confine ourselves to the rotary motion of the 
earth only about a certain axis. 

Let a point hung on a string in a certain place on the earth’s surface 
be at rest relative to the earth. The absolute forces are: the attraction of 
earth A and the tension T in the string (equal in magnitude and direction 
to the weight, hut opposite in sense). 

The earth’s force of attraction is not equal to the jveight because, 
in the contrary case, it woidd be in equilibrium with the tension in the 
string, and the point would be at rest or in uniform motion along a straight 
line. However, this is not the case because the point rotates together with 
the earth about its axis. 

Applying the conditions of relative equilibrium (§ 24, p. 140) to the 
frame attached to the earth, we can say that the attraction A of the earth 
and the tension T in the string are in equilibrium with the force of trans¬ 
port P t . Hence 

A -f T + P, = 0. 

Since the weight of the body Q = — T, it follows that A — Q + 
+ P t = 0, whence 

Q = A + P t . (I) 

Hence: the weight of a body is the resultant of the centrifugal force (force 
of transport) and the earth’s force of attraction. 


Magnitude and direction of the earth’s attraction. Let us suppose 
that the earth has the form of a solid of revolution whose axis is the 
earth’s axis of revolution. In addition, let us suppose that the density of 
the earth is distributed symmetrically with respect to the centre of mass. 
Then it can be proved that the force of attraction is directed constantly 
towards the earth’s centre of mass. 

Let a be the angle which the force A ma¬ 
kes with the vertical, i. e. with the weight Q 
(Fig. 104). Let us denote the radius of the pa¬ 
rallel of latitude on which the material point 
lies by o, the latitude of this point by q> (i. e. the 
angle made by the vertical passing through the 
point and the equatorial plane), and finally the 
angular velocity of the earth rotating by co. 
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The force of transport lies in the plane of the parallel of latitude and is 
directed away from the axis of revolution, while \P t \ = mguP. Let us form 
the projections of the force A, Q, and P t on the 2 -axis directed vertically 
as well as on the horizontal i/-axis (i. e. perpendicular to the vertical) 
lying in the plane of the meridian (i. e. in the plane of the forces) and 
directed southwards. Setting A = |Aj, and Q = ]Q|, we obtain by (I) 

—» Q = — A cos a + mg® 2 cos <p, ■ — A sin x 4- mgcc? sin cp — 0. 

Therefore: 


A cos* = Q mgoA cos <p, A sinw = mgoA sings. (1) 

Hence, knowing Q, g, co, and cp, we can calculate A and x. On the 
equator f = 0 ; therefore by (1) we get x = 0. Denoting by A 0> Q 0 , and g 0 


the corresponding values on the equator, we obtain 

Aq = Qq -f- mg„ciA (2) 

Knowing <3 0 and o 0 , we can calculate A a . Knowing A 0 , we obtain 

mo 0 m 2 1 A 0 = yet — (tt) 3 - (3) 

If the velocity of the earth were % = 17m, then mg B a>\ / A 0 = 1, 
whence A 0 = mg 0 to?- From this and ( 2 ) we obtain Q 0 = A 0 — mg B o>l = 0; 


hence if the earth were to turn 17 times faster, then bodies on the equator 
would be deprived of their weight. 

Let us now assume that the earth is a sphere composed of concentric 
layers of constant. density. Then, as can be demonstrated, A must be 
constant on the earth’s surface. Therefore A — A 0 . Denoting the radius of 
the earth by R, we obtain 

o = B cos (95 — x). (I) 

By (1) 

sin a = - cos ( 9 ? — x) sin cp, 

A 0 


and since = R, by (3) 

sin « = yet cos (99 — «) sin cp. 

Angle * is very small; hence taking as an approximation sin x 
and cos(g? — <%) = cos <p, we get 


K = 


1 

2-289 


sin 2 gj. 




We see from this that * has the greatest value for 93 = 45°. Putting 
x = 0, we get by (1) and (4) 


10 
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Q = ri 0 — mRm 2 cos 2 y = .4 0 ^1 
whence by (3), as g 0 = It, we obtain 


mRay 2 

A.Q 



Q = A 0 (l — cos 2 y j 289). 


Force of Coriolis. When investigating the motion of a point relative 
to the earth, it is necessary to add the forces of transport and Coriolis to 
the absolute forces. Let us assume that in addition to the force of attrac¬ 
tion A, a force P acts on a material point. Denoting the acceleration re¬ 
lative to the earth by p, we obtain mp = P + A + P t -+- P 0 , and since 
A -j- P t is equal to the weight Q, 


mp = P + Q + P c . (5) 

Therefore: when inquiring into the motion of a point relative to the earth 
it is necessary to add the force of Coriolis P c to the force P and the weight Q. 

At a given place on the earth let us select 
a 2 -axis directed vertically upwards, a horizontal 
K-axis directed towards the east and a horizon¬ 
tal y -axis directed towards the south (Fig. 105). 
The axis of revolution will lie in the ?/z-plane 
and make an angle of 90° — y with the z-axis 
(cf. Fig. 104). Since the earth revolves from 
west to east, the vector of angular velocity to 
lying on the axis of revolution is directed from 
the south pole to the north pole. Putting 
|w I = co, we obtain 



(o x = 0 , 

on the northern hemisphere, and 


= 


* cc cos <p, w z —a> sin cp (N) 


&>x — 0 , co„ ='—tocos y, o, = —a>sin y (S) 

on the southern hemisphere. 

Denoting by v the velocity of the point relative to the earth, we 
obtain p 0 = 2v x to; therefore P 0 = — mp 0 = — 2mv X to, whence 

P c = 2mto x v, (6) 

whence by (N), for the northern hemisphere: 

Pc x = ~ 2ma(v v siny -f v t cosy), P 0v = 2mmv x sirup, (II) 
P 0z = 2 mcov x cosy. 
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If the point has only a vertical velocity, i. e. if v z — 0 and v y — 0, we 
obtain P Gx = — 2mmv z cos cp, P 0v = 0, and P Ca = 0. When the point rises, 
v z > 0; hence P Cjs < 0 and P c is directed horizontally towards the west; 
whereas when the point falls, v z < 0, P c _ > 0, and therefore P 0 is directed 
horizontally towards the east. 

It follows from this that a falling body is deflected towards the east under 
the influence of the force of Coriolis. 

If a point moves constantly in a horizontal plane, i. e.when v z = 0, 
then P 0x = — 2 mmv v sin y, and P,< v = 2mcov x sin <p. The horizontal 
component of the force of Coriolis is therefore perpendicular to the velo¬ 
city and has with respect to it a sense to the right. 

Therefore: a point moving in a horizontal plane in the northern hemi¬ 
sphere tends to be deflected (under the influence of the force of Coriolis) 
to the right of the direction of the velocity. 

It is for this reason, for example, that the right rail is pressed down more than 
the left rail by moving trains. 

The effects of the force of Coriolis are small because the force is 
small. For in virtue of ( 6 ) we have |P 0 j = 2mco\v\ sine, where e denotes 
the angle between v and the axis of revolution. Since 

co = sec - 1 = -sec- l = 0.00007 see" 1 , 

T 24-60-60 

where T denotes the period of one revolution of the earth about its axis, 
thus P 0 is small. 

Let us form the projections of (5) on the x, y and z axes. B 3 ' (II) we 
obtain: 

mx“ = P x — 2 mm(y siny + 2 • cos y), my = P„ -+■ 2nuox- sin cp, 

ms ■■ = P z — mg + 2 mcox- cos cp. (IH) 

Deviation to the east of a falling body. We shall concern ourselves 
with the determination of the deviation from the vertical of a freely fall¬ 
ing material point. 

Let us assume that for t = 0 we have 

x = 0 , y = 0 , z = 0 , v = 0 . (7) 

By (III), under the assumption that P = 0 , we obtain: 

X" — — 2&>(y* siny -f- 2 * cosy), y 2.cox siny, 

2 " = — g - j- 2cox- cos cp. 


(8) 
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Integrating and making use of the initial conditions (7), we get 

ar =— 2m(y sin9? + z cos 93), y — 2cox sincp, 

z- = — gt -(- 2cox cosy. (9) 

Substituting the values y and z ■ in (8), we obtain 
x" = — 4co 2 a; -(- 2 cogt cos cp. 

The above equation could be integrated and the result substituted in 
(9) from which y and z could be determined. We shall obtain an approxi¬ 
mate solution by neglecting the term — 4o> 2 a;, which is very small in 
comparison with 2cogt cos cp. We get = 2wgt cos <p, whence 

* = \mgt a cos tp. (10) 

Omitting the term 2 cox cos <p in the third of the equations (9), as 
being small compared with — gt, we obtain z- —— gt, whence z — 
— — fafP- Whe n the p oint reaches the level z ~ — h, then — h = — IgP; 
therefore t = ]M / g. Hence by (10) 

x — |a>A cos <p]/2h / g. (11) 

This formula represents the deviation to the east (because x > 0) 
of a body falling from a height h. 

At Harvard University experiments were performed with h = 23 m and 
<p = 42°. Prom about a thousand experiments deviation between 1.3 mm and 

1.7 mm was obtained. Prom the approximation formula (11) one gets instead 

1.8 ram. The difference is therefore not great, 

Foucault's pendulum. Let us investigate the influence of the force 
of Coriolis on the motion of a pendulum. Let us place the origin of the 
coordinate system ( x , y, z) at the point of suspension of an inextensible 
string at whose end a heavy point of mass m is fastened. Let l be the 
length of the pendulum (i. e. of the string). Since the reaction P of the string 
acts on the point along the string, denoting the coordinates of the point 
m by x, y, z, we obtain 

P x = Xmx, P v = Xmy, P z = Xmz, 
where A is a factor of proportionality depending on time. 

By (ILI), p. 147, after dividing by m, we obtain 

x " = lx ~ sin( P + cos cp), y- = Xy + 2 cox- sin 93, (12) 

z-— 2z — g -f- 2eoar cos 93. ( 13 ) 

Ae shall concern ourselves only with an approximate solution of 
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equations (12) and (IB). Let us assume that the angle of oscillation is 
sufficiently small so that we can take as an approximation 

z = — l, z- = 0, 2" = 0. (14) 

From equation (13) we then obtain 0 = —XI — g -f 2<m" cos cp, 
whence X = (—g + 2 cox' cos cp) jl. Omitting the second term in the nu¬ 
merator as being small compared with the first one, we get 

gjl (16) 

The factor X can therefore be considered approximately as a constant. 
By (14) and (15) the equations (12) take the form 

x" — — K-x —• 2to;y-sin 93., y" = — Q-y + Sow sin.93. (16) 

Multiplying the first of the equations (16) by x', the second by y , 
and adding, we obtain 

x-x- + yy = —j (aar + yy), 
whence after integrating 

x -2 -f- y % = — -|-(a: 2 + y 2 ) + (1*1) 

where a is a certain constant. Multiplying the first of the equations (16) 
by y, the second by x, and substraeting, we get 

yx- — xy = — 2 m(yy + xx~) sin cp, 

whence after integrating 

yx' — xy = — £t»(ic 2 -j- y 2 ) sin cp + h, (18) 

where 6 is a certain constant. Let us introduce the polar coordinates: 


x — r cos ip, y = r sin^>. 


From (17) and (18) we obtain 


r 2 -f- r 2 yy 2 = - j- r 2 -f- a, 

(19) 

r 2 ip- = r 2 ju sin 95 — b. 

(20) 


Let ns introduce a new coordinate system (x lt y lt Zj) having with the 
preceding system (x, y, z) a common origin as well as a common z-axis, 
and revolving about the z-axis with an angular velocity o> sirup m the 
direction from east to south, i. e. from x to y. For the polar coordinates 
r l5 we obtain in the new system the formulae: 

j* = ip = Ifi "j~ Ojt SIH^C- 


( 21 ) 
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By substituting (21) in (20) we obtain in terms of the new coordinates 
r u the equation r x (-ip[ + co sin 93 ) = rfco sin 99 — b, whence 

f'lfi = -— b, (22) 

and by substituting ( 21 ) in equation (19) we get 

r \ + r iVi 2 + 2 r x ^qa> sin 99 + rfco 2 sin 2 <p = — / 1 + a, 

from which after neglecting the term r\m 2 sin hp as being very small and 
applying equation ( 22 ), we obtain 

r f + r i l PT = — (l r 1 / ^ ~l~ a i> ( 23 ) 

where a x = a + 2bm sin <59 = const. 

It is easy to verify that (22) and (23) are the equations of the motion 
whose equations in terms of the coordinates x ls y x , 2 X are: 

= — gx 1 / l, y‘{ = — gy x / l. (24) 

Indeed, this is the form which equations (16) assume for co = 0. 
Hence, introducing polar coordinates, we obtain, as is seen from equations 
(19) and (20) for o> = 0, equations (22) and (23). 

Equations (24) represent the motion of a point under the influence of 
a force P whose projections are: 

P Xl = — gmx x 11, P Vi = — gmy x j l. (25) 

This is an elastic force, i. e. one directed constantly towards the origin 
of the coordinate system and directly proportional to the distance of the 
point from the origin of the system. On p. 112 we showed that motion 
under the influence of an elastic force takes place along an ellipse. Hence 
a material point will execute a motion in the system (i%, y x , z x ) along an 
ellipse. Because this system also revolves about the z-axis with an angular 
velocity co sin 99, the axis of this ellipse will revolve with an angular 
velocity co sin 99 from, east to south. The period of revolution is 

T — I co sin cp. 

Since one revolution, of the earth lasts 24 hours it follows that, 2a j co = 
= 24 h, whence T = 24 / simp h. For <p = 45° ws get T = 34 h. 

This phenomenon was first confirmed experimentally by L. Foucault; it 
constitutes a proof of the earth’s rotation about its axis. 


CHAPTER IV 


GEOMETRY OF MASSES 

I. SYSTEMS OF POINTS 

§ I. Statical moments. Statical moment of a point. Let us consider 
an arbitrary plane IT. It divides space into two parts; we can consider 
one of these parts as positive, and the other as negative. Let A denote 
a certain material point and d its distance from the plane IT. We shall 
write a = + dorcr = — d, depending on whether A lies in the positive or 
negative part of space. 

Denoting the mass of the point A by m, we shall call the expression 

M n = mo 

the statical moment of the material point A with respect to the plane IT. 

The statical moment of a point can therefore be a positive or nega¬ 
tive number or zero (it is zero for every point A lying in the plane IT). 

If we choose one of the coordinate planes xy, yz, zx, as the plane IT, 
then we shall consider as the positive part of space that part- m which is 
found the positive part of the axis perpendicular to the chosen coordinate 
plane. If the point A of mass m has the coordinates a, y, 2 , then by the 
■ preceding convention we have: 

M„ = mz , M vz = mx, - M zx = my, 

where M„, M vz , M zx denote the corresponding statical moments of the 
point A with respect to the xy, yz and zx planes. 

Statical moment of a system of points. A collection of material pomts 
is called a system of points , and the sum of the statical moments of its 
separate points is called the (total) statical moment of the system of points. 

If the statical moments with respect to the plane 17 of the material 
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By substituting (21) in (20) we obtain in terms of the new coordinates 
r u the equation r x (-ip[ + co sin 93 ) = rfco sin 99 — b, whence 
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and by substituting ( 21 ) in equation (19) we get 
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from which after neglecting the term r\m 2 sin hp as being very small and 
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(19) and (20) for a = 0, equations (22) and (23). 
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a force P whose projections are: 
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This is an elastic force, i. e. one directed constantly towards the origin 
of the coordinate system and directly proportional to the distance of the 
point from the origin of the system. On p. 112 we showed that motion 
under the influence of an elastic force takes place along an ellipse. Hence 
a material point will execute a motion in the system (i%, y x , z x ) along an 
ellipse. Because this system also revolves about the z-axis with an angular 
velocity co sin 99, the axis of this ellipse will revolve with an angular 
velocity co sin 99 from, east to south. The period of revolution is 

T — I co sin cp. 

Since one revolution, of the earth lasts 24 hours it follows that, 2a j co = 
= 24 h, whence T = 24 / simp h. For <p = 45° ws get T = 34 h. 

This phenomenon was first confirmed experimentally by L. Foucault; it 
constitutes a proof of the earth’s rotation about its axis. 
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§ I. Statical moments. Statical moment of a point. Let us consider 
an arbitrary plane IT. It divides space into two parts; we can consider 
one of these parts as positive, and the other as negative. Let A denote 
a certain material point and d its distance from the plane IT. Wq shall 
write a = i or cr = — d, depending on whether A lies in the positive or 
negative part of space. 

Denoting the mass of the point A by m, we shall call the expression 

M n = mo 

the statical moment of the material point A with respect to the plane IT. 

The statical moment of a point can therefore be a positive or nega¬ 
tive number or zero (it is zero for every point A lying in the plane if). 

If we choose one of the coordinate planes xy, yz, zx, as the plane 17, 
then we shall consider as the positive part of space that part- m which is 
found the positive part of the axis perpendicular to the chosen coordinate 
plane. If the point A of mass m has the coordinates a, y, 2 , then by the 
■ preceding convention we have: 

M„ = mz , M vz = mx, - M zx = my, 

where M„, M vz , M zx denote the corresponding statical moments of the 
point A with respect to the xy, yz and zx planes. 

Statical moment of a system of points. A collection of material pomts 
is called a system of points , and the sum of the statical moments of its 
separate points is called the (total) statical moment of the system of points. 

If the statical moments with respect to the plane 17 of the material 
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points of masses m u m a , ...,m n are Mjff,, m 2 cr 2 , .. m n a n , respectively, 
then the total statical moment of the system of these points will he 

n 

M a = m 1 a 1 + m 2 o- a + ... + m n a n = 

■£— 1 

If the material points of a given system of points have the coor¬ 
dinates x l ,y u z 1 , x 2 ,y 2 ,z 2 ,...,x n ,y n ,z n respectively, then the total 
statical moments of this system of points with respect to the correspond¬ 
ing coordinate planes are expressed by the formulae: 

n 

M zv = m n z n = 

i~ L 
n 

M vz = m t x t + mpo 2 + ... + m n x n = TwA, 

i=> L 
n 

= m x y x + m 2 y 2 + ... + m n y n = 

1 

Statical moments are also called moments of first order. 

§ 2. Centre of mass. Let there be given a system U of material 
points ® 2 (# 2 , Jfe %), ..., m n (x n , y n , z n ). Let us consider 

a point S whose coordinates are: 

x 0 = ™ lXl ~t + '■ ■ + m * x * ,, _ m ith + + .. ■ + m n y n 

m i -V rn 2 -f ... fm, 1 0 m x -f- m 2 -f- ... -j- m B 5 

2 0 == miZl + m ^ + ~ ■ ■ + m nZ n (I) 

m i H - m z + ... + m n 

The point 8 is caEed the centre of mass or the centre of gravity of the 
given system of points U. 

The sum of the masses of the individual points (appearing in the 
denominators of the fractions (I)) will be caEed the total mass of the system 
of points. 

Although we have defined the centre of mass with the aid of a coordi¬ 
nate system, we shaE show that the position of the centre of mass does not 
depend on the coordinate system, but only on the masses of the points 
and their mutual distribution. This follows easily from the following 
theorem: 

Theorem I. The statical moment of a system of points with respect to • 
an arbitrary plane is equal to the statical moment of the total mass placed at 
the centre of gravity. 
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Proof. Let II be an arbitrary plane whose normal equation has the 

form 


x cos x + y cos § + z cos y — p — 0 . 


Let us take as positive that one of the two parts of space for which 
x cos x -j- y cos § 4 ~ z cos y — p > 0 , when the coordinates of art arbitrary 
point of this part are substituted for x, y, and a. Hence, if A(x, y, z) is an 
arbitrary point of space, then, since the distance of the point A from the 
plane II is expressed by the formula 

d — \x cos x -j" y cos /3 + s cos y — p\. 


according to our convention we can put 

a = x cos % -f- y cos /? -j- z cos y — p. 

The statical moment of the point A of mass m. with respect to the 
plane II is therefore 

31 n — mo = mx cos x + my cos § + mz cos y — mp. (1) 

Let there be given a system, of material points y ls %},..., m n {x n , 

y n , z„). By (1) the statical moment of this system of points with respect 
to the plane II 'will be 

M n = {m 1 x 1 cos a + m 1 y 1 cos § + cos y — myp) + . ■. 

... -f- [rti n x n cos at -f myy n cos ft + m n z n cos y — m n p); 

thus 

31 jj = (»%% -f wijaig + ... + m n x n ) cos « + [myy x + ... + oos P + 

+ ( 1 %% - • • + m n z n ) cos y — (m* + ■ • • + «») P- ( 2 ) 

Putting n%i -j- 4 - - * ~r rn n — m, we have by (I): 

mx o = 2 m £- r 'c m Vo = mz o — i = 1, 2,..., w, (II) 

■whence by ( 2 ) 

Mjj = mx 0 cos * 4 my a cos p 4 mz 0 cos y — mp. (3) 

Since the right hand side of equation (3) represents by (1) the 
statical moment of the mass m placed at the centre of gravity 8 having 
coordinates x Ql y 0 , z 0 , the theorem has been proved. 

In order to show now that the centre of mass of the sj^stem of points 
does not depend on the choice of the coordinate system, let us suppose 
that another point S’ possesses, in addition to point 6 , the property of 
the centre of gravity S described in the theorem. We shaE prove that 
this is impossible. 
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With this end in view, let ns pass through the point S an arbitrary- 
plane il not passing through S'. Therefore 

M n = mo and M n — rria', (4) 

where a and cr’ denote the corresponding distances (positive or negative) 
of the points S and S 1 from the plane 77. From (4) it follows that o = o'. 
But a = 0, since Z7 passes through S. Therefore o' would also have to 
be equal to zero, which is impossible, because S' does not lie in the plane 77. 

We see, therefore, that the position of the centre of mass of a system 
of points is independent of the coordinate system. 

Centre of mass of two systems of points. Let a system 77 be composed 
of the material points 


%(%> hli y' 2 , z^,), ..., 2 h> 2 j.)> w s (£K a , s a)= ••• 


The centre of mass S' of the system of points ... has by 

definition the coordinates: 


*o = ( m i x i +• m W‘i + • • •) / m '> y’o — ( m iVi + m zVi + • ■ •) / m ’> 

4 = {m'jzl + +•••)/ m '> ( 5 ) 

where m! = m x + m' 2 + ... On the other hand, for the centre of mass S of 
the entire system 77, there will be 


_ (m[x[ -j- m'ix'e +•■•) + (mWi -f + ■ ■ •) 

(mi -f %+ ...) + (mi + mg + ...) 

whence by (5) 

m # 0 + [MiXi + mtfCo + ...) 

“—~ ff f) ‘ ’ * 

m' (toi “j - m2 - ■ *) 


( 6 ) 


Similar formulae are obtained for y 0 and z 0 . Formula ( 6 ) represents 
the ^-coordinate of the centre of mass of the system that is obtained from 
the given system 77, if a part of it, namely the points of masses m' x , m ' 2 ,..., 
is replaced by a single material point of mass m' = m! x -f- m' 2 + ... placed 
at the centre of mass of this part. Therefore, we have obtained 


Theorem 2. The centre of mass of a system of points is not altered if 
a part of it is replaced by a material point having a mass equal to the mass of 
this part and placed at centre of its mass. 

Hence if we have in particular two systems of points U' and 77" of 
total masses m' and m" and with centres of gravity S' and S", then we 
obtain the centre of mass of the system 77' -f- 77" by determining the cen¬ 
tre of mass of the system of two material points having masses m' and m“ 
placed at the points S' and respectively. This is so because the 
systems V and 77" can be considered as parts of the system 77' + 77". 
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Plane system of points. A system of material points is said to be 
a plane system if all points of the system lie in one plane. Selecting this plane 
as the aa/-plane (which is possible for us to do since the centre of mass is 
independent of the choice of the coordinate system), we shall have for the 
points of the system z x = 0 , z 2 = 0 , ..., z„ = 0 , whence by formulae (I), 
p. 152, we get z 0 = 0. 

The centre of gravity of a plane system therefore lies in the plane of 
the system. 

The statical moment of a plane system with respect to an arbitrary 
line l lying in the plane of the system is defined by the expression 

n 

Mi = yriiiCfi, ( 7 ) 

i-1 

where Itr,-] is the distance of the point of mass m t from 7, and the sign of cr t 
depends on whether is situated in the positive or negative parts of the 
plane int o whi eh this plane is divided by the line l. We see from this that the 
statical moment of a plane system with respect to the line l is the statical 
moment of this system with respect to a plane perpendicular to the plane 
of the system and intersecting it along the line l. Hence, in particular, the 
moments with respect to the * and y axes are expressed by the formulae; 

M x — Sffl*, If„ = SmA. (8) 

Linear system of points. If the points of a system lie on one line l, 
then the centre of mass of the system also lies on this line, because 
choosing the line l as the rr-axis, we have y x = 0 , s / 2 = 0 , ... and z x = 0, 
z 2 = 0 ,..., whence by formulae (I), p. 152, we get y a = 0 , z 0 = 0 . The 
centre of mass will therefore also lie on the rr-axis. 

Centre of mass of two points. Let the material points of masses m x 
and m 2 be at a distance d from each other. The centre of mass obviously 
lies on a line joining these points. Let us place at m x the origin of the 
a-axis, and pass its positive part through m % . The points m x and m % will 
therefore have the coordinates x % = 0 and x t = d, respectively, and the 
centre of mass the coordinate 

*o = i i m i + m t)- ( 9 ) 

Since 0 < x 0 < d, the centre of mass lies between the points. Denot¬ 
ing the distances of the centre of mass from the points m x and m % by d x 
and d 2 , respectively, we obtain d x = x 0 = m 2 d j (m x -f- m 2 ) and d 2 = 
= d — d x = m x d I (m x -f m 2 ), whence 

d x :d 2 = ro 2 : m x . 


( 10 ) 
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Hence we have the following 

Theorem 3. The centre of mass of a two point system lies between the 
points of the system aid divides the line segment joining these points in the 
inverse ratio to their masses. 

Making use of theorem 2, p. 154, we can determine the centre of mass 
of a finite system of points A lt A„ A 3) ... of masses m x , m aj m 3 , ... (Mg. 

106) in the following manner: we determine at first 
the centre of mass 8 X of the system of points A x 
and Ap, next we determine the centre of mass S 2 
of the system of two points consisting of the point 
of mass m 1 4- w&a, situated at 8 X and of the point 
A 3 of mass w 3 ; continuing in this manner, we obtain 
the centre of mass of the entire given system. 

Symmetric systems of points. A point 0 (line 
l , plane IT) is called a centre {line, plane) of sym¬ 
metry of the system of material points, if to each point m { there exists in 
the system a point having the same mass ot,-, placed symmetrically 
with respect to point 0 (line l, plane iJ). 

If the centre of symmetry is the origin of the coordinate system 
(Mg. 107), then along with each point ?%(*,-, y it z<) the system of points 
includes the point m t (— x is —y t , — z t ). If the plane of symmetry is the 
ay-plane (Fig. 108), then along with each point w 4 (wn y { , %) the system 




includes the point m ( (Xi, y t , ■— zf). If the axis of symmetry is the z-axis 
(Fig. 109), then along with each point y it z { ) the system includes the 
point mjt— x it — y h z 4 ). 

It is easy to show that the centre of symmetry is always the centre of 
mass. 

For by theorem 3, the centre of mass of a pair of symmetric 
points lies at the centre of symmetry. Hence by theorem 2, p. 154, we can 
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replace such a pair by a material point situated at the centre of symmetry. 
Doing this with every pair, we come to the conclusion that the centre of 
symmetry is the centre of mass of the entire system. 

Similarly, the centre of mass lies on a line of symmetry (and on a plane 
of symmetry). 

Because for these same reasons the centre of a pair of symmetric 
points lies on a line (and on a plane) of symmetry. 

§ 3. Moments of second order. Moment of inertia. Let there be given 
a material point A of mass m and a certain plane IT. Let r denote the 
distance of the point A from the plane IT. The expression 

I = mr ! ( 1 ) 

is called the moment of inertia of the point A with respect to the plane IT. 
If we denote by r the distance of the material point A from a certain line l 
(or from a certain point 0 ), then ( 1 ) will be the moment of inertia of the 
point A with respect to the line l (or with respect to the point O). 

The total moment of inertia of a system, of points is defined as the sum 
of the moments of inertia of the separate points of this system. 

Product of inertia. Let there be given two mutually perpendicular 
planes TI X and TL 2 . Put a x = ± d x , where d x denotes the distance of the 
material point A from il x , and the sign depends on whether the point is in 
the positive or negative of the two parts into which the plane TI X divides 
space. We define er 2 with respect to the plane il 2 similarly. The expression 

D = ma 1 (2) 

is called the product of inertia of the material point A with respect to the 
planes II x and I7 2 . 

The total product of inertia of a system of points A x , H 2 , ... with 
respect to the planes I7 X and U 3 is defined as the sum of the products of 
inertia of the separate points. Hence 

D = Zmfifof, • ( 3 ) 

where m ( , o ( f\ denote respectively the mass of the point A { and its 
distances from the planes iTj and 77 2 (preceded by proper signs). 

Moments of inertia and products of inertia are called moments of second 
order. 

Radius of gyration. Let 1 denote the total moment of inertia of 
a system of points U with respect to a plane 77 (line l. point 0). The 
number 


Jc = | il I m, where m = m 1 + m 2 + ... 


(4) 
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is called the radius of gyration of the system of points U with respect to 
the plane il (line l, point 0). In virtue of (4) 

_ I = mb 2 . (5) 

Therefore; the radius of gyration Jc is the distance at which th& total mass 
of a system has a moment of inertia equal to the total moment of inertia of the 
system. 

Concentrated mass. Let r be an arbitrary positive number. The mass 
of a system concentrated at a distance r with respect to a plane Tine or 
point) is defined by the number 

m r = I j r 2 . ( 6 ) 

Therefore I = to/ 3 . Hence; the moment of inertia of a system with 
respect to a plane (line, point) is equal to the moment of inertia of its concen¬ 
trated mass m, situated at a distance r from this plane {line, point). 

The moments of second order of the system of points 

?7ij{Xy, yi, zf), m 2 {x 2 , y z 2 ), . •., m n {x n , y n , z n ) 

with respect to a plane, axis and the origin of a coordinate system are 
expressed by means of the following formulae; 

The moments of inertia with respect to the planes xy, yz and xz: 


ixv —■ ’ d zx • 

i=l i=.L 

The moments of inertia with respect to the x, y, and z axes: 


( 7 ) 


I x = fmt(yr + zf), I v = Jrn^xf + zf), I„ = + yf). ( 8 ) 

i = l %= 1 4=1 

The moments of inertia with respect to the origin 0 of a coordinate 
system: „ 

I o = 2 ™^ + + *?)■ (9 ) 

i—1 

The products of inertia with respect to the pairs of planes xy and zx, 
xy and yz, as well as xz and zy: 


n n n 

d x = X m <yi z « = 2 m ««tZo d * = 

i= 1 i=l t—1 


( 10 ) 


(Prom formulae {1} —( 10 ) the following relations can be easily derived: 


' dxy “ 1 ” dXZ) dV d X y "L dy 


d%Z “b dyz> 


dxv — WJx^rdy JJ, I vz — + Is - las], I at — i[dx d z J„]| 

d 0 \\dx ~b dy ~b dz 1 d x y ~b dy X ~b d ZXl 

d C d x “b dyz I y “b d xz I z “b I xy 
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Moments of inertia with respect to parallel lines. Knowing the 
moments of inertia of a system of points of total mass m with respect to 
lmes passing through one point e. g. through the origin of the coordinate 
system, we can easily determine the moment of inertia of this system of 
points with respect to an arbitrary line in space by making use of the 
following theorem: 

df a line l passing through the centre of mass of a system of points is 
parallel to the line V, then 

df = d 1 + rmp, (I) 

where d denotes the distance between l and V, whereas I t and I v denote the 
moments of inertia with respect to these lines. 

Proof. Let us choose the centre 8 of the 
mass of the system of points through which 
the line l passes as the origin of the coordinate 
system, the line l as the *-axis, and the plane 
passed through the parallel lines l and Z' as 
the :w/-plane (Fig. 110 ). Denoting by r and r’ 
respectively the distances of an arbitrary 
point A(x, y, z) from the straight lines l and 
V, we have r ' 2 = z 2 + (d — yf and r 2 = z* -f y 2 , whence r' 2 = r 2 + 
-b d 2 — My, and hence 

w- n 

d-v = 2 w * r i 2 = H m l r t + d 2 — 2dy ( ] = 

t=l £=1 

n n n n 

— 2 m * r < + ^Jm { — 2d ~^m i y i = I t -b mcZ 2 — 2 d 2»hZG* 

4=1 4=1 4=1 t=l 

n 

But 2 m iZ/< = rny 0 = 0, since the centre 8 of the mass of the system of 

4—1 

points lies at the origin of the system of coordinates. Therefore I v = 
= Jj + md 2 , q. e. d. 

From formula (I) it follows that if all lines parallel to a line having 
a certain given direction are taken into consideration, then the moment of 
inertia will be the least with respect to that line which passes through the 
centre of mass. It is equally obvious that if hues V and V are parallel, then 
denoting by d 1 and d 2 the distances of the centre of mass from these lines, 
we shall have 

Ijj — md\ — I r — rnd\, ( 11 ) 

because by (I) both sides of the equality are equal to I x , where Z is a line 
parallel to V and V and passing through the centre of mass. 
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From formula (11) we have 

= + (II) 

This formula enables one to compute the moment of inertia of a 
system of points with respect to an arbitrary line in space, if the mo¬ 
ments of inertia of tills system with respect to every line passing through 
one point and the position of the centre of mass of the system are known. 

Products of inertia with respect to parallel planes. For products 
of inertia we can prove a theorem similar to the theorem on moments of 
inertia (p. 159). 

Let the planes 1I X , I7 2 be perpendicular to each other and pass through 
the centre of mass m of a given system, of material points. Let us select 

arbitrary planes Tl' x , U'n parallel to the planes 
n u H, u respectively. Let a x denote the di¬ 
stance between the planes TI X , II[, preceded 
by a + or — sign depending on whether the 
plane i7 [ lies in the positive or negative part 
of space into which the plane 77 \ divides space. 
Let ns define er 2 for the pair of planes 77 2) PI' 2 
analogously. Finally, let us denote the pro¬ 
ducts of inertia of the given system with res¬ 
pect to the pairs of planes 77,. 77 a and II[, III 
by D and D'. We then have a formula which is analogous to (I), namely: 

B' = D + mo x a r (III) 

Remark. Let ns note that the product ma , 1 er 2 denotes the product of 
inertia with respect to the pair of planes 77 1; 77 2 of the total mass m of 
the system placed anywhere on the intersection of the pair of planes n[ 
and U’ % , 

Proof of formula (III). Let us choose the origin of the coordinate 
system ( x, y, z) at the centre S of the total mass m of the given system of 
points (Fig. 111). As the x-axis we shall take the intersection of the 
planes II X and U 2 , and we select these planes as the xy and xz planes, 
respectively. 

Analogously, we select a second system of coordinates (*', y', z') for 
the pair of planes 77{, II 2 , taking as the origin an arbitrary point P lying 
on the line of intersection of the planes Il[ and J1' 2 , 

Let us denote the coordinates of. the point P with respect to the 
coordinate system (x, y, z) by f, y, £. Obviously rj = a s , and £ = a v Let 
x, y, z be the coordinates of an arbitrary point A with respect to the 
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coordinate system {x, y, z), and x', y’, z' the coordinates of this point A 
■with respect to the coordinate system (x/. y', z’). Then: 

x' — x — £, y' — y — )?, z' = 2 — £. (12) 

Since 

D' = Em.z^, D = Em, { 2,-?/ fj (13) 

it follows by (11) that 

D’ = 'Zm i {z i — £)(y ; — ??) = 'Zm i [z t y i + £>? — = (14) 

= + £?? Sm ; — £ 'Sm t y i — y TLmfii. 

But 'Zm i y i — my a — 0, andEra^- = mz 0 = 0, because by hypothesis 
the centre S of mass m of the given system of points lies at the origin of 
the system ( x, y, z). Therefore, by (13) and (14), D’ = D ~ myr], and since 
f — cfj, and 7] = c,. we obtain finally D’ = D - f- mo x o s , q. e. d. 

§4. Ellipsoid of inertia. Principal axes of inertia. Let 0(x, y,z) be 
an arbitrary rectangular coordinate system with origin at 0. We shall 
prove that it is possible to determine the moments of inertia with respect 
to an arbitrary line l passing through 0, if 
the moments of inertia, with respect to the 
axes and the products of inertia with respect 
to the planes of this coordinate system are 
known. 

Let the line l form the angles /?, y with 
the axes of the coordinate system 0{x, y , z) 

(Fig. 112). Let us select an arbitrary point 
A(x, y, z) and let P be the projection of the 
point A on the line l. Therefore AP = r is the distance of the point A from 
the line l. Let ns put 

OA = Q = V* 2 + y 2 + S 2 . (1) 

Denoting by cp the angle between the line OA and the line l, we obtain 
AP = r — q sin?). (2) 

Since 

OP = x cos x + y cos /J -f z cos y, 

as is known from analytic geometry, and because OP = q cosy, we 
obtain 

cos (p — (x cos x + V cos $ + z cos 7) 1 Q- 

By (2) r 2 = g 2 sin 2 ?) = e 2 (l — cos 2 ?)); hence 
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r i _ ^2 


(» cos « + V cos/? + z cos y) 2 "] _ 

1 - 2 J ~ 


whence by (1), 


= 6 2 — i x cos a + y cos ft + % cos y'f, 


r 2 = w 2 [l — cos 2 «] + y\ 1 — cos 2 /3] + z 2 [l — cos 2 y] — 
— 2 xy cos x ooa ft — 2a;z cos « cos y — 2 yz cos ft cos y. 


Since cos 2 « + cos 2 /? + cos 2 y = 1, substituting 1 — cos 2 « = cos 2 /? -f 
-f cos 2 y, etc. we obtain 


r 2 — (y 2 -j- z-) cos 2 « + ( x 2 + z 2 ) cos 2 /? + (» 2 + t/ a ) cos 2 y — 
— 2xy cos « cos ft — 2a;z cos a cos y —- 2yz cos ft cos y. 


Denoting by m t the mass and by r,i the distance of the point A i of 
a given system of points A 1 , A 2 ,... from the line l, we obtain for the 
moment of inertia I z of this system of points with respect to the line l the 
formula 

It = Sot/! - 

= cos% S#%(ff -f zf) -|- cos 2 /? -f zf) -j- cos 2 y 2 m t (xf -j- «/?) — 

— 2 cos a cos ft S m i x i y i — 2 cos « cos y 2 m i x i z i — 2 cos ^ cos y • 2 m i y i z i , 

whence 

It — I x COS 2 a -j- I y cos 2 j8 + I z cos 2 y ■— (I) 

— 2 D s cos a cos ft — 2 D V cos « cos y — 2 ^ 3 . cos ft cos y. 

From formula (I) we can determine the moment of inertia of’a system 
of material points with respect to the line l, if we know I x , I v , I,, D x , D v , 
D, as well as the angles which the line l forms with the axes of the coordi¬ 
nate system. 

Retaining the previous notation, let us denote the length of the 
radius of gyration of a given system of points with respect to l by k z . 
Therefore (p. 157) 

ki=]/l t jm. (3) 

Let us assume that 4 = 0 for every line l passing through 0. This 
assumption is equivalent to the assumption that the material points of the 
given system do not lie on one and the same line passing through 0. Since 
I t 4 = 0, it follows by (3) that also h z =j= 0. 

On each line l, let us cut off segments OQ and OQ' (Fig. 113) whose 
lengths are inversely proportional to the radius of gyration k x , i. e. 


OQ = OQ' = a j kt = a\!m j I lt 


(4) 
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where a is an arbitrary positive constant independent of the line l. De¬ 
noting the coordinates of the point Q by x , y, z, we have: 

x = ± aftjm /1[ cosot, y = ± a\jm / I t 00 s ft, 
z — ± /Tj cosy. 

The point Q' has the coordinates — x, ■ — y, 

— z. The collection of all points Q and Q' will 
form a certain surface 2. In order to obtain its 
equation we shall determine cos «, cos /3, cos y 
from (5) and substitute the values obtained into 
equation (I). We get 

/, = Jl- [!>* + I t y s + I,A — 2D x yz — ZDycz — 2 Dpxy], 
ma l 

whence 



Iyx 2 + iy + I> 2 — 2 Dyyz — 2 DyXZ — 2D z xy = c s , (6) 


where c 2 = to® 2 . We see from this that the surface 2 is of the second degree. 

We shall show that 2 is an ellipsoid. For this purpose it is sufficient to 
prove that 2 is a bounded surface (i. e. that the distances of its points 
from the origin of the coordinate system do not exceed a certain number). 
Indeed, we have assumed that I; 4 = 0, and hence we have I, > 0 constant¬ 
ly. Since by formula (I) I t is a continuous function of the angles x, ft, y, 
the minimum of I z is also positive. Denoting this minimum by h, we have 
by (3) /> \'h j m, whence by (4), OQ’ — OQ <L a\jm j h. Therefore the 

surface 2 is a bounded surface.lt follows from this that the surface 2 is an 
ellipsoid, because the only hounded surface of the second degree is an 
ellipsoid. 

The ellipsoid 2 is called the ellipsoid of inertia of the given system of 
points with respect to the point 0. 

Since equation (6) lacks terms of the first degree, i. e. x, y, z, the 
point 0 is the centre of the ellipsoid of inertia. 

Therefore: the ellipsoid of inertia of a system of material points with 
respect to a point 0 has this property, that the : distance of each of its points 
from 0 is inversely proportional to the radius of gyration of the system with 
respect to the diameter passing through this point. 

The axes of the ellipsoid of inertia- with respect to the point O are 
called the principal wxes of inertia with respect to the point 0. 

The ellipsoid of inertia with respect to the centre of gravity- is called 
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the central ellipsoid of inertia, its axes, central axes of inertia, and the 
planes passing through two axes, central planes. 

Obviously, there exist infinitely many ellipsoids of inertia of a given 
system with respect to one and the same point 0. They depend on the 
choice of the constant of proportionality. However, all these ellipsoids 
nevertheless have a common centre and common directions of the 
principal axes. In addition, the ratio of the principal axes is the same for 
all ellipsoids. All the ellipsoids of inertia with respect to one and the same 
point 0 are therefore similar to each other. 

The radius of gyration has the greatest value with respect to the 
minor axis; hence the moment of inertia has the smallest value with res¬ 
pect to the minor axis. The converse is true with respect to the major axis. 

In particular, if the ellipsoid is a sphere, the point 0 is termed a 
spherical point. 

The moments of inertia with respect to every line passing through 
a spherical point are the same (and conversely). 

Determination of principal axes of inertia. If we take the principal 
axes of inertia as the coordinate axes x, y, z, then the equation of the 
ellipsoid of inertia will have the form 

Ax 2 -j- By 2 -j- Gz 2 = F. (7) 

Comparing equations (6) and (7), we see that in this case D x — 0, 
B v — 0 and D, = 0; therefore the ellipsoid of inertia will be 

+ Ivt + I* z 2 = c a . (8) 

Hence: the necessary and sufficient condition that the coordinate axes 
be axes of inertia is that the products of inertia B a , I) s , D z be equal to zero. 

If the coordinate axes x, y, z are selected so that only one of them, 
e. g. the 2-axis, coincides with one of the principal axes of inertia, then the 
equation of the ellipsoid will have the form 

Ax 2 + By 2 -|- Cz 2 + Bxy — F. (9 ) 

Comparing equations (6) and (9), we see that D x = 0 and Z>„ = 0. 
The equation of the ellipsoid of inertia in this case will therefore be 

+ hy 2 + d,z 2 ~2D e xy = c 2 . (10) 

Hence, the necessary and sufficient condition that the z-axis be a prin¬ 
cipal axis of inertia is that the products of inertia B a and By be equal to zero. 

It is easy to formulate analogous conditions that the principal axes 
of inertia be the z-axis or the y-axis. 
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Let us now take the centre B of the total mass m of a given system 
of material points as the origin of the coordinate system [x, y, z), and its 
central axes as the coordinate axes *, y, z. We obviously have 

D x =0, B v — 0, D z = 0. (11) 

Let us next take an arbitrary point 0(f, y, J) as the or igin of a new 
coordinate system (x\ y', z') whose axes are parallel to theaxes x, y and z, 
respectively. By (III), p. 160, 

B x . = B x - j- rntj], B v , = By + raff, D,, = D z - j- raf}/, • 
whence by (11): 

B x , = mKh — raff, D z , = mfjj. (12) 

Let us assume that the point 0{ f, y, f) lies on one of its central 
planes, e. g. on the *y-plane. 'Therefore f = 0. Hence by (12) we obtain 
B x , = 0 and D y , = 0. It follows from this that the z’ -axis is a principal 
axis of inertia with respect to the point 0. Hence we have the theorem: 

One of the principal «zes of inertia with respect to a point lying in a 
central plane is perpendicular to this plane. 

In particular, if the point O lies on a central axis, e. g. on the z-axis, 
then 7 ] = 0 and f = 0, whence by (12) D x , = 0, By — 0 and D z , — 0. It 
follows from this that the x\ y', %' axes are principal axes of inertia with 
respect to the point O. We therefore obtain the corollaries: 

1° The principal axes of inertia with respect to a -point lying on a 
central axis are parallel to the central axes. 

2° The central axis is the principal axis of inertia with respect to each 
of its points. . 

If the given system of material points possesses an axis or a plane of 
symmetry, then we can prove the following theorem: 

An axis of symmetry of a system of material points is a central axis; 
similarly, a plane of symmetry is a central plane. 

Proof. In order to prove the first part of the theorem, let us note that 
the c entr e 8 of mass m of the system lies on the axis of symmetry. Let 
ns take 8 as the origin of the coordinate system {x, y, z) and the axis of 
symmetry as the z-axis. Because of this the given system of material 
points includes in addition to each point A. : of mass m t and coordinates 
Xi, y t , z i; another point A\ of mass equal to ro f and having coordinates 
— x { , — y u %i ■ We therefore have 

B x = S [m&iZt + rad— Vt) a*] = 0, B v = + m t (— x t ) %] = 0. 
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It follows from this that the axis of symmetry z is at the same time 
the principal axis of inertia with respect to the centre of mass S, and. 
therefore it is a central axis. 

In order to prove the second part of the theorem, let us note that the 
centre of mass S lies in the plane of symmetry. Let ns take the origin of 
the coordinate system at 8 and the x and y axes in the plane of symmetry. 
Since the zy-plane is a plane of symmetry, to each point A t of mass m { 
and coordinates x { , y ,, z it there exists in our system of material points 
a point' A'i of mass equal to m t and having coordinates x it y it —z t . We 
therefore have 

D x = 'S[m i y i z i + *»#<(—«<)] = 0, D v = ISjnpfa + )%%(—««)] = 0. 

It follows from this that the z-axis is a central axis, and hence the 
plane of symmetry xy, being perpendicular to the central axis z, is a central 
plane. 

§ 5. Second moments of a plane system. Let a system of material 
points lying in a plane 77 be given. Since the plane 17 is a plane of sym¬ 
metry, by the preceding theorem it is a central plane. Therefore, at every 
point of the plane 77, one of the principal axes of inertia is perpendicular 
to the plane 77, while the two remaining principal axes of inertia lie in the 
plane 77. 

If only the moments of inertia with respect to lines lying in the plane 
77 are taken into account, then the considerations of §§ 3 and 4 can be 
simplified. 

Let us choose the given point 0 as the origin of the coordinate system 
(*, y) of the plane 77. From the point 0 let us draw an arbitrary line l lying 
in this plane and forming an angle « with the x-axis (Fig. 114). The 
moment of inertia with respect to Z is obtained from formula (I), p. 162, 
by putting /? — 90° —-«, and y — 90°. Consequently 
% 

1 1 = I x cos 2 a -j- 7„ sin 2 « — D z sin 2«. (1) 



We shall call the product of inertia D z — S 
the product of inertia with respect to the x and 
y axes. 

On the line l let us mark off the points Q 
and Q’ whose distances from 0 are inversely pro¬ 
portional to the radius of gyration. The collec¬ 
tion of such pairs of points marked off on all 
lines l which pass through 0 will form a curve 
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which will he the intersection of the plane 77 with the ellipsoid of inertia 
with respect to the point 0. This curve will therefore be an ellipse; we 
shall call it the ellipse of inertia with respect to 0. 

Its equation is obtained from equation (6), p. 163, by putting z = 0. 
Hence the equation of the ellipse of inertia will be 

I.rf + 7,1/*—2Z),*y=c* (2) 

If the x and y axes are chosen as the principal axes of inertia, then 
the equation of the ellipse will assume the form 

I x x‘ i + I y y 2 = cK (3) 


II. SOLIDS, SURFACES AND MATERIAL LIKES 


§ 6. Density. If a body is not so small that it can he considered as 
a material point, then, in addition to the mass of the body, we also give 
the distribution of the mass in the body; for in many problems of mecha¬ 
nics, not only a knowledge of the mass of the entire body is of great 
importance, hut also a knowledge of the mass of its separate parts. 

Frequently it happens that the mass of a part of a body is propor¬ 
tional to the volume. Then, denoting the mass by m, and the volume of 
the body by v, we obtain as the mass per unit volume 

g = m j v. (I) 

The number q is called the density of the body. 

In this case we say that the mass of the body is distributed uniformly, 
or that the body is homogeneous, or finally, that the density is constant. 

The mass of a part of a body of volume v r is then m! — v'q. By (I) 
the dimension of density is 

[density] = L~ S M. I 1 ) 

Let us pass on now to the general case, i. e. we do not assume that the 
mass in a given body is distributed uniformly. Let A beany point of the 
given body. Let us select in the body an arbitrary cube of mass Am and 
volume Av, whose centre is the point A. The limit 


Am 

lim — 7— = Q 
dv->o Av 


(II) 


is called the density of the body at the point A. 

In general, the density q depends on the point A. If A has the co 
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ordinates x, y, z, then q is a function of the variables x, y, z. We can there¬ 
fore write q = 5(3;, y, z). If q = const, then the mass of the body is 
distributed uniformly, and we have the case of the homogeneous body 
already considered. 

We shall always assume that q is a continuous function. 

Calculation of mass. Knowing the density at every point of a body, 
we can calculate its mass as well as the mass of an arbitrary part of it. 

By means of planes parallel to the xy, yz and zx planes, let us divide 
the given body into small rectangular parallelepipeds (the so-called 
elements of volume) and possibly into boundary pieces of irregular form. 
Let us denote the volumes of successive rectangular parallelepipeds by 
Av u Av z , ... and let us select one point in each one of them whose coordi¬ 
nates are %, y lt z v x % , y 2 , z, 2 , ... respectively. The masses of the separate 
rectangular parallelepipeds are approximately q(x\, y lt z x ) Av lt g(x 2> y % , 
g 3 ) Av 2 , . .. Therefore the sum 

e{«n Vi> «i) Ah + e( x 2, Vi, z 2 ) Av t + ... 

represents approximately the mass of the body. Forming subdivisions 
into smaller and smaller rectangular parallelepipeds whose dimension 
tend to zero and passing to the limit, we obtain for the mass m of a given 
body the formula 

™> - f //e(*= y, z) A, (iii) 

JD 

where the region of integration D extends over the entire body. 

In particular, if q = const, we obtain from formula (III), m— ov 
which agrees with formula (I). 

Formula (III) also gives the mass of an arbitrary part of the given 
body if we assume that D denotes the region occupied by this part. 

Material surface, material line. Sometimes one or two dimensions of 
a body are small in comparison with the remaining ones. Examples of 
such bodies are plates, rods, wires etc. In these cases we represent the body 
as a surface or a material line and say that its mass is distributed along 
a surface or along a line. 

. Let a mass be distributed along a surface 8, and let A denote an 
arbitrary point on this surface. Let us denote by Aa the area of a small 
part of the surface S containing the point A (the so-called element of 
area), and by Am the mass of this part. If the dimensions of the element 
tend to zero, then 
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m 


lim 

Aa-^Q 


Am 

Aa 


e 


(IV) 


is called the surface density at the point A. 

In particular, if q — const, then q represents the mass of an element 
1 cm 2 in area cut out from the surface &. 


It can be shown (in a maimer similar to that used for solids) that the 
mass of the surface S is expressed by the formula 


to = [Jo da, 

's 

where the region of integration S extends over the entire surface. 


(V) 


If Q — const, and P denotes the area of the surface S, we have 
m — qP, whence 

o — m j P. (2) 

From the above formula we obtain as the dimension of surface 
density 

[surface density] = L~ 2 M. (3) 


We proceed similarly in the case of a mass distributed linearly along 
a certain curve G. If A is a point of the curve C, then we choose an 
arbitrary arc of the curve 0 containing the point A. If As denotes the 
length of this arc (the so-called dement of length), and Am its mass, then 


,. Am 
Inn -j— = o 
As-^0 As 


(VI) 


is called the linear density at the point, A. 

In particular, if q = const, then q represents the mass of an arc (of 
the curve G) 1 cm in length. 

The mass of the entire curve C is 


m = j e ds, (VII) 

a 

where the region of integration extends over the entire curve. 

If q = const, and s denotes the length of the curve G, we have by 
(VII): 

?n — qs, whence g = m / s. (4) 

Hence, as the dimension of linear density, we obtain the formula 

[linear density] = L~ X M (5) 

§7. Statical moments and moments of inertia. Centre of mass. The 

statical moment of a body with respect to a certain plane, e. g. the zy-plane. 


'em 


170 CHAPTER IV — Geometry of masses 

is defined, in the following manner. We divide the body into small rect¬ 
angular parallelepipeds of volumes Av lt Av s , ... and possibly into certain 
irregular boundary pieces. In each rectangular parallelepiped we select 
arbitrarily one point whose coordinates are x v y 1: z 1} x 2 , y s , z 2 , ... respect¬ 
ively. Let us denote the density of the body at the point y;, y, z, by 
£>(*, y, z). The mass of the rectangular parallelepiped Av x is approximately 
t?(*i> Vv z i) ' dvy, if its entire mass were situated at the point x x , y ± , z lt 
then the statical moment of this mass with respect to the *?/-plane -would 
be equal to z x • g(x 1; y x , z t ) ■ Av x . We can therefore consider the sum 

% • e(*i, Vx, %) • M + s 2 • e(* 2! y 2 , ■ Av, +... 

as representing approximately the statical moment of the body with 
respect to the xy- plane. It is for this reason that the limit of the above 
sum, -when the dimensions of the rectangular parallelepipeds tend to zero, 
is called the statical moment of the body with respect to the xy-plane. 

Since the limit of the above sum is the triple integral 

fffzg d«, 

D 

where the region of integration D extends over the entire body, w r e have 

= //fzg dv, and similarly — JJjyg di>, M yz = f ffxgdv, (I) 
D X) ' D 

Wo define the statical moment of surfaces and. curves analogously. 
Instead of triple integrals there occur double integrals over surfaces and 
single integrals over curves. 

In the case of a mass distributed over a surface 8 we obtain 

M xv = ffzg do, M xs = ffyg dtr, M vss = ffxg dor, (II) 

s S 8 

where der is an element of area, and for a mass distributed linearly along 
a curve G: 

M xv = fzo ds, M xz = fyg ds, M V2 = fxgds, (III) 

O c C 

where ds is an element of arc length. 

The statical moments of plane figures with respect to the a; and y 
axes are expressed by the formulae 

= J jUS dx d y, M v — ffxg da; d y. (1) 

D o 

For plane curves we have: 

= fyg ds, M v = Jxq ds. 
o s 


( 2 ) 
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The centre of mass of a body, surface or a material curve is defined 
as the point having coordinates: 


*o = M z Jm, y 0 = M x Jm, z 0 = M xs j m, (IV) 

where M zv , M xz , M xv denote the .statical moments with respect to the 
zy, xz, xy planes, and m is the mass of the body. 

For plane figures and curves we get: 


x 0 = M y l m, y 0 = M x j m. 

If the density of the body g = const, then 

= Q fffxdv, and m = g fffdv = gv, 

D B 

whence 

Jffx d«; UJy d« Jffz dv 

x a = -5—-, . ?/ 0 = — - z 0 = - 5 —— 


(V) 


(VI) 


We see from this that x 0 , y 0 , z 0 do not depend on the density. 

Hence: if the density is constant, then the position of the centre of gravity 
does not depend on the density. 

The same relates to surfaces and curves. 

It can be shown that the theorems concerning the centre of mass for 
material systems of points, proved in § 2, hold also in the case of material 
bodies, surfaces and curves. 

Geometric solids, surfaces and curves. The statical moment of a 
geometric solid is defined as the statical moment of a material body having 
the form of the given solid and a density g = const; usually we suppose 
that g = 1. 

The centre of mass of this body (which does not depend on g) is called 
the centre of gravity of the geometric solid. 

In the same manner we define the statical moment and the centre of 
gravity for geometric surfaces and curves. 

Statical moments and centres of mass of geometric configurations are 
obtained, therefore, by putting g = 1 in the given formulae (I)—(V), (1) 
and (2), and assuming because of this that m denotes the volume, area, or 
length, depending on whether the geometric configuration is a solid, 
surface, or curve. 

We shall now become acquainted with a theorem which in many 
cases facilitates the finding of the centre of mass. Let us cut the given 
solid D by planes parallel to a certain plane FI. Let us assume that the 
centres of gravity of these sections lie in a certain plane a. 
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Under these assumptions it can be proved that the centre of gravity 
of the solid D also lies in the plane a. 

This is intuitively evident. Tor let us cut the solid D into thin layers 
by means of planes parallel to the plane 27. We can assume, as an approxi¬ 
mation, that the centre of mass of each layer lies in the plane a. Therefore 
the statical moment of each layer with respect to the plane a is equal to 
zero. It follows from this that the statical moment of the entire solid D 
with respect to the plane a is zero (because it is equal to the sum of the 
moments of the separate layers). Hence the centre of mass of thesolidU 

A rigorous proof can he carried out 
in the following manner. Let us suppose 
that 27is a horizontal plane, and a is a 
plane having the equation 

Ax + By -j- Gz -j- E — 0. (3) 

Let us denote the section of the solid 
D made by a horizontal plane at the 
height z by D z (Fig. 115). Let £,r], and 
C = z be the coordinates of the centre of 
gravity S z of the section D s . Obviously £, jj, and f are functions of z, 
and by (3) 

A£ -j- By -j- -j- B — 0. (4) 

Denoting by x 0 , y a , z 0 the coordinates of the centre of mass of the 
solid I), we obtain from (YI) 

Ax 0 -j- By 0 Cz 0 -j - E = 

= ~ (Afffa + Bfffy dw + Of [fz d« + Ev)< (5) 

V D D D 

Let P z he the area of the section D z , and z' and z" (where z' < z”) the 
limits between which z varies. Then 

P, = /,/da; d y. (6) 

Resolving the triple integral into an iterated integral, we obtain: 

z" z“ 

v = ff Jdv = fdz ffdx dy = fP, dz, (7) 

fjfz dv = fz dz ffdx dy = fp,z dz = jp 0 £ dz, 

» * V. z' z‘ 


will also lie in the plane a. 



( 8 ) 
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Since 


fffx dti = fdz ff x dz dy. 


(9) 


ffx dx dy 

D 

z 

represents the statical moment of the section I) z with respect to the vz- 
plane, 

ffxdxdy = PJ. 

D 

z 

Therefore by (9) 


*' 2* 

f ffx do = fP z i dz, and similarly fffy du = fP.rj dz. (10) 
n z ' d z’ 

Hence by (6)—(10) we get 

1 z " 

Ax a + By 0 + Gz a + B = - f(A f + By + D£ -f E) P, dz. 

V z > 

From formula (4) we obtain then 

Ax 0 -|- By 0 dr Dz 0 -)- E = 0. 

Therefore the centre of gravity of the solid D lies in the plane a. We 
have thus proved the 


Theorem. If the centres of gravity of 'parallel sections of a given solid Me 
in one plane, then the centre of gravity of this solid lies in this same plane. 

In particular, it follows that if fhe centres of gravity of the sections 
lie on one line, then the centre of gravity of this solid lies on this line. For 
if an arbitrary plane is passed through this line, then by the theorem just 
proved, the centre of gravity of the solid will he in this plane. 

Similar theorems hold for surfaces and plane figures. 

Guldin’s rules. Let a given curve G whose equation is y = f(x), 
f(x) £> 0 for a <£ x <£ b, lie in the aj?/-plane. Denote the length of the curve 
by l. By (V) the centre of gravity is expressed by the formulae: 

b b 

x 0 = M v j m= fxds j l, y 0 = M x jm = fydsfl. (11) 

a ff 

The area of the surface generated by revolving the given curve about 
the x-axis is 

b 

P = 2n fyds. 

a 


Hence by (11) 


P — 2rcly 0 . 


I. 
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A similar formula is obtained for an arbitrary curve lying above the 
z-axis. 

Since the centre of mass describes a circle of radius y 0 as the curve 
revolves, 2 ny 0 denotes the circumference of this circle. 

Hence: the area of a surface generated by revolving a plane curve about 
an axis lying in the plane of this curve and not cutting it, is equal to the pro¬ 
duct of the length of the curve and the length of the path described by the centre 
of gravity. 

Tills is the so-called Ouldiris first rule. 

Let us take under consideration for the same curve the region D 
bounded by the curve, the z-axis, and the ordinates x — a and x = b. Let 
us denote the area of the region Z> by F. By (V), p. 171, the centre of gra¬ 
vity of the region D has the coordinates: 

x 0 = M v /F=(ffxdxdy)/F, y 0 = MJF=(ffydxdy)/F. (12) 
v n 

But 

ffy dxdy = jdx{Jy dy) = J /y 2 dz. 

D a 0 a 

Therefore by (12) 

Fy t =^^fdx. (13) 

a 

H the curve revolves about the z-axis, then the volume of the solid 
generated will be 

b 

V = 7i fy" dz, 

a 

whence by (13) 

V = 2 nyJF. II. 

A similar formula would be obtained for an arbitrary region lying 
above the z-axis. 

Hence: the volume of a solid generated by revolving a plane region about 
an axis lying in the plane of the region and not intersecting it, is equal to the 
product of the area of the region and the length of the path traversed by the 
centre of gravity of the region. 

This is the so-called Guidin’s second rule. 

Moments of inertia and products of inertia. Proceeding as we did in 
connection with statical moments, we come to the definitions of moments 
of inertia for solids, surfaces, and curves. 
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B( x > V >denotes the density of the solid, then the moments of 
inertia with respect to the xy, yz and zz planes are defined by the for¬ 
mulae: 

= ffle* 2 dv, I vz = fff e a,- 2 dv, 4 = /// gy* du, (VII) 

D D o 

the moments of inertia with respect to the coordinate axes: 

= fffe(y* + z 2 ) <li>, I v = ///${** + z 2 ) du, 

B -T rrr , * (VIII) 

+ f-) d», 

D 

and the products of inertia with respect to the coordinate planes: 

D* = fffeyz d«, = szx du, D z = fff.oxy dv. (IX) 

d o n' 

In order to obtain the moments of inertia of surfaces (curves), it 
is necessary to replace the triple integral by a double (single) integral 
over a surface (over a curve) and to substitute dcr (d,s) for du in the given 
formulae just as in the case of statical moments. The definitions of the 
radius of gyration as well as those of a concentrated mass remain unchan¬ 
ged. The theorems proved for systems of material points obtain here also. 

§ 8. Centres of gravity of some curves, surfaces and solids. If a line, 
surface, or solid has a centre of symmetry, then it is at the same time its 
centre of gravity. Therefore the centre of gravity of a segment, parallelo¬ 
gram, circle, parallelepiped, sphere and cylinder is the centre of symmetry 
of these configurations. 

Broken line. The centre of gravity of a broken line, e. g. ABGD, is 
obtained by replacing a line segment by a material point situated at the 
centre of the segment, and having a. mass equal to the length of the seg¬ 
ment. The centre of gravity of this system of points will he the centre of 
gravity of the broken line ABGD (Pig. 116). 

Let djj d it d s denote the lengths of the segments AB, BG, CD, and 
S 1 (x 1 , y x ), S 2 (x 2 , y 2 ), $ 3 (z 3 , y 2 ) the centres of these segments. The centre 
of gravity of the broken line ABGD will therefore have the coordinates 
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flSj&i + d 2 X a + 4 x 3 d 1 y 1 + dg) t + 4 Vs m 

X ° 4 + 4 + 4 0 4 + 4 + 4 

The arc of a circle of radius r, subtending a central angle of 2a, has the 
bisector of this angle as an axis of symmetry. Therefore the centre of 
gravity of the arc lies on this bisector (Fig. 117). 

In order to deter mine the distance of the centre of gravity S from the 
centre of the circle 0 , we make use of Guldin’s first rule. As the are rotates 
about the diameter l, perpendicular to the bisector of the angle Jloc, it 
describes a zone of area 2 rah (where h denotes the length of the chord 
subtended by the arc). The length of the arc is s = 2ra, and that of the 
path of the centre of gravity is 2% ■ 08. Therefore 2rnh = 4 ma ■ OS, 
whence OS = h j 2*. Since h = 2r sin «, 


OS 


sina 

x 


( 2 ) 


In particular, for the semicircle 2a = a; consequently OS = 2 r j 71 = 
— 0.64r. 


Triangle. Let us out a triangle by lines parallel to one of its sides. 
The centres of the segments lie on the median, and hence so does the centre 
of gravity of the triangle. 

It follows from this that the centre of gravity of the triangle lies at 
the point of intersection of the three medians, and hence at a distance 
of one third of the corresponding altitude from each side. 

Trapezoid. The centres of the segments parallel to the base of a 
trapezoid lie on the median, and hence so does the centre of gravity S of 
the trapezoid. 

In order to determine the distance y 0 of the centre of gravity S from 
the base, let us calculate the statical moment of the trapezoid with 
respect to the base. Let a denote the base, 6 the parallel side, h the alti¬ 
tude and P the area of the trapezoid. The statical moment with respect to 
the base is 

M = Py 0 = K® + b ) %o- (3) 

Dividing the trapezoid into a parallelogram and a triangle, we get 


M = bTi ■ \h + \{a — 6) 6 • -J6 = ih 2 (a -j- 26). (4) 


By comparing (3) and (4) we get 

a -j- 26 
a -j- 6 


Vo 


h. 


( 6 ) 


From this follows the geometric construction of the centre of gravity 
shown in Fig. 118. From the similarity of triangles BGS and ADS we 
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get (h — y 0 ) j y 0 = (|6 -4- a) ■ (|o -j- 6), from which we get y 0 in agree¬ 
ment with formula (5). 

Polygon. In order to determine the centre of gravity of a polygon 
we break it up into triangles (trapezoids, rectangles), and then we compute 
the statical moments of the separate parts with respect to the axes of the 
system. 



Let us denote the area of the configuration given in Fig. 119 by p. 
We break it up into three rectangles having areas p x , p s , and p % . Let 
x lt y u x 2 , ?/ 2 and a; 8 , y s be the coordinates of the centres of gravity with 
respect to the x and y axes. We have M x — ppy x + p$ z + p s y s , and 
M v = p x x x -j- p^c. 2 + p 3 x s ) hence the centre of gravity S has the coordin¬ 
ates 

x B = M v j p, y 0 = M x ; p. (6) 

Sector of a circle. Let us consider the sector of the circle OAB (Fig. 
120). Because of symmetry the centre of gravity $ of the sector lies on the 
bisector of the central angle 2a. The distance OS of the centre of mass from 
the centre of the circle 0 is obtained by using Guldin’s second rule. The 
sector OAB generates a spherical sector by revolving about the radius 
OA = r. The altitude of the segment of the spherical sector will be CA = 
= OA — 00 = r — r cos 2a = 2r sin%, from which the volume of the 
spherical sector v = 1 • 2r sin% = -frAc sin 2 *. The centre of gravity 

will describe a circle of radius y 0 — OS • sin x. The area of the seetor isria. 
Hence by Guldin’s second rule i-Aa sin 2 « = 

= 2mj„ ■ r 2 x = 2 nOS sin* • r%, whence 

(7) 

For a semicircle we have in particular 2* = it, 
whence 

OS= 4r/3rr = 0.42r. (8) 

12 
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Segment of a circle. The centre of gravity S' of a segment of a circle is 
situated on the bisector of the central angle subtended by this segment. 
We obtain the distance OS' of the centre of gravity of the segment from 
the centre of the circle from the formula representing the statical moment 
of the sector OAB with respect to OA as the sum of the moments of the 
triangle OAB and the segment of the circle. Denoting by p the area of 
the sector, by p‘ the area of the triangle OAB, by p" the area of the 
segment, and by F the centre of mass of the triangle OAB, we obtain 
p • OS -sin* = p' • OF sina + p" ■ OS' sin*. Since p = r i a, p' = Jr 2 sin 2a, 
p" = p —- p' and OF = Jr cos a, 


OS'= 


4 sin 3 a 

3 (2a—sin 2*) 


O) 


Prism. Cylinder. The centres of gravity of sections of a prism made 
by planes parallel to a base lie on a line joining the centres of gravity of 
both bases. The sections made by planes parallel to one of the lateral faces 
are parallelograms (or consist of several parallelograms); the centres of 
gravity of these sections he in a plane parallel to the base and passing half 
way up the altitude. The discussion for the cylinder is similar. 

It follows from this that the centre of gravity of a prism or a cylinder 
lies halves the straight line joining the centres of gravity of both its bases. 

Pyramid. Cone. The centres of gravity of sections parallel to the base 
of a pyramid lie on a line joining the vertex with the centre of gravity of 
the base. Hence the centre of gravity S of the pyramid also lies on this 
line. In order to determine the height at which this centre of gravity lies 

we shall calculate the statical moment of the 
pyramid with respect to the plane of the base. 
Selecting the plane of the base as the horizon¬ 
tal plane, we obtain M, xy = Jf fz da; dy da. 
The region of integration extends over the 
entire pyramid. Let us denote the altitude of 
the pyramid by h (Fig. 121), the section 
made by a horizontal plane at a height z by 
D z , and the area of the section D z by P z . 
Resolving the triple integral into an iterated 
integral we get 

A )l 

M xv = f zdzff dx dy = JzP„dz. 

0 0 

Let P denote the area of the base. As is known P z j P = (h _ a ) 2 / A 2 , 

or P* = [(1 — Z ) / hfP. Therefore 



Moments of inertia of some curves, surfaces and solids 


179 


M 




h 

/*[<! 


A] 2 P ds = AjVP. 


On the other hand, denoting the volume of the pyramid by v and its 
centre of gravity by z B , we have 

M xv = z 0 v = z 0 ■ IhP. 

By equating both formulae for M xy we obtain 

s 0 = \h. (10) 

The discussion for the cone is similar. 


Hence: the centre of gravity of a pyramid {cone) lies one fourth of the 
way up the straight line joining the vertex with the centre, of gravity of the base . 

§ 9. Moments of inertia of some curves, surfaces and solids. In this § 
we shall assume that the curves, surfaces, and solids considered have a 
constant density q. 

Segment. Let us calculate the moment of inertia of the line segment 
AB of length a with respect to the line l passing through the centre 0 of 
this segment and inclined at an angle x to it (Fig. 122). 

Let us suppose that AB lies on the x-axis and that 0 is the origin of 
the coordinate system. Let us subdivide the segment AB into small 
segments by means of the points x u ar a ,... Set Ax x = x % — Ax % = 
= * 3 — * 2 , etc. The moment of inertia of the seg¬ 
ment AXi with respect to the line l is approxima¬ 
tely rf Am t , where Am t denotes the mass of the i-th 
segment, and r* the distance of its left end point 
from l. Since r f = x { sin a, Am t — q Ax { , it follows 
that r\ Am { — a? g Ax { sin 2 *. We can say, there¬ 
fore, that the moment of inertia I I with respect 
to l is approximately Sxfe Ax { sin 2 *. Passing to the limit, w r e obtain 



Fig. 122. 


h 


r|fl 


Jx 2 q sin 2 * dx = ts a?g sin 2 *. 

■la 

ag. Therefore 


The mass m of the segment AB is m 

/, = x 0 iuC- sin 2 *. 


( 1 ) 


0 is the centre of gravity of the segment AB: therefore the moment 
of inertia with respect to the line V parallel to l and lying at a distance 
d from 0 is according to formula (I), p. 159, I v = L -r md-, i. e. 

Ij, = sin 2 * + 12#). 


( 2 ) 
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In particular, if V passes through the end point A, then d = sin a, 
•whence 

I v = |ma ! sin 2 «. (3) 

If the lines l and V are perpendicular to AB, then a = Jot, and the 
moments Ij and I,, are reduced to the moments of inertia with respect to 
the points 0 and A. From (1) and (3) we obtain for <x = 

I 0 = -hma\ I A = irmK (4) 

Rectangle. Let us pass the x and y axes of a coordinate system 
through the centre of a rectangle of sides a and b. Since these axes 
are axes of s ymm etry, they are at the same time central axes and there¬ 
fore +n> 

I y = JJx 2 g cb dy = g fdy fx 2 dx = i ^a 3 bg. 

D —la 

The mass of the rectangle is m = abg; hence 

I v = similarly I x = (5) 


The product of inertia D z is zero, hence the central ellipse of inertia 
has the equation (p. 167, (3)) I x x 2 -f I v y 2 — c 2 , or r \mbPx? -f- j\ma 2 y s = 
= c 2 . The constant c is arbitrary; putting c 2 = it ma?b 2 X 2 , where X is 
a new arbitrary constant, we obtain 

(x j Xa) 2 + (y / Xbf — 1. (6) 

Hence: central ellipses of inertia have axes proportional to the sides of 
the rectangle. 

The moment of inertia with respect to the line l (Fig. 123) passing 
through 0 and making an angle oc with the K-axis is (p. 166, formula (1)) 
1 1 = I x cos 2 ce -j- Iy sin 2 « or 

1 1 = trm(6 2 eos 2 « -f a 1 sin s «). (7) 

The moments of inertia I a and I h with respect to the sides a and b of 
the rectangle are I a = I a + m(p) a and I„ = !„ -j- m(fa) a , or 

I a — \mb 2 , I h — ima 2 . (8) 


Square. Retaining the notation used for the rectangle, we have 

a = b, whence I x = I y . It 
b 



y 4 



A x 



0 

_ 



/ 


Pig. 123. 



hr . 

r 

y> /h 

5 


follows from this that the 
central ellipse of inertia is 
a circle. The centre of the 
square is therefore a circular 
point. 


Pig. 124. 
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Trapezoid. In order to determine the moment of inertia of a trape¬ 
zoid with respect to the base a (Fig. 124), let us divide the trapezoid into 
narrow strips parallel to the base. Let us denote the widths of these strips 
by Ay x , Ay z ,..., the distances of their centres from the base by y ls y t , ■. 
and the lengths of the segments passing through the centres of the strips 
and parallel to the base by r x , r g , ... We can assume that the moment of 
inertia of the i-th strip with respect to the side a is approximately 
Am^f, where Am t denotes the mass of the i-th strip. The moment of 
inertia I a with respect to the side a is approximately equal to 
But Am t = Ay&tg. From Fig. 124 we see that (r f — 6) / (a — b) = (h — 
— Vi) I h, whence r t = a — (a — h) y t / h. Therefore I a is approximately 


21» — (a — b) |ij gy x Ay f . 

Passing to the limit, we get 

h 

Ia. = J'ja — (a — b) -|j gy 2 d y = T \g(a + 36) ¥. 


Since m — + b) Jig, 


Ia = 


X ■ 


a + 36 
a + b 


m¥. 


m 


Triangle. From the last formula we obtain the moment of inertia 
of a tr iang le with respect to the base by putting b = 0. We get 

I a = imh\ 110) 

Parallelogram. Putting b = a in formula (9), we obtain the moment 
of inertia of a parallelogram with respect to one of its sides: 

I a = . ( 11 ) 

Rectangular parallelepiped. Let us place the origin of the coordinate 
system at the centre of a rectangular parallelepiped, so that the *, y 
and 2 axes be parallel to the edges, whose lengths we denote by a, b, and e. 
The moment of inertia with respect to the aj-axis is 

ia lb he 

I. = /// g{if + z 2 ) dr dij ds = gfdxjdyfiy 2 + z 2 ) dz = 

—ia —lb —ic 

= jVa6ce(6 2 c 2 ). 

Setting m = a, beg, we obtain 

Ix = rstn{b- -r c s ), 

and similarly I v = itto(® 2 + c 2 ), I s = + b 2 ). 


( 12 ) 
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The moment of inertia I a with respect to the edge a is I a = J x 
+ mi 2 , where d = f j/& 2 + c 2 ; hence 

h = -\- c 2 ), (13) 

and similarly I h = -Jro(a 3 + c 2 ), I c = Jm(a 2 + i> 2 ). 

Circumference of a circle. The moment of inertia of the circumference 
of a circle of radius r with respect to the centre 0 is obviously 

I 0 ~ m.r\ ( 14 ) 

In order to determine the moment of inertia with respect to a dia¬ 
meter, let us choose 0 as the origin of the coordinate system (x, y). We 
obviously have I m = l v . Since /„ = /,+ I y , then I 0 =2 I x or J, = jj,. 
From this the moment of inertia with respect to a diameter is 

Ix = $ W 2 - (15) 

Circle. Because of symmetry the moments of inertia of a circle with 
respect to the diameters are equal. Let us select the centre of the circle 
0 as the centre of the coordinate system (x, y) (Fig. 125). 

Therefore I x = and since the moment of inertia with respect to 
the centre I 0 = I x + jf„, then I 0 = 2I X and I x = -J/ 0 . In order to calcu¬ 
late I B , let us divide the circle into rings by means of 
concentric circles of radii aq, x„, ... Let us put 
daq = aq aq, Ax t = x 3 — aq, ... We can assume 
that the moment of inertia of the i-th ring witli res¬ 
pect to 0 is approximately flmg where dm* denotes 
the mass of this ring. The area of a ring is approxi¬ 
mately 2nx i Ax^ hence = 2 jraqg Ax z . Therefore 
aproximately I a = H2nx^gAx i . Passing to the limit, 
we obtain 

r 

lo—f-2nx 3 g dx — iwp)- 4 . (16) 

0 

Since the mass of a circle m = r 2 jr e , 

I 0 = i-mr 3 and I m = \n%f-. (17) 

Surface of a sphere. The moment of inertia of a surface of a sphere 
with respect to the centre is obviously 

!» - (18) 

In order to determine the moment of inertia of a sphere with respect 
to a diameter, let us place the origin of the coordinate system at the centre 
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of the sphere. Because of symmetry we have I x — I„ = I Since 2 1 € = 
= I x + I y -f I.,, I„ = f/j,. Therefore I x — ll 0 , whence 

I x = | mr 2 . (19) 

Sphere. Taking the centre of the sphere as the origin of the coordinate 
system, we have because of symmetry as before I x = 1 1 0 . Let us calcu¬ 
late the moment I a by proceeding as in the case of the circle, i. e. dividing 
the sphere into layers by means of concentric spheres. We obtain 

I 0 = fmr 2 and I x = -fmr 2 . 

Cylinder of revolution. Let us denote the radius 
of the base by r and the altitude of the cylinder 
by h (Fig. 126). Let us take the centre of the axis 
of the cylinder as the origin of the coordinate 
system, and the axis of the cylinder as the z-axis. 

In order to calculate I z , let us proceed as in 
the case of the circle, i. e. let us divide the cylinder 
into layers by means of cylinders whose bases are 
concentric with the base of the cylinder. We obtain 

Fig. 126. 

I z = J mr (21) 

In order to calculate I x and I y , let ns cut the cylinder into slices by 
means of planes parallel to the base. Let us denote the thicknesses of the 
slices by Az u Az 2 , the coordinates of the centres of their bases by 
z v z 2 , ..., and the masses of the shoes by Am u Am,, ... The moment of 
inertia of the i-th slice with respect to a line parallel to the a:-axis and 
passing through the centre of gravity of this slice is approximately equal 
to Jdm, : r 2 (like the moment of inertia of a circle with respect to a dia¬ 
meter). Hence the moment of inertia of a slice with respect to the £-axis is 
approximately ^ArnA + Am t z f. Since Am { = r*s z Az t g , approximately 
I x = 2(|r 2 -j- z?) Atcq Az u whence, passing to the limit, we obtain 

I x = /(Jr 2 + z 2 ) r' 2 7to dz = iffbc/jhiSi* + h 2 ). 

-ih 

Since the mass of the cylinder is m — r-uigh, 

I x = -f P). (22) 

On account of symmetry we obviously have I x — I v . 

The moment of inertia of the cylinder with respect to the generatrix l 
is l t = I z -f mf-\ hence 


( 20 ) 



Jj = hnr' 2 . 


(23) 
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The 2-axis is an axis of symmetry, and hence a central axis as well. 
Because of symmetry the x and y axes are also central axes. Hence the 
ellipsoid of inertia has the equation I x x 2 -f I„y 2 -f / Z z 2 = c 2 , whence be¬ 
cause of (22) xym(3r 2 -f- h 2 )(x 2 -f y 2 ) + |mr 2 z 2 = c 2 and hence 

(* / f) 2 + (y / r) 2 + (z / ]/|(3 r 2 -j- k 2 )) = P, (24) 

where P is an arbitrary constant. 

_ The ellipsoid of inertia is therefore an ellipsoid of revolution. When 
r\j 3 = h, the ellipsoid is a, sphere. 

Cone of revolution. Let us denote the radius of 
the base by r and the altitude of the cone by h. Let 
us place the origin 0 of the coordinate system at 
the vertex of the cone, and let us take the axis of the 
cone as the z-axis (Fig. 127). 

As an axis of symmetry it is also a central axis 
of inertia, and hence by theorem 2°, p. 165, the prin¬ 
cipal axis of inertia at the point 0. Because of sym¬ 
metry the x and y axes are also principal axes of 
inertia at the point 0. 

Let us cut the cone into slices of thickness Az t be means of planes 
parallel to the base. The moment of inertia of the i-th slice with respect 
to the z-axis is approximately Atn^f / 2 (like the moment of inertia of a 
cylinder with respect to the axis), where denotes the radius of the lower 
base of the i-th slice. Let z { denote the coordinate of the centre of the 
lower base of the i -th slice; then r,- j t = z$ / D, whence 

n = / h. (25) 

Since Am f = rpx As { g approximately, by (25) we have 

Pm,r t 2 = i(r j Ji)* zcgzf Az { , ' (26) 

whence I z = S-|(r / h) i 7igz\ Az { approximately. Passing to the limit, we 
obtain 

h 

I z = fi(r j h)* ngz* dz = j^^hng. 
o 

The mass of the cone is ?n — hence 

Iz = i 3 o mr'K ' ■ (27) 

In order to. calculate I x , let us note that the moment of inertia of 
the % tb slice with respect to a line parallel to the a;-axis and passing 
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through the centre of gravity of this slice is approximately" \Am t i f. 
Therefore with respect to the rr-axis it is \Amy1 -j- Ampf. By (25) and 
(26) this sum is equal to J( r / Kfzigzl{4, -f (r / k ) 2 ) Az t = day, or I x is 
approximately equal to S/1%, Passing to the limit, we obtain 

h 

Ix = /[if 2- / W yrgs 4 (4 + (r / A) 2 )] dz == ■j 1 or 2 rro(4A ! -f >*) K 
o 

whence 

Ix = -f- 4A 2 ). (28) 

Obviously I x = 

Let f denote the angle between the z-axis and the generatrix l (lying 
in the rz-piane). Since the x. y, z axes are principal axes of inertia at O, 
by formula (I), p. 162, I t = I r cos 2 * + I y cos 2 /? — I. cos -?y, where x, ft, y 
denote the angles between the generatrix l and the axes of the coordinate 
system. We have * = \zi — <p, j3 = -Jsr, and y — <p, whence 

Ii—I x sin 2 y + l z cos 2 <p, 
and hence by (27) and (28) 

Ii = -To»i[(r 2 + 4A 2 ) sin% + 2r 2 cosV]. 


(29) 
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SYSTEMS OF MATERIAL POINTS 

§ I. Equations of motion. Let there be given a system of material 
points of masses m lt m 2 , ..m n . Let ns denote the sums of the forces act¬ 
ing on the individual points by P 1; P 2 , ..P„, and the accelerations of 
these points with respect to an inertial system of coordinates by p lt p 2 , 
p n . Then according to Newton’s law: 

m iPi = P l( m 2 p 2 = P 2 , .. m n p n = P„. 

We write these equations opmpactly as 

m i p i = P i (i = 1, 2, .... n). (I) 

Let the point m t have the coordinates x { , y u z t . Equations (I) can be 
written in the form: 

m i x t ^ : -x'- m iVi = ^i•/ (i — 1) ■ ■ • , n). (II) 

Unconstrained systems. We assume that the forces P 1; P 2 , P r in 
the most general case, depend on the time, position, and acceleration, of 
the system of points. We shall therefore suppose that the forces are 
functions of: the time t, the variables y 1: a 1; .. x m y m z n defining the 
positions of the points, as well as the variables y{,z \, ..., y n , 24 
defining the velocities of the points. Hence we can write: 

^ =>i x i/l> • • ■! %n> Vm z n> Hi Vli 2 1> ■ • •> Hi’ Vn’ *«)> 

and similarly P iy = 0,., P i% = W t . 

Y e shall assume that the functions P (x , P iy and P tz are continuous 

and that they have continuous first partial derivatives with respect to 
each variable. 

Equations (H) are called Newton’s equations of motion. 

They constitute a system of differential equations of the second order. 
From the theory of differential equations it follows that equations (II) 
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determine the motion of the system of points if there are given at the 
initial moment t = t 0l the initial positions of the points (i. e. coordinates 
£j, y\, 2®,..., 2“), and the initial velocities (i. e. xf, yf, zf s ..., 2; 0 ). 

Internal and external forces. The forces acting on the points of a 
system are divided into two groups. 

In the first group are included those forces which arise from the 
mutual interactions of the points of the system. These forces are called 
internal forces. 

The remaining forces are called external forces. 

The internal forces are assumed to conform to the law of action and 
reaction (p. 72). 

Let us consider the pair of forces which the two points ml and m " of 
a system exert on each other. The sum of these forces is zero, and because 
they act along the line joining the points ml and m", their moment with 
respect to an arbitrary point is zero. Since the internal forces can be 
grouped in such pairs, the sum and the total moment of the internal, forces are 
zero. 

Equilibrium of a system of points. A system of points is in equi¬ 
librium if each point is in equilibrium. 

Therefore, if a system of points is in equilibrium, then the sum of 
the forces acting on each point is equal to zero. A system of forces having 
this property is said to he in equilibrium or that the forces of this systems 
balance each other. 

Let a given system of forces he in equilibrium. Let us consider the 
forces of this system acting on an arbitrary material point. Since the sum 
of these forces as well as the total moment with respect to an arbitrary 
point of space are equal to zero, the given system is equipollent to zero 

(p. 22). 

Hence: if the forces acting on a material system of points balance each 
other, then the sum of these forces and the total moment are zero. 

This condition is a necessary condition for equilibrium of forces, 
hut it is not a sufficient condition. Since the internal forces have 
a sum and total moment equal to zero, from the given condition it follows 
that if a system of material points is in equilibrium , then the sum and the 
total moment of the external forces are zero. 

This condition, as the preceding one, is only a necessary condition 
for the equilibrium of a system. 
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D’Alembert’s principle. We can write equations (T), p. 186, in the 

form 

+ (— Mipt) = 0 (i= 1 , 2 , ..., n ). 

We have called the vectors — mPi forces of inertia of the points ro f 
(p. 73). We can therefore say that the, forces of inertia balance the forces 
acting on a system of points. 

The above theorem is called d’Alembert’s principle. 

The significance of this principle appears chiefly in systems of 
constrained points which we shall consider further on. It is necessary to 
remember what we have said on p. 73, that forces of inertia are not forces, 
but vectors, which we have called forces only for the sake of convenience. 

Example!. Two points A x , A s of masses m,, rn 2 , attracting each 
other with a force P according to Newton’s law, move along the rs-axis. 
Hence |P| = Km 1 m 2 [ r E , where r = A X A % . Denoting the coordinates of the 
points by aq and x 2 (x t < x 2 ) (Fig. 128), we obtain the equations of 
motion in the form: 

m^x'p — Km x m % / {x s ■— aq) a , = — Km x m 2 / (* 2 — ah) 2 . (1) 

0 

X, P r -P x, x 

Pig. 128. 

Let us suppose that at the time t — 0, x x = *i> *2 = *'!> x \ = 0. 
*2= 0. Adding equations (1), we get m x x'{ + mpcp = 0, whence after 
integrating 

m x x x -f- = a > frhPh + m 2*2 = at -j- b. 

In view of the initial conditions we obtain a = 0, and b — m x x\ + 
+ Therefore: 

mpx\ + m 2 *j = 0> m x x x + m 2 x 2 = m]X X -j- m$c%. (2) 

From equations (1) we obtain in addition 

*2 — = — A(mi + m 2 ) / (* 2 — ah) 2 - ( 3 ) 

Let us set x t — % = r, and K(m x + m 2 ) = h. We get r • = — h j r 2 . 
Multiplying both sides by r and integrating, we obtain Jr 2 = h j r + c. 
Since at t = 0, r = *j° •—- xf = 0 as well as r = x° 2 — xf = r 0 , it 
follows that c = — h / r 0 . Therefore -Jr 4 = h / r — h j r 0 , whence 

r■ = — ]/2A(l jr— If rjjj. (4) 

We have taken the minus sign because the points will come closer to 
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each other, and hence r will become smaller, whence r < 0. From (4) 
we get 


dr 


: = df; hence 


1/271(1 jr — 1 /r 0 ) 

After integrating we obtain 

i|L 


-/ 


dr 


J/2A(l/r—1/r,) 


J -c' = t. 


2}V 0 r -—■ r 2 -f r 0 arc sin. — 


•2 r 


+ c' = t. 


(5) 


Since r — r Q at t = 0, 


7cr, 


ol-To 




( 6 ) 


The time T at which the points meet is obtained from (5) by setting 
r = 0. Therefore 

roR 


in ~=- = 




}l2h 2j\j2K(m x -f- m 2 ) 


We obtain T — 3055 sec for m 1 = m 2 = 1 g, r 6 = 1cm and 
K = 6.6 - 10~ 8 cm® g —1 sec -2 . 

Formulae (2), (5) and (6) (where r = x 2 — x x ) determine the motion 
of the points. 

Constrained systems. If conditions exist which limit the possible 
motion of a system of material points, then it is called a constrained system 
and the limiting conditions are called constraints. As in the case of one 
constrained point, we assume that the constraints are the result of certain 
forces termed reactions, which cause the system to maintain the con¬ 
straints. 

If the forces of reaction are added to the forces acting on the points 
of a system, then the system can he considered as unconstrained. In this 
way the investigation of motions of constrained systems is reduced to the 
investigation of motions of unconstrained systems. 

Therefore, if forces {PJ act on a system of points of masses {?»,-}, 
then, denoting the reactions by {Rf}, we have 

•nip, = Pi + R{ (i = 1,2, .. to). (Ill) 

In particular, a constrained system is in equilibrium if the acting 
forces and the reactions balance each other. 

The constraints of a system can be such that some points must con¬ 
stantly remain on certain curves or surfaces. In addition to this kind of 
constraints, already considered (ef. p. 121), we also meet with others. 
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For instance, two material points can be joined by an inextensibie string 
of length l; consequently the distance between the points must be con¬ 
stantly < Z. The string acts on the points only when it is in tension (Fig. 
129). If we assume that the mass of the string is so small that it can 
be neglected, then the forces that the string exerts 
on the points will he of equal magnitude, even if 
the string is wound around some body (Fig. 129) 

_ provided that there is no friction. These 

forces are obviously reactions. The reactions are 
tangent to the string and have a sense in the 'di¬ 
rection of the string. 

Rigid system. An important example of a constrained system of 
points is the so-called rigid system. It is a constrained system whose con¬ 
straints are such that th© mutual distances of the points of the system 
remain unchanged. Let us suppose that in this case there appear certain 
internal forces (i. e. forces acting between the points of the system) which 
cause the points to maintain constant distances in spite of the actions of 
external forces. 

A solid physical body will in general be deformed, i. e. it will change 
its form under the influence of forces acting on it. It can happen., however, 
that when the forces do not exceed a certain limit, the deformations are so 
small that, practically, we can disregard them. In this case, as a model of 
such a body acted upon by small forces, we can choose a system of points 
which we have called a rigid system. The results that we shall obtain will 
then be approximately valid for a physical body. Thus we can apply 
to solid physical bodies the theorems that we shall obtain for rigid 
systems. Because of the important role that the theory of rigid body 
plays, we shall concern ourselves with this theory in all detail in chapter 
VI. In this chapter we shall limit ourselves to giving only a few examples 
based on the general theory of a system of points. 

The simplest example of a rigid system is a system composed of two 
material points whose distance r is constant. 

We can realize such a system by joining two material points with a 
rigid rod of a small mass, which in comparison with the masses of the 
points themselves, can he neglected. We then say that the points are 
joined by a rigid massless rod. In this manner the internal forces between 
the points are replaced by forces with which the rod reacts on these points. 
These forces are therefore equal in magnitude, have the direction of the 
rod, hut opposite senses. 



Fig. 129. 
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Example 2. Two heavy material points of masses nq and are 
connected by a (massless) inextensibie string passing over a pulley. Point 
jk 2 must remain on a straight vertical line l. What angle <p does the string 
make with the line i in the position of equilibrium if there is no 
friction? 

The forces acting on the point wq are: the tension T of the string 
directed vertically upwards, and the weight m r g directed vertically down¬ 
wards (Fig. 130). Therefore T — rnyj = 0, and hence 

T = JJljgr. (7) 


a 



The forces acting on the point ?n 2 are: the tension T of the string 
directed along the string, the weight mgj directed vertically downwards, 
and the reaction R perpendicular to the line l. Forming the projections of 
the forces on the line Z, we get T cos cp — mgj = 0, and hence 

T cos cp — m 2 g. (8) 

From equations (7) and (8) we obtain 
cos 9 9 = «i 2 / %. 

Equilibrium is therefore possible only when m s < m t . 

Example 3. Heavy material points A x and A s of masses rn lt m t are 
connected by a massless inextensibie string. Point A, is suspended from 
the string 0A t which is also massless and inextensibie. The entire system 
rotates about a vertical axis with a constant angular velocity <x>, while 
the angles a and /?, which the strings OA 1 and AjA 2 form with the ver¬ 
tical, do not undergo any change during this rotation. To determine the 
angles * and /?. 

Let us choose the point 0 as the origin of the moving frame ( x , y, z) 
rotating about the vertical 2-axis withanangular velocity &> (Fig. 131). We 
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can suppose that the point A x is always situated in the as-plane. Since the 
angle » is constant, the point A x is in relative equilibrium with respect to 
the frame {x,y>z). 

We shall first show that the point A 2 is also situated in the xz-plane. 

Since the point A x is in relative equilibrium, its force of transport 
pW.ig in equibbrium with the acting forces, i. e. with the weight Q x , the 
reaction Rj of the string OA x , and the reaction R 2 of the string A x A t . 
Therefore 

P t (1) + Q x + Rx + R 2 = 0. (9) 

From this equation it follows that R 2 = — P| 15 — Q x — R x . As the 
forces —Pf ) ,— Q x , and —R 1 , lie in the scz-plane, R a also lies in the 
£Bs-plane. In addition, since R 2 has the direction of the string A X A S , the 
string A X A 2 also lies in the rrz-plane; therefore the point A 2 likewise lies in 
the a;2-plarie. 

Let us proceed to determine the angles cc and ft. In view of the 
fact that the angles are constant, and that the lengths OA x and A x A a also 
remain unchanged, it follows that the point A 2 is likewise in relative 
equilibrium with respect to the frame (%, y, z). Denoting its force of 
transport by Pf* and its weight by Q 2 , we obtain 

P^+Qz-R 2 =0. (10) 

Let us denote the distances of the points A x and' A 2 from the axis of 
revolution by r L and r 2 . We have: 

r x = OA x sina, r 2 = OA x sina -j- A X A 2 sin ft, (11) 
|P{ 1} | = m x r x o^, |Pf 5 | = m 2 r 2 co 2 . (12) 

Let us form the projections of (9) and (10) on the x and 2 axes. 
Putting B x — |Rj_| and 22 2 = |R 2 [, we get: 

m x r x oA — B x since -j- B 2 shift = 0, —m, x g -f B x cos«—J? 2 cos ft = 0, (13) 
m 2 r 2 oA — B 2 sin/? = 0, -— m^g + B 2 cos ft = 0. (14) 

From equations (13) and (14) we obtain 
tan « = ( m x r -j- m 2 r 2 ) co 2 / ( m 1 + mft) g, tan ft — r 2 cu 2 / g. (15) 

If we denote the distance of the centre of mass 8 of system of points 
A x , A % from the axis of rotation z by r 0l then we obtain (m x + = 

= m x r x + 2 r 2 , whence by (15) tana = r 0 co 2 / g, and as r x < r 0 < r 2) we 

have tan a < tan/? or a < ft. 

Knowing 0A X and A X A 2 , we find a and ft from equations (11) and 

(15). 
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Example 4. Atwood’s machine. At the ends of a string (inextensible, 
massless), parsing over a pulley (massless), are suspended two heavy ma¬ 
terial points of masses m x and m % (Fig. 132). Let us assume that both 
points move vertically. Since the string is inextensible, the paths 
traversed by both points are equal. Therefore the accelerations and velo¬ 
cities of both points are equal in magnitude, hut they have opposite 
senses. Let us denote by p the projection of the acceleration of m x on the 
z-axis directed vertically downwards. Let B denote the absolute value 
of the force with which the string acts on the points m x and m 2 . The 
weight and the reaction of the string acts on the point m x . Therefore 


mpp — m i9 — R- 

Similarly, for the point m 2 we obtain 
— m^p = — B. 

From equations (16) and (17) we get 

m x — „ 2 m,m 2 

p = —— - -q, R = - i — —q. 

m x - s r m t m x -J- m 2 

Hence the points will move with a cons 
ration. 

From equation (18) we get (m 1 -j- m 2 ) p = 

Therefore the acceleration is such as if a force m x g — 711 $, i. e. a force 
equal to the difference of the weights, were acting on a material point of 
mass m x -j- m 2 . 

If m 1 > m 2> then p > 0, which means that the acceleration of the 
point m x is directed downwards and that of the point m 2 upwards. 

If m x = «i 2 , then p = 0, which means that the points move with 
uniform motion. 

Example 5. Two heavy points of masses m 1 &ndm 2 , connected by an 
inextensible and massless string, move in a Vertical plane along two lines 
l x and l 2 . The tension of the string T x , the weight m x g, and the reaction of 
the line R x act on the point m x . Similarly, the forces T 2 . m 2 g s and R 2 aet on 
the point m 2 . Let us assume that there is no friction and therefore that R x 
and R 2 are perpendicular to the lines l x and Z 2 , respectively (Fig. 133). 

Since the string is inextensible, the paths traversed by both points 
will be equal, and the acceleration will then he equal in magnitude. 



m x g — 


Eig. 132 . 
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Let and l 2 be given downward senses. Let p denote the component 
(with, respect to If) of the acceleration of the point mp therefore the com¬ 
ponent (with respect to If) of the acceleration of the point is — p. The 
forces T x and T 2 are equal in magnitude; set T = [T-,^1 = |T a |. Let us denote 
the angles made by \ and Z 2 with the horizontal by % and cc 2 . Forming 
the projection on the lines and l 2 , we obtain m x p = —■ T -f m^g sin«j, 
and —- mpp = — T -j- m 2 g sin tx 2 , whence 

m 1 sin « x — masinaj 


Hence the points will move along the lines with uniformly accelerated 
motion. 



§ 2. Motion of the centre of mass. Kinematic properties of the centre 
of mass. Let there be given a system of material points A x , A s , ... of mas¬ 
ses m t , m 2 ,..., whose centre of mass is the point 8 {Fig. 134). Letus select 
an arbitrary point 0. Pnt m = Hm { as well as: 

r 0 =O8, r, = OA, (*=1,2,...). 

In terms of the above notation the following equation holds 

mr 0 = (I) 

Proof. Let us choose arbitrarily a system of coordinates with its 
origin at 0. If x { , y t , z t denote the coordinates of the point A { , and x 0 , y 0 , z 0 
the coordinates of the centre 8, then by (II), p. 153, 

mx 0 = my a = Smft, mz a = ( 1 ) 

_ S irlce the vector r, has the projections x t , y { , z t , and r 0 has the 
projections y 0 , z 0 , equation (I) is only the vector form of the equalities 
( 1 ). 

Let us take the derivative of both sides of the equality (I) with 
lespect to time; we obtain ro,r‘ = Sm 4 r{. Since r i denotes the velocity v t 
of the point A (l and r * the velocity v 0 of the centre of mass S with respect 
to the system 0(x, y, z), 
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The vector mv ( is the momentum (p. 72) of the point A t . The right 
side of the equality (II) therefore denotes the sum of the momenta of the 
separate points of the system . TMs sum is called the (total) momentum of 
the system. 

The vector rav 0 can be considered as the momentum of a material 
point, having a mass equal to the total mass of the system, situated at the 
centre of mass (and moving together with the centre of mass). 

Therefore: the (total) momentum of a system is equal to the momentum 
of the total mass situated at the centre of mass. 

Let us differentiate both sides of equation (II) with respect to the 
time t. We get mv‘ 0 — Amy). But denotes the acceleration of the 
point A { , and vj the acceleration p 0 of the centre of mass 8. Hence 

nip o = hniipi. (HI) 

We have called the vector — nitf, the force of inertia of the point A t 
(pp. 73 and 188). 

Therefore: the sum of the forces of inertia of the points of a system is 
equal to the force of inertia of the total mass of the system situated at the centre 
of mass. 

Remark. Forming the projections on the axes of the coordinate 
system, we obtain from equations (II) and (III): 

mx j = Swi.-sct, my a = mz‘ t = Am zip (II') 

mx- a - = my a - = S mpyp, mzp = (HI') 

Resultant of a system of weights. Let a system of points A lt A 2 , ... 
of masses %, m 2 , ... be situated, in a gravitational force field. Let us 
denote the gravitational acceleration vector by g and the centre of^mass 
by 8. Let 0 be an arbitrary point. As before, let us put r 0 = 08 and 
r . = 61.. for i = 1, 2, ... The total moment of the weights with respect to 
-6 is M = (myg X r.f) + (mg X r») + ...; therefore 
M = g X (m 1 r l + «Wss + ■ • •)» 
whence by (I), p. 194, 

M = g X mr 0 = mg X r 0 . ( 2 ) 

In particular, if the point 0 coincides with S, then r 0 = 0, whence 
by (2) M = 0. 

Therefore: the total moment of the weights of the points of a system with 
respect to the centre of mass is zero. 

Since the weights form a system of parallel forces having the same 
direction, this system has a resultant (p. 26). The resultant passes through 
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the centre of mass because the total moment with respect to the centre of 
mass is zero. 

Dynamic properties of the centre of mass. Let the forces P { act on 
the material points m { of a given system. Let ns denote the acceleration 
of the point m t by and the acceleration of the centre of mass of this 
system of points with respect to an inertial system of coordinates by p 0 . 
By formula (III), p. 195 ; we have mp 0 = 2m,-p,-, where » = Sot,,-. Since 
Mfpi — Pi it follows that mp 0 = SP,-, whence 

mp 0 = P, where P = SP,-. (IV) 

Therefore: the centre of mass of a system of points moves so as if the total 
mass of the system were concentrated there and the sum of all the forces acted 
there. 

Equation (IV) can be written in the form d(mv 0 ) / d t = P. 

Hence: the derivative of the momentum of a system is equal to the sum of 
all the acting forces. 

If the sum of the forces acting on the points of a system is equal to 
zero, i. e. if P = 0, then by (IV) we have mp 0 = 0, i. e. p 0 = 0. If the sum P 
is constantly zero, then p 0 = 0 constantly, and hence the velocity v 0 of the 
centre of mass is constant. The centre of mass is then at rest or in uniform 
motion along a straight line. Let us note that by (II), p. 194, mv 0 = 
= S mprg, hence in this case the total momentum (or quantity of motion) 
of the system is a constant vector. 

Therefore: if the sum of the forces acting on a system of points is 
constantly equal to zero, then the centre of mass is at rest or in uniform motion 
along a straight line and the total momentum of the system is a constant vector. 

This theorem is known as the principle of conservation of momen¬ 
tum or of quantity of motion. 

As we know (p. 187), the sum of the internal forces is always zero; 
therefore the sum of all the forces acting on the points of a system is equal' 
to the sum of the external forces. We can therefore replace the sum of the 
forces by the sum of the external forces in the theorems given. 

Let us denote the sum of the external forces by P <e) . By (IV) 

mp 0 = PW (V) 

If no external forces are acting on a system, then p 0 = 0, and hence 
= const. We can therefore say that the internal forces cannot change ike 
velocity of the centre of mass either as to magnitude or as to direction. 

Let us consider the solar system (i. e. the system composed of the sun and pla¬ 
nets). The forces with which the fixed stars attract the bodies of the solar system 
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can lie neglected since these forces are very small because of the immense distances 
of the fixed stars from the solar system. "We can therefore assume that only the 
internal forces with which the bodies attract each other according to Newton's law 
(p. 89) aet on the bodies of the solar system. It follows from this that relative to 
the fixed stars the centre of mass of the solar system is at rest or moves with uni¬ 
form motion along a straight line. 

Suppose that we are inquiring into the motion of a system of points 
in a gravitational field. The sum of the weights is m x g + m^g + ... = mg. 
The centre S of mass will therefore move like a material point of mass m 
under the influence of the weight mg, i. e. along a straight line or a para¬ 
bola until the moment when at least one of the points of the system 
touches the ground. Eor at this moment a new external force appears 
resulting from the collision of the point with the earth. 

Examples. 1. The centre of mass of a projectile travels along a parabola even 
when the projectile explodes and bursts. The motion of the centre of mass will not be 
disturbed by this, since the explosion takes place under the influence of internal 
forces. Only when one of the fragments falls to the earth will the motion of the 
centre of mass undergo a change. 

2. If a person is on a smooth horizontal plane (e. g. on ice) the external forces 
are the reaction of the plane and his weight; both forces are directed vertically. 
If the person was at rest initially, then as long as other external forces do not 
appear, the centre of mass wiE only be able to move vertically. The motions which 
a person executes by means of muscular action occur under the influence of internal 
forces, and hence cannot influence the motion of the centre of mass in the horizontal 
direction. Therefore, if there were no friction, walking would be impossible. 

If at some moment a certain part of a system of points changes its 
momentum under the influence of internal forces, then the momentum of 
the remaining part experiences simultaneously a change equal in magnit¬ 
ude and direction, but opposite in sense. Tins is so because the internal 
forces cannot change the total momentum. Denoting the masses of the 
first and second parts by m! and m", and the changes of the velocities 
of the centres of these masses by and v' a , we obtain mV' + mVj = 0, 
whence |Vq| / lv„| = m" / m'. 

Therefore: the change of the velocities of the centres of mass is inversely 
proportional to the masses of both parts of the system. 

This explains the recoil of a cannon after it has been fired. Similarly, if a person 
starts to run along the deck of a boat, the boat begins to move in the opposite 
direction. The velocities of the boat and the person will be inversely' proportional 
to their masses. 

Example I. One end of a heavy rod AB (of constant density) rests on. 
a smooth horizontal plane IJ (Fig. 135). The external forces are the 
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weight and the reaction at the point A\ both forces are vertical. There¬ 
fore, if the rod was at rest initially, then under the influence of the exter¬ 
nal forces, whose sum is directed vertically, the rod will move in such a 
way that the centre S of its mass will fall vertically. 

Let us choose the intersection of the vertical 
plane (passing through the rod) with the plane 17 as 
the *-axis. As the y -axis let us take the vertical along 
which the centre of gravity moves. Put AB = Zand 
denote the angle which AB makes with the a;-axis by 
«. Denoting the coordinates of the point B\>yx and y, 
we obtain: x = cos x, and y = l sin a, whence 

(x/w + (yl *)*=!• 

The end of the rod B will therefore move along an ellipse with axes l 
and 21. 

Example 2. Let a system of points A r , A s> ... of masses m x , m 2 , ... 
move in a central field (p. 101) of elastic forces (p. 110) proportional to the 
masses. Let 0 be the centre of the field. Set 0A 1 = r v OA 2 = r 2 , etc. 
Denoting the forces acting on the points A v A 2 , ... by P lt P 2 ,... and 
putting P = P x -f- P a -j- ..., we obtain P x — — 2. a tn 1 r J , P 2 = — etc., 
whence P — —/^(m^ -j- -j- ...). Denoting the center of the total 

mass m by S and setting OS — r 0 , we obtain by (I), p. 194, 

P — )?mr a . 

Therefore the centre of mass will move just like a material point os 
mass m subjected to the action of an elastic force P. The centre of masf 
will therefore move with plane harmonic motion along a straight line or 
an ellipse (p. 113). 

§ 3. Moment of momentum. Angular momentum with respect to a 
point. Let a system of points A v A z ,... of masses m la m 2 , ... and total 
mass to be given. Let us consider a system of momenta i. e. of vectors 
m i v i> »L v 2 » • • • with initial points at A x , A t> ... 

The total moment of a system of momenta with respect to an 
arbitrary point A is called the angular momentum or 
the moment of momentum of the system with res¬ 
pect to A. 

Therefore the angular momentum K with respect 
to A is 


Pig. 136. 



!/ 



K = SMom i (m i r i ). 
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Setting r t = AA it we obtain 

K = 'Z(m, i v i x r t ) (1) 

If r h f are the coordinates of the point A and y t , z t the coordin¬ 
ates of the point A ( , then the projections of the angular momentum on the 
coordinate axes are 

X x = 'Lm i [y i {z ( — f) — a i{y t — ??)], 

K y = 'Lm t [zi(z i — f) — Xf(Zi — f)]. (!) 

K„ = Amlx-fyi rf) — y.(x t — £)]. 

In particular, when | = jj = f = 0, we have 

K x = S mfyfZi — z$ji), Ky = Umlzpi — *£**•)> 

K* = — yp s ). 

Let S be the centre of mass (Mg. 136). Put AS = r 0 and SA t = p ( 
for i = 1, 2, ... We have r, = p,- + r 0 . Therefore by (1) the angular mo¬ 
mentum with respect to A is 

K = X (pi + r 0 ) = ETOjV f X p< + (STO 4 Vi) X r 0 . 

The first term of the last member is the angular momentum of the 
centre of mass. This angular momentum we denote by K„. Since T l m i v ( — 
= mv 0 (where v 0 denotes the velocity of the centre of mass), 

K — K g + wiv 0 X r 0 . (2) 

Let us note that mv a X r 0 is the moment with respect to A of the 
total momentum whose point of application is at the centre of mass. 

Formula (2) follows directly from the theorem on p. 20 concerning 
the change of the total moment of a system of vectors. 

Angular momentum in an advancing motion. Let us assume that 
a system of points moves with an advancing motion with a velocity v, 
i. e. that all points move with a velocity v. 

The angular momentum with respect to an arbitrary point A is there¬ 
fore according to (2) K = S(m i v x r.) = S(v X m t r { ) = v X Sro.-r,, But 
by (I), p. 194, 2m t r, = mr 0 . Hence K = v X mr a , or 

K = TOV x r„. ( 3 ) 

Therefore: the angular momentum of a system of points moving with 
an advancing motion relative to a certain point A is equal to the moment with 
respect to A of the total momentum whose point of application is at the centre 
of mass of the system. 
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In particular, if the point A coincides with the centre of mass, then 
we have r 0 = 0, and hence K = 0. Hence: the angular momentum with 
respect to the centre of mass in an advancing motion is equal to zero. 

It follows from this (p. 26) that a system of momenta in an advancing 
motion has a resultant whose origin is at the centre of mass of the system. 

Afigular momentum in a motion relative to the centre of mass. Let a 
system of coordinates 0(x, y, z) move with an advancing motion with 
a velocity u. Denoting the relative velocities of the points A x , A 2 , ... by 
Wj, w a , ..., the relative velocity of the centre of their mass S by w 0 , the 
angular momentum of the relative motion by K r , and the angular mo¬ 
mentum of the absolute motion of the system of these points with respect 
to 0 by K a , we obtain 

K r — i: m x w x X OA x -j- m 2 w 2 X OA 2 -j- .,. 

Sine© wq = v x — u, w 2 = v 2 — u, .. 

K r = (mpf 1 x OAf + m 2 v 2 X 0A 2 + ...) — u x (m^Al + m 2 OA 2 + ...). 

The expression enclosed in the first parenthesis is equal to K a ; the 
expression enclosed in the second parenthesis is m • OS (p. 194). Therefore 

K r = K,. — mu X OS. ( 4 ) 

In particular, if the origin 0 of the moving system of coordinates is 
chosen at the centre of mass S of the system of points A x , A 2 , .. then 
OS = 0, whence by (4) K, = K a . 

Therefore, if we are investigating the motion of a system with respect 
to the centre of mass, then the angular momenta with respect to the centre of 
mass in relative and absolute motion are equal. 

Angular momentum with respect to an axis. The total moment of 
momenta of a system of points with respect to a certain axis is called the 
angular momentum of a system with respect to this axis. 

Formulae (I) represent the angular momenta of a system of points 
with respect to axes parallel to the *, y , z axes and passing through the 
point A, while formulae (I') represent the angular momenta with respect 
to the x, y and z axes. Let us consider the angular momentum with respect 
to the y-axis 

E y = E — x'ft). 

. Denotin g b y s < the area, l velocity (p. 47) of the motion which the 
projection of the point A { executes in the vertical * 2 -plane, we obtain 
from formula (H), p. 48, S { = }(z iXi — therefore 

K v = 22?^$*. 
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Hence: the angular momentum with respect to a certain axis is equal 
to twice the sum of the products of the masses and the areal velocities of the 
motions vihich the projections of the points execute on a plane qierpendicidar 
to this axis: 

E = 2 UniiSi. (5) 

If we introduce the polar coordinates r, <p in the plane perpendicular 
to the axis, then by (I), p. 47, we obtain = \r\cp\, and hence 

E = Sm £ rpp-. (6) 

Let a system of points rotate about a certain axis with an angular 
velocity co. We then have <pi = q>' % = ... = o>. Therefore K = Em^lco = 
= co Stivf. Since 'Zrn i rf = I, where I is the moment of inertia with res¬ 
pect to the axis of rotation, 

K = Iw. (7) 

Therefore: if a system of points rotates about a certain axis, then the, 
angular momentum with respect to the axis of rotation is equal to the prroduet 
of the angular velocity and the moment of inertia with respect to the axis of 
rotation. 

Dynamic properties of angular momentum. Let A be an arbitrary 
point which is either fixed or in motion (Fig. 137). Denote the vectors 
AA { by r it the vectors OA t by p 4 (where O is the origin of the inertial 
system of coordinates), the vector OA by p, and the velocity of the point 
A by u. Therefore: 

p- = u and p) = v t 

Let K be the angular momentum with respect 
to A. By (1), p. 199, K = S(m t Y f x r.) . Denoting 
the accelerations of the points A ( by p„ we obt ain 
after differentiating with respect to t, 

K‘ = IKniipi x rjj + S (miYi + rj). (9) 

But r { = p { — p; hence r; = pj — p*. There¬ 
fore by (8) r'. = v. — u, and S(m,v i X r' { ) = 

= 2(m f v< X v t ) — S(m ( v t - X u), But v { X v, = 0, and Em.-v,- = mv B , 
where v 0 denotes the velocity of the centre of mass. Therefore 

2(m,-v f x r:) = — mv 0 x u. (10) 

If the force P t acts on the point A,-, then m t Pi = P„ and therefore 
tn.-p; x r, = P { x r, = Mom^P,. Hence, if M is the total moment of the 


(i = 1, 2, ...). (8) 
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forces with respect .to A, then X r t = X r< = MoiiijP, = M. 

This formula together with formula (10) gives by (9) 

K" = M — mv 0 X u. (II) 

The expression v 0 x u will be zero if we assume that the point A is 
at rest (hence that u = 0), or that A coincides with the centre of mass 
(hence that u = v 0 ). In both instances we obtain 

fC = M. (Ill) 

Therefore: the derivative of the angular momentum (with respect to a 
fixed point or a centre of mass) is equal to the total moment of the acting 
forces. 

Forming the projections on a fixed axis or on one passing through the 
centre of mass and not changing its direction, we conclude from formula 
(III) that the derivative of the angular momentum with respect to a fixed axis 
[or to one passing through the centre of mass and not changing its direction) is 
equal to the total moment of the forces with respect to this axis. 

In particular, if the total moment of the forces with respect to a 
certain fixed point or with respect to the centre of mass is constantly zero, 
then the derivative of the angular momentum is zero, i. e. the angular 
momentum is a constant vector. 

Therefore: if the total moment of the forces (with respect to a certain 
fixed point or the centre of mass) is constantly zero, then the angular momen¬ 
tum is a constant vector. 

The preceding theorem is known as the principle of conservation of 
angular momentum. 

A similar theorem is obtained for the angular moment um with res¬ 
pect to an axis. 

Therefore: if the moment of the forces with respect to a certain fixed axis 
{or one passing through the centre of mass and not changing its direction ) is 
constantly zero, then the angular momentum with respect to this axis is con¬ 
stant. 

The angular momentum by formula (5), p. 201, is K — 22 mSu 
where S t denote the areal velocities of the motions executed by the 
projections on the plane U perpendicular to the axis. Therefore, if the 
angular momentum is constant, then 

= c = const. (11) 

Let us note that 

a, = JS t d t 

t. 


im 
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represents the area swept out in the plane II by the projection on it of the 
radius vector r t of the point A t from the time t„ to t. Therefore by (11) 

• £wi ( a, «= c(t — i 0 ). (12) 

Therefore: the sum of the products of the masses and areas swept out 
by the projections of the radius vectors on the plane perpendicular to the axis 
is proportional to the time. 

Because of this the principle of conservation of angular momentum is 
also known as the principle of conservation of areas. 

As we know (p. 187), the moment of the internal forces with respect 
to an arbitrary point is zero. Hence the moment of all the acting forces is 
reduced to the moment of the external forces. Therefore, if the moment of 
the external forces with respect to a certain fixed point A or the centre 
of mass is denoted by M (e) , then the equality (HI) will assume the form 

K" = M l ‘h (in') 

In the theorems given previously we can therefore replace the mo¬ 
ment of all the acting forces by the moment of the external forces. 

If no external forces act on a system of points, then the principle of 
conservation of areas (of angular momentum) obviously holds, and hence 
the angular momentum with respect to each fixed point or centre of mass is 
then a constant vector. Since the angular momentum with respect to each 
fixed axis (or one passing through the centre of mass and not changing its 
direction) is then constant, equations (11) and (12) hold for motions which 
are executed by the projections of the points on an arbitrary fixed plane 
(or on one moving together with the centre of mass and not changing, its 
direction). 

Motion in a gravitational field. Let a system of material points 
A l3 A 2 , ... of masses m x , m E , ... move in a gravitational field. If the only 
external forces are the weights of the points, then the total moment of the 
weights with respect to the centre of mass is zero (p. 195) and hence the 
angular momentum with respect to the centre of mass is constant. 

Let us assum e that a system of coordinates with its origin at the 
centre of gravity is moving with an advancing motion. In order to obtain 
the relative motion it is necessary to add to the acting forces the forces 
of transport (the force of Coriolis is zero because, by hypothesis, the system 
of coordinates is moving with an advancing motion). 

Denote the gravitational acceleration vector by g. Since the centre 
of gravity has an acceleration g, the acceleration of transport is also g. 
Therefore the force of transport for the individual points is m t g, 
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— m^g ,..., respectively. We see then that the forces of transport are 
balanced by the weights of the points. Therefore the relative motion will 
be such as if the force of gravity were not acting. If there are no exter¬ 
nal forces besides the weights, then the angular momentum with respect 
to the centre of mass in relative motion will be a constant vector, and by 
(4), p. 200, will be equal to the angular momentum with respect to the 
centre of mass in absolute motion. 

Example I. Two material points A and B of masses m 1 and m 2 joined 
by a rigid massless rod are moving in a gravitational field. Therefore 
the forces R and —R of weight and reactions of the rod act on the points 
A and B. The reactions behave just like internal forces because they act 
along the line joining these points, are equal in magnitude, and have 
opposite senses. The centre of mass will therefore move (like a material 
point of mass ~j- m i under the influence of gravity) with a vertical 
acceleration g along a straight line or along a parabola. 

Let us denote the velocities of the points A and B by v* and v 2 , and 
the centre of mass by S. The angular momentum with respect to the 
centre of mass is 


Since 


(p. 156), 


K = TOjVj x SA 4- m 2 v 2 X SB. 


( 12 ) 


8A = 


m i + m . 


AB, SB = 


8A 


m. 


-AB] SB 


m x -f- m. 




AB, 


m i + m-i m t + to 2 

from which we obtain after substituting in (12) 


AB, 


K = 


m 1 m z 
m 1 -f- m. 


Ohs 


- vA x AB. 


(13) 


Let us assume that K =j= 0; therefore K J_ AB. Since K is a constant 
vector, the segment AB (Eg. 13S) is always parallel during motion to a 
certain plane 17 perpendicular to the angular momentum K. 



Let us choose the centre of mass as the 
origin of the coordinate system ( x ', y’, z') 
moving with an advancing motion. Assume 
that the -plane is always parallel to IT. 
Therefore the z'-axis is parallel to K. The rod 
AB therefore always remains in the x'y’- plane. 
It follows from this that the relative motion of 
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tho rod A.JB will be a rotation about tlie stasis (because the point B of 
the rod is motionless relative to the frame (a:',s')). Since the angular 
momentum in relative motion is constant, the angular momentum with 
respect to the z'-axis will be, by formula ( 7 ), p. 201 , 

E-z' = I z <m — const, ( 14 ) 

where the moment of inertia 

I z ‘ = m, x AS* + m^BS* = ... A& 

m x + 

and co denotes the angular velocity. Therefore m = const. 

Hence the relative motion will be a rotation in the a:y-plane about 
the centre of mass S with a constant angular velocity. 

Rotation of a system about an axis. Let ns assume that no external 
forces act on a system of material points U. Suppose that the system was 
at rest initially, and then some part of the system XJ x began to rotate about 
a certain fixed axis l under the influence of internal forces. Let us denote 
the moment of inertia of this part of the system with respect to l by I 1: 
and the angular velocity by cq. Then its angular momentum with respect 
to the axis of rotation is K t — I 1 w v 

Since the total angular momentum of a system must he zero, because 
the internal forces cannot change the angular momentum, the remaining 
part of the system U 2 must execute a motion whose angular momentum 
with respect to the Z-axis is K % = — K ls suchthat the sum of both angular 
momenta is zero (i. e. so that K 1 -f = 0 ). Suppose that the motion of 
the other part is also a rotation about the Z-axis (this case occurs if we 
assume e. g., that both parts can only rotate about T). If we denote the 
moment of inertia of the part Z7 2 with respect to l by and its angular 
velocity by to 2 , then f ? 2 = I 2 a> 2 . 

Since K x -}- K % = 0 , 

/joq -{- I 2 o) 2 = 0. (15) 

The preceding equation expresses the relation between the angular 
velocities of both parts of the system U. Since 

Wi /q, s = —I 2 /Ij, (16) 

both parts of the system rotate in opposite directions and their angular 
velocities are in magnitude inversely proportional to the moments of 
inertia. 

Denote by <p 1 and y 2 the angles through which both parts U 1 and U z of 
the system U have turned in the time t. Since <f \ = to u and cp:, = co 2 , 
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it follows by (13), that i l9 >j + I&i = 0, whence Ixfx + X a<? J 2 = c. As¬ 
suming that 9^=0 and = 0 at the moment t = 0 , we obtain Ixfx -f- 
A'Pa = 0> b s. 

■ <Pil<P2 z = —X 2 / 7 X . (17) 

The angles of rotation are therefore in magnitude also inversely 
proportional to the moments of inertia of the two parts of the system. 

If at a certain moment <p x — (p % = 2 fat, where h is an arbitrary 
integer, then the position of the system is such as if it had turned through 
an angle <p L . 

We see then that the action of internal forces is sufficient for turning 
a system of points about an axis through an arbitrary angle 93 . Such a 
rotation can occur for instance in the following manner: one part of the 
system turns through an angle q>, and the other part through an angle 
2 ?i — (p in the opposite direction. 

This explains the fact that when a cat falls it can turn in the air in such a way 
as to fall on all fours. 

If we start to turn a material wheel about a vertical axis with an angular 
velocity <x>x on the deck of a boat, then, the boat begins to turn in the opposite 
direction with an angular velocity co 2 ; both velocities will satisfy relations (15) and 
(16), where I, and I t denote the moments of inertia of the wheel and boat respect¬ 
ively. 

Example 2. A piece of paper rests on a smooth horizontal plane; the 
paper is pierced by a pin at the point 0 so that it can only turn about this 

point. An insect A crawls over the paper 
(Fig. 139). 

The external forces acting on the system 
consisting of the paper and insect are: the re¬ 
action of the pin with its origin at the point 
0, the weight of the paper and that of the in¬ 
sect as well as the reaction of the horizontal 
plane; these orces have a vertical direction. 
The moment of these forces with respect to 
the vertical z-axis passing through 0 is there¬ 
fore equal to zero, and because of this the 
angular momentum with respect to the z-axis is constant. 

Let us assume that the insect and the piece of paper were at rest at 
t — 0 . The angular momentum with respect to the z-axis will therefore 
be constantly zero. 

Select a fixed coordinate system (x', y') in the horizontal plane and 



Moment of momentum 


207 


[ 53 ] 

a moving system (a;, y) on the piece of paper, both having a common 
origin at 0. Denote the angle between OA and x' by <p lt the angle between 
0A and x by tp, and the angle through which the paper has turned by ip, 
i. e. the angle between x and x'. Finally, let m denote the mass of the 
insect, I the moment of inertia of the paper with respect to 0 and let 
r — OA. Then the angular momentum with respect to the z-axis is 
mr 2 (p[ -f- If = 0, and since <px = cp + ip, 

mr 2 f + (mr 2 , -f- 1) f = 0 . (18) 

Let us suppose that the insect crawls along a curve whose equation 
is r = f{(p). By (18), and from the fact that f j f — dip / d?), we obtain 
dtp j dtp — i —• mr 2 / (mr 2 -f-1). Therefore, integrating from 9 > 0 to <p, wo get 

p 

/ Yf 

r d ?- < 19) 

<p* 

The difference ip — ip a represents the angle through which the paper 
has turned while the insect crawled along the curve r = f(<p) from <p D to 95 . 

We see that the angle of rotation does not depend on the velocity of 
the insect, but only on the curve along which it crawls. In particular, if 
the insect crawls along the circle r = const, then by (19) 

y—vo = — ( ff — y »)- ( 2 °) 

Angular momentum in relative motion. Let the coordinate system 
0'(x', y', z’) move relative to the inertial system of coordinates 0{x , y, z). 
Ln order to deter min e the relative motion of the system of material points 
it is necessary to add the forces of transport and Coriolis to the acting 
forces. Denote by K r the angular momentum of the relative motion with 
respect to the origin O', and by M, M . and M 0 the moments of the acting 
forces, the force of transport, and the force of Coriolis, with respect to the 
point O'. Since Newton’s laws apply to relative motion if we add the 
forces of transport and Coriolis to the acting forces (p. 135), 

K; = M + M t + M c . (21) 

This formula becomes simpler in the case when O' coincides with 
the centre of mass of a system of material points, and the system of 
coor dina tes {x, y, z) moves with an advancing motion. This is so because 
as we have proved (p. 200), in this case K r = K, where K denotes the 
angular momentum (with respect to the centre of mass) in absolute 
motion. Therefore K' r = K‘, and since K = M, we obtain 

jc; = m. 


( 22 ) 
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Hence, if we are investigating motion relative to the centre of mass, 
then the derivative of the angular momentum (with, respect to the centre of 
mass) in relative motion is equal to the moment (with respect to the centre 
of mass) of the acting forces. 

§ 4. Work and potential of a system of points. Work. Let forces 
P t , P,, ... act on the points of a system. The work of the force P, is expres¬ 
sed (p. 94) by the formula 

L t = f(F im da, + P, dy t + P iz d z t ), 

Oi 

where C 1 ,- denotes the path of the i-th point. 

The total work (or briefly the work) of the forces P lt P 2 , ... is defined as 
the sum of the works of the separate forces. 

Therefore the total work is 


L = 'Lj{P ix d^ + P< djfj + P iz da,). (I) 

c s 

The total work done by the forces from the time f 0 to t can be re¬ 
presented in. the form (IV), p. 95, 


or ((V), p. 95) 


L = /2(P^ + P iy yl + P iz zl) d t 

ta 

L = /S(P 1 v I .) St, 

t a 


(II) 

(II') 


where v, denote the velocities of the points, and PjV* is a scalar product. 

Work equal to zero. The cases in which the work of the forces acting 
on a system is zero are very important. We shall give several examples. 

Example I. For a rigid system of material points (p. 190) the follow¬ 
ing theorem holds: 

The work of the internal forces in a rigid system is zero. 


Proof. Let us first consider two points of the rigid system A x and 
d 2 (Fig. 140). Put: 

r i = OAu r 2 — OA 2 , r = IfA s , (1) 



where 0 is the origin of the coordinate system. 
If v x , v 2 are the velocities of the points A x , 
d 2 , then 

v i = r h y a = r\- (2) 

By (1) we have r = r 2 — r u whence 
*' — ri — r{, and therefore 


Fig-. 140. 


r- = v 2 — Vj. 


( 3 ) 


Work and potential of a system of points 


209 


[§ 4 ] 


Since djd 2 ,= const, r 2 = const. Differentiating with respect to the 
time t, we obtain 2rr = 0. Hence by (3) 

'■(Va — Vj) = 0. (4) 

Denote the force which the point d 2 (or Af) exerts on the point A x 
(or d 2 ) by P] (or P 2 ). In virtue of the law of action and reaction 

Pi = -P a . (5) 

Since the forces P x and P 2 have the direction of the vector d 3 d 2 = r, 
we can assume that 

P ± = Xr and P 2 = — hr, (8) 

where X is a factor of proportionality depending on time (because the 
magnitude of the forces P x and P 2 can change in the course of time). By 
(II') the work of the forces P t and P 2 is 

L = /(PjYx + P 2 v 3 ) df. (7) 

^8 

From equations (6) we get Ppq + P s v 2 = X(rY x — nr 2 ) = irfvj — v 2 ), 
and hen ce by (4) Ppq + P 2 v 2 = 0. It follows from this and (7) that 

L—0. 


We have therefore proved that the work of the internal forces with 
which any two points of a rigid system react on each other is zero. The 
sum of the works of all the internal forces is hence also zero, q. e. d. 


Example 2. Two material points A x and d 2 are connected by an in- 
extensible (massless) string passing through a fixed point O (Fig. 141). Let 
us assume that there is no friction. We shall prove that the work of the 
forces exerted by the string on the points of the system is equal to zero. 

Choose the point 0 as the origin of the system of coordinates. Let 
2/u % be the coordinates of the point d 2 . and x 2 , y%. 2 2 the coordinates of 
the point d 2 . Put 


r x — 0A 1 = \!x% —(— 2/1 —}— %! and r 2 Od 2 
Since the length of the string l = const, 
and r 2 -j- r x = l, 

r[ + n = 0. (9) 


Denote the forces which the string exerts 
on the points d, and d 2 by P x and P 2 . W e have 


(p. 190) 



( 10 ) 


14 4 - yt + 4 - ( 8 ) 



14 
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Putting P= — \P 1 \ = — |P 2 |, we obtain: 


Pi 


X 




and P, = P —; 
2 r x 


bence 

Pi. ft + P.J/i + Pi/i = Pt®L*i + FiM + *1 3 i) / r i = p »r« 

and analogously 

f 2^2 + j ^ 2 5/ 2/2 ~t~ ^2, *2 == P f 2' 


By (II), p. 208, the work of the forces P x and P 2 is then 
L = /Wi + PrQ d t = /P[r£ + rj] df. 

t, ii 

Prom (9) we therefore get L = 0. 

Example 3. Let us suppose that some body K moves in such a way 
that it constantly remains tangent to a certain surface 2. Assuming that 
the forces of reaction of the surface have their points of application at the 
points of tangency, we see that the reactions change their points of applic¬ 
ation if the body comes in contact with the surface S at different points 
each time. Let us suppose that the work of the forces of reaction is in this 
case expressed by formula (II'), p. 208, where v t denote the velocities of 
the points of tangency at which the reactions P t have their points of 
application at a given time. 

If the velocities of the points of tangency are always equal to zero, 
then we say that the body K rolls on the surface S. 

Therefore: when a body rolls the, work of the forces of reaction is zero. 


Potential of a system. If the forces P x , P 2 , ... depend only on the 
position of the system of points, then the forces are said to form a force 
field. 

Since the position of a system is defined by the coordinates x x , y x , z x , 
2/21 ■■■ °f its points, the forces P t , P 2 ,... are functions of the variables 

* 1 . Si, %, * 2 , y t , • • • Consequently 

P'x Pi( X U Vl> Z ls ■ • •)> Pi v — ^i(®l, 3/1, Z x , . . .), P {t — W t (x lf y x , z lt .. .). 

If the total work in a force field does not depend on the path described 
by a system of points, but only on the initial and final positions of these 
points, then the force field is called a conservative or potential field. 

Let us consider an arbitrary position S 0 of the system of points 
defined by the coordinates x a v y\, z°, *«, y% z° z , ... Denote by F the work 
done by the forces in displacing the system from the position S 0 to the 
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position 8 whose coordinates are x x , y % , %, x 2 , y % , z s ,... If the field is 
a potential field, then the work V will not depend on the path described. 
Therefore F will be a function of the variables x x , y x , z x , y t , z^, ... The 
function V is known as the potential or the force function. 

The following formulae can he proved by the same reasoning as in 
the case of one material point (p. 99): 




(i = 1, 2, ...). (in) 


Conversely, if there exists a function V satisfying equations (III), 
then the field is a potential field and F is a potential. 

If a system is displaced from a position whose potential is F x to a 
position whose potential is F 2 , then the work is 

L = F s — V x . 

If each one of the forces P x , P 2 , ... forms a potential field whose 
potentials are V 2 . .... then the field is a potential field whose potential 
is 

F = F 1 + F 2 +... (11) 


Potential of the force of gravity. Let a system of points of masses 

fn ll _move in a gravitational field. If we assume that the z-axis is 

directed vertically upwards, then (p. 100) 


Fj = — F s = — m^jz^ ... 

Therefore by (11) the field will be a potential field whose potential is 

V — — (j%% + TOjjZ 2 + . -.) g- (I 2 ) 

Denoting the coordinate of the center of mass of the system by z D , we 
shall have m x z x + m 2 z 2 + ... == mz„, where m denotes the total mass of 
the system (p. 152). Therefore according to (12) 

F = — rngz 0 . (1®) 

Let us note that mg is the weight of the entire system (i. e. the sum 
of the weights of the separate points). 

If in one position of the system the centre of gravity has coordinates 

and in the other zf\ then the work done by the force of gravity is 
L = { — mgz^) — (— mgi ( 0 1) ), whence 

L = mg(z \— z ( 0 2) ). ( i4 ) 

Hence: the work in a gravitational field depends only on the difference of 
the levels of the centre of gravity of the system, and does not depend on 
the paths of its individual points. 
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The work of the weights is therefore equal to the work that would be done 
by the total weight of the system whose point of application would be at the 
centre of its mass. 

Potential of the internal forces. Let a system of points A lt A 2 , .A ,, 
of masses m u m Sl .... m n be given. Assume that the internal forces with 
which two arbitrary points of the system react on each other depend in 
magnitude only on the distances between these points, i. e. if P« denotes 
the force with which the point A } -fa, y %) reacts on the point A t (x t , y it zf), 
and fjj- the distance between the points A, and Aj (Fig- 14=2), then )P*^| is 
a function of the distance r i} , i. e. 

jP«l = W4 ( l5 ) 

where _ _- 

= ]/fa — xff +'(y 4 — + fa — z if- ( 16 ) 

Let Pa denote the projection of the force P i{ on the direction of AjA { . 
Then: 

1° \Pu\ = IM- 

2° Pa <( 0, if the points A { and 
A, attract each other, and P {1 j> 0 if 
the points A t and A { repel each other. 

Since by the law of action and re¬ 
action P is = — P H , it follows that 
p iS = P n , whence by (16) and condi¬ 
tion 1° 

— ± fufas) or Pu = Pufa } ). (17) 

From the definition of the number P w it follows that the projections 
of the fore© P w on the axes of the system (x, y, z) can be written in the 
form: 



E>») D x i r>V T> V* Vi Ejt _ TJ Z i 

jr x —. Xj, — i t j i r z r,j 

' ij ' tj ' i) 

Let us put 

7 ;j jPa dr,,- f Pij{ca) dr 4 j. 

Since P iS = P H and r u = r Hi 

Y a — Ya- 


(18) 

(19) 


We have 


( 20 ) 
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bYjj d Va drfj p r, xj 

dxi ~ dr,-,- dx { ~ i! r if 
and therefore by (18): 


07;,- / 0*; 

= Pg, S7„ / dy t = PI 07,-,- / dZf — Pj. 

(21) 

Let us set 

7 = iS7« = P/P* dr <is 

(22) 


where the summation is extended over all number pairs i, j, such that 
i 4 = j, i A n and j < n. 

Let P,- denote the sum of all the internal forces acting on the point A,-. 
Hence 


Pi — 2 pii for j 4 =' 


(23) 


7—1 


Let us calculate the partial derivative dV I dx { . The variable x t 
appears only in the functions V tj and 7 H , where j = 1 = i. In virtue of this 
and ( 22 ) 


dV_ f \YYj,,dVji\ 
dx f L cXi cXi J 


for i =)= j. 


From equations (20) and (21) it therefore follows that 


whence by (23): 


07 

dx t 


7-1 3-1 


87 

dx { 



37 

dSf 


P 


h- 


for i 4= j, 


Hence 7 is a potential. We have therefore proved the following 
theorem: 

If the. internal forces with which the points of a system react on each 
other depend only on the distances of these points, then the internal forces 
form a potential field whose potential, is given by formula ( 22 ). 

Example 4. Let the points of a system attract each other according 
to Hewton’s law. Then Pa = — Pm.-ni,- j r?- for i 4 = j, and hence 
according to (19) V tj = JP,-jdr a = KnijWij / f,-,-, whence by (22) 

7 =|K I r (j , ( 24 5 

where the summation extends over every number pair i, j such that 

i 4 = j, i <1 n and j <L n. 

In particular, for two points we have 

7 = Kmpn?, / r 12 . 


(25) 
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Example 5. Let the points of a system attract each other with forces 
proportional to the distances. Then Pu — ' f° r * ^ h where X iS is 

a factor of proportionality depending on the pair of points m s . There¬ 
fore according to (19) V i} = JP a d% = — from which by (22) 

F = -1S44 ’ (26) 

§ 5. Kinetic energy of a system of points. Let there be given a 
system of points m x , m 2 , ■ ■ •» having velocities v 1( v 2 , ... at a certain 
moment t. 

The kinetic energy of a system of points at the time t is defined as the 
sum of the binotic energies of the separate points. 

If we set Oj = |v x |, v 2 = |v 2 |, ..then the kinetic energy of the system 
will be 

E = Imyol + \m$\ -f ... = -§S ro ( i|. (I) 

Kinetic energy of a system in an advancing motion. If a system 
moves with an advancing motion with a velocity v (i. e. if each of its points 
has this same velocity v), then, putting v = |v|, we have E = — 

= j s Sw ( , or 

E = \mv-, (II) 

where m denotes the total, mass of the system. 

Kinetic energy in a rotating motion about an axis. Let a system of 
points rotate about an axis l with an angular velocity co. Denoting the 
distances of the points of the system from the axis of rotation by r Xl r 2 ,..., 
we have v ( = r^co, and therefore E = = -|Sm t r|a) 2 = 

Since Sw.r? is the moment of inertia of the system with respect to the axis 
of rotation, setting = I, we obtain 

E = (Ill) 

Theorem of Konig. Let an arbitrary system of coordinates with 
origin at 0 move with an advancing motion relative to a frame of referen¬ 
ce. Denote the velocity of the point 0 by u, the absolute velocities by v () 
and the relative velocities of the material points m { (i — 1, 2, ...) by w { . 
Since u is the velocity of transport, it follows that 

y i = “ + ( 1 ) 

whence vf = (u + w t f = u 2 + wf + 2uw i . Putting v { = |v ( |, w t = |w,|, 
and u — ju|, we obtain 

E = ^Sm { v z { = JS -j~ ¥^ m i w i + S»i,uw,-. 
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If we set m = Sthen we get 

E — -Imu 2 + u'Em i w i . (2) 

Denote the absolute and relative velocities of the centre of mass by 
v 0 and w 0 , respectively. By (1) we have v 0 = u + w 0 . Since 'Em i w i = 
= mw 0 , it follows from (2) that E = imn? + -j- muw 0 or, writing 

v 0 — u instead of w 0 , 

E = Jmw 2 + mu(v 0 —- u). (IV) 

The first term of this sum denotes the energy of the advancing motion 
of the system of points moving with a velocity u. The second term denotes 
the kinetic energy of the relative motion, where the velocities w f can be 
considered as the velocities of the points relative to the point O which 
moves with a velocity u. 

Therefore, if we assume that the motion of the system consists of an 
advancing motion with a velocity of the arbitrary point 0 and a relative 
motion with respect to this point 0, then the kinetic energy of the system 
is equal to the sum of the kinetic energy of the advancing motion , the kinetic 
energy of the relative motion, and the -product of the total mass of the system 
by the scalar product of the velocity of the point 0 and the relative velocity of 
the centre of mass. 

This theorem is known as the theorem, of Konig. 

In particular, if the centre of mass is chosen as the point O, then 
u = u 0 , whence by (IV) 

E = imvl -j- -JEto,; w\. ( 3 ) 

Therefore, if the motion of a system is considered as a motion con¬ 
sisting of an advancing motion whose velocity is that of the centre of 
mass and a relative motion with respect to the centre of mass, then the 
kinetic energy of the system is equal to the sum of the kinetic energy of the 
advancing motion and the, kinetic energy of the, relative motion. 

Principle of the equivalence of work and kinetic energy. Let the 
forces P, act on the material points m t . Denote the velocity of the point 

at the time t by v £ , its velocity at the time f 0 by vf 5 , andthework of the 
force Pi during the time from t 0 to t by L{J- Therefore ((3), p. 10 ,j) 
im f vl — tmifrW)* = L% whence 

pm £ i;?-bSm,(44=SL':>. 

Setting: E = E 0 = L u = 2L& we obtain 

E — E 0 = L ut . ( v ) 
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In this formula E denotes the kinetic energy of the system at the 
time t, and E 0 at the time f 0 ; the expression L tct represents the sum of the 
works of the separate forces acting on the system, i. e, the total work 
which these forces did in the time from t 0 to t. 

Therefore: the increase in the kinetic energy of a system of material 
points is equal to the total work of the forces acting on the •points of the system. 

This theorem is known as the principle of the equivalence of work and 
kinetic, energy. 

If the total work of the acting forces is zero, i. e. L tot = 0, then by (V) 
E ■— E 0 = 0, or 

E = E a . 

Therefore: if the total work of the forces acting on the points of a system 
is constantly zero , then the kinetic energy of the system is constant. 

The above theorem is known as the principle of conservation of kinetic 
energy. 

Let us assume that a system of acting forces possesses a potential. 
If we denote the potential at the time t by F, and the potential at the time 
4 by F 0 , then L ut — V •— F 0 , and hence by (V) E — E 0 — V — F 0 or 

E — F = E a — F 0 . 

The magnitude U = — F is called the potential energy of the system. 

Consequently 

E + U = E 0 + U 0 = const. (yp) 

The sum E -f- TJ is called the total energy of the system. 

Therefore: if a system of points moves in a potential field,’then the total 
energy of the system is constant. 

These theorems are obviously generalizations of the corresponding 
theorems proved on p. 105 for one material point. 

Kinetic energy in relative motion. Let the system of coordinates 
0 (x ,y ‘, z') move relative to the inertial frame 0(x, y, z). Denote by E r 
and Ef> the kinetic energy in relative motion at the times t and t n , by L t 1 
E t , t and L ut the works in relative motion of the acting forces, the forces 
of transport and Coriolis during the time from t a to t. Since Newton’s 
laws apply to relative motion if the forces of transport and Coriolis 
(p. 135) are added to the acting forces, it follows that 

E r — Ef ] = L ht + L\ at -f L° t . ( 4 ) 

^ Since the acceleration of Coriolis is perpendicular to the relative 
velocity, the force of Coriolis is also perpendicular to this velocity. 
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Therefore the work of the f.orces of Coriolis in relative motion is zero, and 
because of this we can write 

E r -E^=L ut + E u . ( 5 ) 

Hence: the increase in kinetic energy in relative motion is equal to the 
sum of the works in relative motion of the acting forces and of the forces 
of transport. 

In particular, let the point O' be situated at the centre of mass S 
of the system 0'(x', y s') and let this system move with an advancing 
motion. Since the acceleration of transport is by this assumption equal 
to the acceleration p„ of the centre of mass, the forces of transport of the 
separate points of the system m t , m 2 , ... are: 

Pit — m iPo! Pit— oi-.pi,, ... (6) 

Denoting the relative velocities of the points of the system by 
w x , w 2 , ..., we obtain 

t , t 

JJ UI = jP lt w 1 d t + fP,, w,d t + ..., 

i 9 t a 

whence according to (6) 

t 

L it = — / Po( m i w i + m t w i + • • •) ‘it. 

u 

The relative velocity w 0 of the centre of mass is equal to zero because 
we have assumed that the centre S of the total mass m is always at the 
origin of the moving system O r (z', y', 2 '). Therefore m l w 1 + m 2 w 2 + 
+ ... = row, = 0, whence according to the last formula LF = 0. Hence 

by (5) 

E t -^ = L W (?) 

Hence: the increase in kinetic energy in relative m-otion with respect to 
the centre of mass is equal to the work in relative motion of the acting forces. 

Example I. A S 3 r stem of material points moves in a gravitational 
force field. Let the centre of mass S he the origin of the coordinate system 
{x', y', z') moving with an advancing motion. Assume that the 2 -axis 
is vertical and has a downward sense. 

Since the weights of the separate points have the direction of the 
z'-axis, then (just as in the absolute system, p. 212) the work of the 
weights in relative motion is equal to the work done by the total weight 
whose initial point is at the centre of mass. As the center of mass is at rest 
relative to the system (; x’, y’, z'), for by hypothesis it is constantly at the 
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origin of this system, the work of the weights in relative motion, is zero. 
Therefore the increase in kinetic energy in relative motion is equal 
to the work of the remaining forces (excluding the weights) which act on 
the points of the system. 

In particular, if the weights are the only forces acting on the points of 
the system, then the kinetic energy of this system in relative motion is 
constant. 

Let us suppose, e. g., that at the moment 1 = 0 we have released 
freely a- material point of mass m x , and after T seconds, another point of 
mass m 2 . After the time t > T the velocities of the points m x and m 2 are: 

v x = gt and t> 2 = g(t — T). (8) 

The velocity of the centre of mass v 0 is obtained from the equation 
m x v 1 + m 2 v s — {m x -f m a ) v 0 . 

Therefore v 0 = (m x v x -f m P v 2 ) / (m 1 -f- m 2 ). The relative velocities of the 
points m x and m 2 are w x = v x — v 0 ( and w 2 = v 2 — v 0 ; hence w x = 
= m t {v x — v 2 ) [ (m x + m 2 ), and w 2 = m 1 (w 2 — v x ) / (m x -f- m 2 ), from which 
by (8) w x = m^T j (m x + m 2 ), and w 2 = — m x gT / (% + m 2 ). 

The kinetic energy in relative motion is therefore 
E r = im x w l = + j 2 {m x + to 2 ) = const. 

We see then that the kinetic energy in relative motion with respect 
to the centre of mass is constant. 


Example 2 . Two points A and B of masses m x and m 2 , connected by 
a massless inextensible string, move in a vertical plane in such a way that 
the point A must remain constantly on the horizontal axis x and the 
point B on the vertical axis z. 


Let us denote the length of the string by l and the coordinates of the 
points A, B by x, z (Tig. 143). The point A is acted upon by the reaction 
R x perpendicular to the ar-axis (we assume that there is no friction), the 
weight Q x , and the reaction P x of the string; the 
point B is acted upon by the reaction R a perpen¬ 
dicular to the a-axis, the weight Q 2 , and the 
reaction P 2 of the string. • 

Of these forces, the following do no work: 
the reactions R x , R 2 , and the weight Qj, be¬ 
cause these forces are perpendicular to the path. 
The forces P x and P 2 also do no work, since P x = 
= —P £ and furthermore the distance between 
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the points A, B is constant (p. 208 ). Only the weight Q 2 therefore does 
work. 

Suppose that at the time f 0 = 0 the points A, B had the coordinates 
« 0 , Zq and a zero velocity. The kinetic energy at the instant t is 

E = fm,ar 2 + 

The work of the force Q 2 is equal to — z 0 ) if the z-axis is given 
a downward sense. Therefore by the principle of equivalence of work and 
kinetic energy 

^m x x - 2 + Ini*!- 2 =± m^iz — z B ). ( 9 ) 

Denote by f the angle which the string makes with the re-axis at the 
time Z, and by cp a the angle at the time # 0 = 0 . We then have: 

x = l cos 95, z = l sin 93, z n = l sin <p 0 , 

whence 

x' = —-ly sin cp, Z' — lq>- cos93. (10) 

Hence according to ( 9 ) 

sin 2 9? -f- m 2 cos 2 ?;) = m^sin <p — sin 93 a ). (11) 

Prom the above equation we can, knowing 93, calculate <p\ and then 
from equations ( 10 ) determine the velocities ar and y. Knowing cp, we can 
also determine the reactions R x , R 2 , P 1; P 2 . Assume for simplicity’s 
sake that m x = m 2 = m, and <p 0 = 0. We obtain from (11) 

JZy 2 = g sin cp. (12) 

Differentiating with respect to t. we get Icp-cp- = g<p- cos 95, whence 
95" = g cos 93 / 1 . ( 13 ) 

Denoting the acceleration of the point A by p x , we obtain 

m x pi = R x -f- Qi + Pi- (14) 

Forming the projection on the a-axis and putting P — jPjj = [P*|, 
we get 

mx" =—P cos cp. ( 15 ) 

Since in virtue of (10) 

X" =— Zp-’singj — lcp ~ 2 cos 93, ( 16 ) 

from equations ( 15 ) and ( 16 ) we can obtain P, knowing 93, because cp' and 
cp" can be calculated from equations (12) and ( 13 ). We get 

P = 3 mg sin cp. 


(17) 
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Forming the projection on tire 2 -axis, we get from (14) B± + «<7 + 
+ P sirup = 0, or 

B t = — mg — P sin <p, (18) 

where B 1 denotes the projections of the force R x on the 2 -axis. 

Similarly, for the point B we have mp 2 = R 2 + p a + Qa- Forming the 
projection on the aj-axis and observing that P 2 = — p i> we obtain the 
equation P 2 -f- P cos <p — 0, whence 

B 3 = — Pcoscp. (19) 

Formulae (17)—(19) determine the dependence of the reactions on 
the angle <p. 

Example 3. Two material points 4i and -4 2 of masses m 1 and m 2 , 
connected by a massless inextensihle string passing through a fixed point 
0, move without friction in a horizontal plane passing through 0. In this 
plane select a coordinate system (x, z) whose origin is at 0 (see Fig. 140). 
Since the directions of the forces P 1; P 2 , with which the string acts on 
the points J. x and constantly pass through 0, the points A 1 and A 2 
will move with a central motion with centre at 0. 

Put r x = OA x and r 2 = 0A 2 ; let <p lt (p 2 denote the angles between the 
*-axis and the segments OA 1 and 0A 2 . The areal velocities of the points 
A 1 and A s are equal to and respectively. Since the areal 

velocities in a central motion are constant (p. 86), it follows that 

r{<p i = c u r\cp 2 = c 2 , (20) 

where c x and c 2 are certain constants. 

On p. 209 we proved that the total work of the forces P x and P 2 is 
zero. Therefore the kinetic energy of the system of points A x and A z has 
a constant value. Denoting the magnitudes of the velocities of the points 
A x and A 2 by v t and v„, we obtain -f- \m 2 v\ = c, whence 

m,jV f + m 2 v\ = h, (21) 

where c and h = 2c are constants. But ((3), p. 47) 

v\ = ri 2 + rfai 2 and wf = r£ + r\(p£\ 

hence by (20), expressing i p{ and qsh in terms of r x and r 2 , we obtain 
v? = r- 2 -f- cf / rf and e| — rj 2 + e§ / r\, from which by (21) 

+ m 2 r 2 2 -f m x cf / rf + m 2 c\ / rf = h. (22) 

Denote the length of the string by l. Then r x -)- r 2 = l therefore 
= l — r a , whence 

r[. 


n = 


(23) 
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[56] 


Substituting in (22), we obtain 


{”h + m 2 ) r{ 2 + m x c\ j rf + m*cf / (l — rq) 2 = h. (24) 

The differential eqnation (24) determines r x as a function of the 
time t. From equations (23) and (20) we obtain r s , <p t , <p 2 . In ordesr to 
determine the reactions P 1} P 2 , let us note that if p, denotes the accelera¬ 
tion of the point A lt then m 1 p 1 — P x . Fonn the projection on the direction 
of OA x . Denoting the projections of and P x on OA 1 by p lr and P, we get 

Wlllhr = P - (2S) 

By (II), p. 47, we have p lr — r{ —- r-ppf. Hence according to (20) 
Pir = n- — cf / rf. (26) 


In order to determine r±, let us differentiate equation (24). We get 
ri[(m x + m t ) rp — m x cf / rf + m 2 cf I (l — D) s ] = 0. (27) 

If r{ =j= 0> then in virtue of (25)—(27) 


T cl , efl 
m x + m t L(Z — r x ) 3 i " r f J' 


(28) 


From formula (28) we can obtain the reaction P knowing only r v 
Knowing P, we know P x and P 2 because [P a j = ]P 2 j. 


§ 6. Problem of two bodies. Let two material points of masses M and 
m attract each other according to Newton’s law with a force of magnitude 


P — KmM I r 2 , 

where r denotes the distance of these points. On p. 106 we examined the 
motion of the point m under the assumption that the point M is motion¬ 
less. We proved that Kepler’s law obtain in this case. Now we shall not 
assume that the point M is motionless, but that both points are uncon¬ 
strained. Therefore under the influence of their mutual attraction, both 
points m and M will move. Obviously, their centre of mass will be at rest 
or in uniform straight line motion, because according to the law of action 
and reaction the sum of the forces acting on the points m and M is equal 
to zero. We can therefore place the origin of the inertial frame at the centre 
of gravity of both points. 

Let %, y l5 z 1 he the coordinates of the point M, and x s , y s , z 2 those 
of the point m. Newton’s equations of motion for the points M and m will 
have the form: 


Mx'{ 


KmM x. 


My i 


KmM y 2 


■Vi 


Mz’{ 


KmM z. — z. 


( 1 ) 


r 


r 2 


r 


r 
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mx'i 


KmM — x, .. KmM y t — Vl 

- V> my2 = —^~ 


mz* 


KmM z t — z -l 

r z f 


(!') 


Since the centre of gravity of the system M, m is at the origin of 
the coordinate system, Mx 1 + mx 2 = 0, My x + my 2 = 0, and Mz 1 + 
-j- mz z = 0, whence x 2 = — Mx x j m, y 2 = My 1 / m, and z 2 — 
= — Ms 1 1 rn. Therefore: 


= 


M + m 


y% — y i = 

M + to 


M -f- m 


Vi, 


( 2 ) 


Hence 

________ I - /yfy 

r = V(a: 2 — x 2 f -+• (y 2 — y-yf + («a — ~ r i> ( 3 ) 

where r, = 14:? -f yf + *i denotes the distance of the point M from the 
centre of gravity. Substituting in equations (1) the expressions from 
formulae (2) and (3), we obtain: 


Mx r = 


Km?M Xy .. 

-> My x 

{M -f- m) z rf r i 


Mzx 


Krn?M 
[M -f- rrCf r? 


Km z M 
(M + to) 2 r\ 

% 

4 


y± 

rx 


( 4 ) 


Comparing these equations with equations (I), p. 106, we see that the 
motion of the point M is such as if this point were attracted by a motion¬ 
less mass m 3 / {M + mf situated at the origin of the system. 

Therefore: if two points M and m attract each other according to 
Newton’s law, then each one of them, for example M, moves relative to the 
centre of gravity (of both points) so as if a motionless mass m 3 / (M -j- to) 2 were 
situated at the centre of gravity and attracted the point M according to 
Newton’s law. 

Hence the investigation of a motion relative to the centre of mass of 
two points is reduced to the case considered on p. 106. 

It follows from this that both points move along a conic at whose 
focus is found the centre of gravity of these points. The paths of both 
points are therefore plane paths. 

Let us still examine the motion of the jjoint m relative to the point M. 
Let us place at M the origin of the coordinate system ( x ', y', z ') which 
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m 


moves together with M with an &dvancing motion. Denoting the coordin- 
ates of m with respect to this coordinate system by f, rj, f, we obtain 

f = x 2 — Xi, n = lh — Vi, f = Z a — Zx. (5) 

Multiplying equations (1) by m / M and subtracting from (1') we get 
in virtue of (5) 

K(M -]- m) m £ _. K(M -j- m) m y 


mi" = 


mf" 


my - 
K(M -j- m) m f 


(6) 


Comparing equations (6) with equations (I), p. 106, we see that the 
point m moves relative to the point M so as if M were motionless and its 
mass were increased by the mass of the point m. 

Therefore: if two points M and m attract each other according to 
Newton’s law, then the relative motion of m with respect to M is such as if M 
were motionless and its mass were increased by the mass of the point in. 

In this case also, the investigation of the motion of one material 
point relative to another is therefore reduced to the case considered on 

p. 106. 

Let us assume that the relative motion of the point m takes place 
along an ellipse of major axis 2a, and let the time required to complete one 
revolution he T. By (10), p. 108, we obtain a 3 j T 2 — K(M + m) / 4jr 3 .We 
see, therefore, that in relative motion the ratio a 3 f T 2 depends on the 
masses of both bodies. Since we are investigating the motions of the 
planets relative to the sun, assuming that M denotes the mass of the sun 
and m the mass of the planet, we see that Kepler’s third law (p. 87), which 
refers to the relative motion of a planet with respect to the sun. is not 
exact. For another planet (using a corresponding notation) 


whence 


a\!T{= K(M + m x ) / 4 


a 3 / T 2 Jf + m 1-J-m/Jf 


all Ti 


M- 


m, 


1 -j- m x IM 


( 7 ) 


(8) 


In the solar system the ratio m j M is, expressed in the thousandths 
and therefore the last fraction differs little from one. Accurate observa¬ 
tions of planetary motions reveal these deviations from Kepler’s third 
law. 

Two celestial bodies which rotate about each other {far away from other 
bodies) are called double stars. Assuming that double stars attraet each other 
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a ccording to Newton’s law, we can apply to them the conclusions obtained in this §. 
Observations confirm these conclusions and at the same time the law of universal 
gravitation from which these conclusions were drawn. 

§ 7. Problem of n bodies. Let n material points attract each, other 
mutually with forces acting according to Newton s law of universal 
gravitation (p. 89). The so-called problem ofn bodies is concerned with the 
investigation of motions in such a system of points. 

Tliis pro blem is important for astronomy. The sun and planets form such 
a system if we neglect the influence of the fixed stars which is very small because of 
their remoteness from the solar system. 

The problem of two bodies with which we were concerned in § 6 is a particular 
case of the problem of n bodies. 

The problem of n bodies is not solved in all generality. Even in the 
case of three bodies there are many questions still unanswered. By means 
of the theory of perturbations , however, we can determine the motions of the 
solar system with the desired accuracy. 

In the problem of n bodies we have to deal only with internal forces. 
Therefore from the theorem on the centre of mass (p. 196), it follows that 
the centre of mass of a system is at rest or in uniform straight line motion. 
We can therefore choose the origin of the inertial system of coordinates 
at the centre of mass. With respect to such a chosen system of coordi¬ 
nates the momentum of the system of n points will be constantly zero 
(p. 195). 

Brora the theorem concerning angular momentum (p. 202), it follows 
that the angular momentum of a system of points is constant. Hence the 
plane passing through the centre of mass and perpendicular to the angular 
momentum does not change its position. 

In the case of the solar system the centre of mass lies in the sun {on account 
of the great mass of the sun as compared with the remaining planets). 

The plane passing through the centre of mass of the solar system and perpen¬ 
dicular to the angular momentum was called the invariable plane by Laplace. 

This plane does not change its position in space relative to the inertial system 
of coordinates whose origin is in the sun. According to calculations carried out by 
Laplace, the invariable plane forms an angle a = 1,7689° with the ecliptic. 



Problem of three bodies. Let there be given 
three material points A x , A a , A 3 of masses m x , 
m 2 , m B (Big. 144). Denote the force with which 
m 3 - attracts m ( by P tj ; let w fj be the force with 
which a unit of mass situated at A s attracts 
a unit of mass situated at A t . According to New¬ 
ton’s law we therefore have 


Rig. 114. 
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p a = (!) 

Brora the law of action and reaction it follows that P„ = — P 3j ; 
hence 

"a = — W Si - ( 2 ) 

Denote the acceleration of the, point m { in an inertial system of 
coordinates by p.-. Then m,p, = P M + P 13 = mpn 2 w 12 -j- m x m 3 w ls , whence 

Pi = + m 3 w 13 . (3) 

Similarly 

p 2 = m x w, ix + m 3 w 23 . (4) 

By (3) and (4), and because that in view of (2), w 12 = — w 21 , 
w 13 = — w 31 , we obtain: 

Pss — Pi = («h + m 2 ) w a + m s (w 23 + w 31 ). (5) 

The difference p 2 — p x represents the relative acceleration of the 
point A 2 with respect to A u i. e. the acceleration of A 2 relative to the 
coordinate system, whose originis A x , moving with an advancing motion. 
Put p = p 2 — Pi- Brom equation (5) we get 

m 2 p = m 2 {m x + m,) w tl + m 2 m s (w’ 23 + w ai ). (6) 

The right side of equation (6) represents the relative force of the 
point A 2 in motion relative to A-,. 

The first one of its terms, i. e. mjm x + mf) vv s , represents the relative 
force which would act on the point A a if there were no third point A„ (i. e. 
if there were m s = 0). This force would have (in agreement with the 
theorem given on p. 223) a direction towards A x and would he such as 
if the mass of A x were increased by tbe mass of A a . 

Hie second term of tbe sum, i. e. m 2 wi 3 (w 23 + w al ), is called the force 
of perturbation', it is due to the action of the point A 3 . 

Example /. Let m x denote the mass of the earth, m,, the mass of the 
moon and m 3 the mass of the sun. 

Approximately, the mass of the sun is §■ - 10 6 times the mass of the 
earth, the distance of the earth from the snn is 400 times the distance of 
the earth from the moon, and finally the mass of the moon is vo of 
mass of the earth. Hence: 

m B = \ - 10 6 m x , m 2 — A,A 3 = 400A 1 A S . (7) 

Brom the triangle AjA^Aj we obtain 

399AjA 2 < A*A, ^ 401AjA 2 . 


( 8 ) 



228 


CHAPTER V — Systems of material points 


Because of the great distance of the sun from the earth and the moon 
(as compared with the distance of the moon from the earth), w 23 and w 3X 
will differ little from each other in magnitude and direction and they will 
have opposite senses. The absolute value of the sum w 23 -f- w 31 is therefore 
small. Mating use of (7) and (8), it can he shown that 

™ 2 m 2 \w 23 + w al | ^ j g 10 _ 2 _ 

^( 9 % -f m 2 )\w 21 \ ~ ' 

We see by (6), therefore, that the force of perturbation due to the 
sun is small, and we can neglect it in the first approximation. 

Hence: In the first approximation the relative motion of the moon with 
respect to the earth is obtained by neglecting the attraction of the sun. 

An approximate investigation of the relative motion in the given case 
is therefore reduced to the problem of two bodies. This also refers to other 
planets having satellites. 


Example 2. Let A x be the centre of the earth, A s a point on the sur¬ 
face of the earth and A 3 the centre of the moon. Let m x , m 2 , and m s denote 
the masses of the earth, the point A 3 and the moon, respectively. Assume 
that the points A ls A s , and *4 3 , are collinear. 

The vectors w 23 and w 31 have opposite senses. 
If A 2 lies between A t and A 3 , then |w 32 | > |w 31 | 
(Fig. 145a), and hence w 23 -f- w 31 has the sense of 
w S3 . If lies between A s and A 2 (Fig. 145b), then 
1*^23 1 < |"^lls and hence w 23 + w 31 has the sense of 
w 31 . In both cases the force of perturbation of 
the moon m 2 m 3 (w 23 -f- w 3X ) is directed vertically 
upwards with respect to the earth. The action of 
this force explaines the tides. 

Example 3, Let m 1 denote the mass of some planet, ra 2 the mass of 
its satellite, a the mean distance of the planet from its satellite and T 
the time of one revolution of the satellite about the planet in relative 
motion (with respect to the planet). In virtue of (7), p. 223, we have 

a s j T z — K(m x + m 2 ) / 4jr 2 . (10) 

If %, m 2 , a , and T' denote the corresponding magnitudes for another 
planet and its satellite, then analogous to (10) 

a' 3 ir* = K(m’ 1 +m z )l 4 *». (11) 

By (10) and (11), (m x + m 2 ) / (to' + m' 2 ) = a s T'* / a' s T\ Neglecting 


H 1 ^23 Hr 

4 4 4 


I*.'* - 

4 4 4 

Fig. 145. 
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the masses of the satellites m 2 and to 2 because they are usually small as 
compared with the masses of the planets, we get 

m x / m[ = a B T’ 2 / a ' 3 2’ 2 . (12) 

Therefore: the ratio of the masses of two planets can be obtained from 
the observation of the motions of their satellites. 

Remark. We can also assume that denotes the mass of the sun, 
= mj, a' the mean distance of the planet from the sun, and T' its 
period. Under these assumptions formula (12) represents the ratio of the 
mass of the given planet (possessing a satellite) to the mass of the sun. 

§ 8. Motion of bodies of variable mass. Let us now investigate the 
motion of a body whose mass changes because particles leave the body 
(or new ones join it) during motion. 


An example is that of a moving waggon into which sand is being poured (or 
from which sand is running out). A rocket is another example. When the fuel within 
a rocket bums, gases are expelled which propel the rocket. The mass of the rocket 
diminishes, therefore, by the mass of the escaping gases. 



vtAv 


Fig. 146. 


Let us assume that a body consists of 
a great number of small particles which 
can be considered as material points. De¬ 
note by to the mass of the body, by v the 
velocity of its centre of mass S at the time t, 
and by to + Am and v -j- Av the mass and 
velocity of the centre 8 at the time t + At. 

Finally, let P denote the sum of the forces acting on the body at the 
time t (Fig. 146). 

The mass of the particles leaving the body during the interval At is 
(—Am)-, let u and u -f- Au denote the velocities (at the times t and 
t- j- At) of the centre of mass 8" of the particles leaving the body. 

Let us consider the system U of all the particles of which the body is 
composed at the time t. The momentum, of this system at the time t is 
H — mv, and at the time ( -f- zl# it will be H' = (m -f- Am)iy -J- zlv) -f- 
t -f- {— zlm)(u -f- Au). Hence the increase in the momentum is 


H' — H — m Av — zlm(u + Au — v) -f Am Av. 


Dividing by At and passing to the l i m i t, we obtain 

dm, 


dH dv 

df “ m d t ' 


di 


(u — v). 


(1) 
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Since the derivative of the momentum is equal to the sum of all the 
acting forces (p. 196), dH / di = P. Therefore from (1) 

mr — m,-(u — v) = P. (2) 

The above equation can be written in the form mv + mv = m-u + 
-f- P, whence 

d(mv) / d« = m-u + P. (3) 

Formulae (2) and (3) apply equally to the case when new particles 
join the body. In equations (2) and (3) the vector u represents the velocity 
of the centre of mass S" of the particles leaving or joining the body. 

Substituting u — v = w in equation (2), we obtain 

mv- — m-w = P. (4) 

The vector w represents the relative velocity of the centre of mass of 
the particles leaving the body with respect to the centre of mass of the 
body. 

Example. The motion of a rocket. Denote the mass of a rocket by m. 
its velocity by v, the relative velocity (with respect to the rocket) of the 
gases escaping from the rocket by w (Fig. 147), and the sum of the ex¬ 
ternal forces acting on the body (such as gravity, the resistance of the 
air, etc.) by P. With this notation formula (4) obtains. 



Erg. 147. 


Let us suppose at first that the rocket moves in a horizontal plane 
along a straight line which we shall select as the K-axis, giving it a sense 
agreeing with the direction of the rocket. Put v = |v| and w = |w|. 
Assume that P = 0 (and- hence that the force of gravity is balanced by 
the reaction of the plane; the resistance o f the air and friction are ne¬ 
glected). Since v and w have opposite senses, by (4) mv + m-w = 0, 
whence 

m- 

v=——w. ( 5 ) 

m ' ' 

The relative velocity w of the escaping gases can he considered as 
constant. Integrating equation (6), we obtain 
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v = — w In m -f c. . (6) 

Assume that m = to 9 and v = 0 at t — 0. Then according to equation 
(6), 0 = —w In + c, and hence c = w In m„. Therefore by (6) 

v = w In —, (71 

m ' 

whence m 0 / m = e * 1 w or 

to = m 0 e —B/ ‘". (8) 

Let us suppose that the rocket attained a velocity v = 100 km/h = 
= 27 m/sec. We can assume that w = 1000 m/sec is the velocity of the 
escaping gas. Therefore by (8) m = m 0 e — °’ 027 = 0.973to 0 , whence — 
— to = 0.03m 0 . 

Hence in order to realize a velocity of 100 km/h, it is necessary to 
bum an amount of fuel equal to 3% of the mass of the rocket. 

Let the rocket now move vertically upwards. Assume that the 2 -axis 
is directed vertically upwards and let us retain the previous notation. We 
obtain from (4) (neglecting ’air resistance) mv + mw — — mg, whence 

m- m\ 

v = — w - g. (9) 

TO 

Integrating (9) and assuming v = 0 and m = m 0 at t — 0 we ob¬ 
tain as previously 

d = w In —- — gt. (10) 

TO 

In order that the rocket may not fall back to earth and that it 
may penetrate interplanetary space it would he necessary to give it 
a velocity v 12 km/’sec (p. 110). From equation (10) we obtain 

t»< v> In—, 

— TO 

whence e v > w <C to 0 / to or me vlw <1 m 0 , and therefore 
to 0 — m 2* TO(e' ,/w — 1). 

Putting v = 12 km/sec and w = 1000 m/sec = 1 km/sec, we get 
to 0 — to 160000 TO. 

In this inequality to denotes the mass of the rocket after attaining 
a velocity v = 12 km/sec, and m 0 — to the mass of the propelling fuel 
burned. If we assume that m — 1 kg, then to 0 to > 160000 kg. 

It is therefore necessary to bum 160000 kg of fuel in order that 1 kg 
of mass excape into space. 
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Hence in order to make an interplanetary journey in a rocket having together 
with its passengers a mass of one ton, it would be necessary to take along 160000 
tons of fuel — which is obviously impossible. This shows that at the present state of 
technical sciences such a journey cannot be made. The matter would be pushed 
forward if to (thevelocity of the escaping gases), which to-day is close to 2000 m/Bee, 
could be markedly increased. 


CHAPTER VI * 1 ) 

STATICS OF A RIGID BODY 


I FREE BODY 

§ I. Rigid body. A material body which despite the action of forces 
does not sustain any deformations (i. e. in which the mutual distances of 
the points of the body do not undergo a change) is called a rigid body. 

Rigid bodies are not found in nature, since every body becomes deformed more 
or less under the influence of the action of forces. However, if some body under the 
influence of forces experiences only smaE deformations not exceeding a certain limit, 
then we can take as a model of such a body a rigid body, and the conclusions that 
we shall draw will be approximately in agreement with experience (provided the 
forces are not large). From this arises the great importance of the theory of a rigid 
body for practical applications. 

We shall consider in turn statics, kinematics and dynamics of a rigid 

body. _ _ . 

In the theory of a rigid body we shall meet, in addition to rigid ma¬ 
terial solids, rigid material surfaces and lines (p. 168) as models of bodies 
in which one or two dimensions are small in comparison with those 
remaining. Examples of such bodies are plates, rods, wires, etc. 

Rigid systems of material points. It often proves useful to look 
upon a rigid body as a collection (system) of a large number of 
material points. We assume then, that the material points act on each 
other with certain forces which ensure that the system of points is rigid, 
i. e. that the mutual distances of its points do not undergo a change. These 
forces are called internal forces. 

We assume that Newton’s law of action and reaction (p. 173) 
applies to internal forces, i. e. that two points act on each other wit 

^7the understanding of tins chapter the information included m <chapters 

I and HI (from p. 69 to 75) and the theorems on centre of graviuj- - I 

TV, §§ 1, 2, 6, 7 and 8, are sufficient. 
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we shall draw will be approximately in agreement with experience (provided the 
forces are not large). From this arises the great importance of the theory of a rigid 
body for practical applications. 

We shall consider in turn statics, kinematics and dynamics of a rigid 

body. _ _ . 

In the theory of a rigid body we shall meet, in addition to rigid ma¬ 
terial solids, rigid material surfaces and lines (p. 168) as models of bodies 
in which one or two dimensions are small in comparison with those 
remaining. Examples of such bodies are plates, rods, wires, etc. 

Rigid systems of material points. It often proves useful to look 
upon a rigid body as a collection (system) of a large number of 
material points. We assume then, that the material points act on each 
other with certain forces which ensure that the system of points is rigid, 
i. e. that the mutual distances of its points do not undergo a change. These 
forces are called internal forces. 

We assume that Newton’s law of action and reaction (p. 173) 
applies to internal forces, i. e. that two points act on each other wit 

^7the understanding of tins chapter the information included m <chapters 

I and HI (from p. 69 to 75) and the theorems on centre of graviuj- - I 

TV, §§ 1, 2, 6, 7 and 8, are sufficient. 
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forces equal in magnitude and oppositely directed along the straight 
line joining these points. 

In addition to internal forces, other forces, called external forces, can 
act on the points of a system. 

Therefore, if a rigid body is considered as a rigid system of material 
points, then the forces acting on a rigid body are external forces acting 
on the points of the system 

One might question whether it is admissible to consider a rigid body as 
a system of material points. This assumption can be justified, however, in the 
following mann er: by subdividing the rigid body into very many small pieces and 
replacing each one of them by a material point of the same mass, we obtain a rigid 
system of material points representing the given body with considerable appro¬ 
ximation. 

Although the assumption that a rigid body is a collection of material points 
is not correct, we shall make use of it since it simplifies reasoning and leads to 
satisfactory results. Properly, however, the theory of a rigid body and the theory of 
rigid systems of material points should be treated separately. 



Pig. 148. 


§ 2. Force. Point of application of a force. In the theory 
of a rigid body we assume that the point of application 
(origin) of the force acting on a rigid body may belong to 
the body or not; in the latter case we assume, however, 
that the point of application is rigidly attached to the body 
(we can imagine e. g., that the point of application is 
.joined to the body by means of rigid ' massless rods) 
(Fig. 148).' The action of the force will therefore be such as 
if the point of application belonged to the body. 


Moment with respect to a point. If the force P-acts at the point A 
whose coordinates are x, y, z , then the moment of the force with respect 
to the point O whose coordinates are x a , y 0 , z 0 has the projections: - 

Mx P v {z s 0 ) JP S (y yob M y — P 0 (x a^o) [z * Zq), . , 

' = P x (y — y 0 )— P v {x~ * 0 ), 

on the axes of the system (p. 17, (I)). 

In particular, if 0 is the origin of the system, i. e. if *„ = y 0 = z 0 = 0, 
we get: 


M x — PyZ — P z y , M y = P e x — P x z, M x = P x y — P v x. (2) 
From the definition of the moment (p. 15) it follows that 

]M| = \P\h, (3) 

where h denotes the distance of the point 0 from the position of the force 
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P (i. e, from the line on which P lies); this distance is called the arm of the 
force P with respect to the point 0. 

The moment of the force P with respect to the axis l is obtained by 
selecting an arbitrary pofnt 0 on l and then forming the projection on 
the axis Z of the moment of the force P with respect to 0 (p. 18). 

If a sense is given on the line Z, then the moment of the force P with 
respect to the axis Z will be defined by giving its component with, respect 
to this axis. This component is also called (if an error is precluded) the 
moment of the force P with respect to the axis l. 

If the axis Z passes through the point 0(x D , y Q , z 0 ) and forms with the 
axes of the coordinate system the angles at, /?, y, then denoting by M the 
moment of the force P with respect to 0, and by 31, the moment with 
respect to the axis Z, we get 

M, = 31 x cos a + Jf s cos $ -f- 31 z cos y (4) 

or, in virtue of (I), 

M, = P* [{y — Vo) cos y — (2 — z c ) cos /3] + 

+ P v [(z — 2 0 ) cos A — (x — a: fl ) cos y]"-f ’ ’ (5) 

+ Pz O — * 0 ) °os p — (y — y 0 ) cos x]. 

In particular, if the point 0, through with the axis l passes, is the 
origin of the coordinate system, i. e. if x t = y a = z 0 — 0, we obtain 

M l — P x [ycosy —2 cos/?]-+• 

-f P v [z cos * — x cos y] -f- P z [ x eos/9 — y cos x]. (6) 

The projections M x , M v , M x , informulae (1) and (4) are the moments 
of the force P with respect to axes parallel to the axes a;, y, z, and passing 
through 0, whereas in formulae (2) they are the moments with respect" to 
the axes x,y,z. 

If we denote the distance of the axis l from the force P by d (more 
exactly: from the position of the force P, i. e. the line on which P lies), 
and the angle between l and P by x (Fig. 149), we obtain (p. 18, formula 
{HI)) 

jif,| = |P[dsinx. (7) 

If, in particular, P J_ Z, or x = \n, then 

\M\\ =’|P|d. (8) 

The sign of the moment M, is obtained from the following rule: 

M, > 0 if the force P tries to. turn. the body about the axis l 
counterclockwise (with respect to a person whose feet are at .an 
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arbitrary point 0 of the axis l, and whose head points in the direction of 
the axis l ); in the contrary case M l < 0. 

By means of the above rule and formula (7) we can determine M t , 
knowing |P], d, and *. 

If the force P and the point 0 lie in a certain plane Z7 (Mg. 150), then 
the moment M of the force P with respect to 0 is perpendicular to the plane 
II. Consequently M is equal to the moment of the force P with respect to 
the axis l, perpendicular to IT and passing through 0: 

\M\ = \M l \. 




M=M, 

/ 

0 

\/ 

/ ¥ 


/ 




Fig. 150. 



x 


Fig. 151. 


If we consider, for example, a system of forces lying in the ay-plane, 
then assuming that 0 also lies in xy, we have M x — 0 and M v — 0. The 
moment with respect to an axis parallel to z, i. e. M z , is then called briefly 
the moment with respect to 0 and we denote it simply by M. Therefore 

M = P x (y -—y 0 )—P v (x — *„) or M = P x y — P y x. (8) 

Let us suppose, for example, that we have drawn the x and y axes as 
in Mg. 151. Therefore the z-axis should he taken directed vertically down¬ 
wards. Hence if we want to determine the moment of the force P with 
respect to some point 0, it is necessary to remember that M > 0 if 
the force tries to turn the piece of paper about 0 clockwise (i. e. as in 
Mg. 151); in the contrary case M < 0, as for the force Q. 

Given the arm h, we can therefore obtain M from formula (3), de¬ 
termining the sign in the maimer given above. 

Equilibrium of forces. If a rigid body is at rest we say that it is in 
equilibrium. The forces acting on a rigid body which remains in equilibrium 
are said to balance one another (to be in equilibrium) or to annul one 
another . 

Statics is concerned with the investigation of conditions which forces 
in equilibrium must satisfy. 
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It is necessary to note the difference that exists between the equilibrium of 
a body and the equilibrium of forces. A body is in equilibrium then, and only then, 
when it is at rest. If a body is in equilibrium, then the system of forces acting on it 
is in equilibrium. Conversely, however, if a system of forces acting on a body is in 
equilibrium, it does not follow necessarily that the body is in equilibrium, 
since it can move e. g. with a uniformly advancing motion. 

At this time we shall deduce conditions for the equilibrium of forces 
independently of the principles of dynamics hy assuming certain hypothe¬ 
ses which are rather obvious. We shall show later (in chapter IX) that the 
conditions for equilibrium follow from the so-called principle of virtual 
work. 


§ 3. Hypotheses for the equilibrium of forces. In order to deduce the 
conditions for the equilibrium of a rigid body, we shall assume the follow¬ 
ing hypotheses: 

I. To a system of forces acting on a rigid body which is in equilibrium 
we can add (or remove from the system .) without disturbing equilibrium: 




b) 


Fig. 152. 


a) two forces equal in magnitude 
and acting along the same line,, but 
oppositely directed (Fig. 152a); 

b) several forces having a common 
point of application and whose sum is 
zero (Mg. 152b). 


II. Zero forces balance one another ; in other words: if no forces act on 
a rigid body, then the body can remain in equilibrium. 

These hypotheses can be verified experimentally. We shall deduce 
from them the necessary and sufficient conditions for the equilibrium 
of forces. For the time being we shall be concerned with certain corolla¬ 
ries resulting from the assumed hypotheses. 

§ 4. Transformation of systems of forces. Making use of the defini¬ 
tion of elementary transformations (p. 28), we can formulate hypothesis 
I as follows: 

I'. If a rigid body is in equilibrium, we can perform arbitrary elemen¬ 
tary transformations on the system of acting forces without disturbing equi¬ 
librium. 

Change of the point of application of a force. From theorem 1, p. 28 
it follows that 

1 ° the point of application of a force can be chosen anywhere on its line 
of action. 
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In tie case of equilibrium tie action of a force will therefore be 
defined, if we give its magnitude, direction, sense, and position, tie 
point of application of the force is immaterial. In virtue of tie theorem, 
on p. 18. we conclude from this that the action of the force P will be 
determined if we give its projections and the projections of its moment Ad 
with respect to an arbitrary point. The projections: 

P W P„P„ (1) 

therefore define the action of a force on a rigid body. Let us note that since 
M P, the scalar product Ad • P is zero, whence 

M x P x + M v P v + M l P l = 0. (2) 

In general, therefore, five of the numbers (1) are sufficient to define 
a force; the sixth canbe determined from equation (2). 



Pig. 153. 


Law of composition and resolution of forces. From theo¬ 
rems 2 and 3, p. 30, we conclude that: 

2° several forces acting at one point can be replaced by 
their sum acting at this same point; 

3° each force can be replaced by several forces having the 
same origin as the given force and a sum equal to the given 
force. 


These theorems are known as the law of composition and resolution 
of forces. 


Equipollent systems. From hypothesis I and theorem 3, p. 30, we 
conclude that: 

4° a system of forces acting on a rigid body can be replaced by an 
arbitrary equipollent system. 

In other words: equipollent systems of forces act on a rigid body in the 
same manner; hence the importance of the notion of the equipollence of 
systems. It is easy to see that theorem 4° includes theorems 1°, 2°, and 3°. 

As we know, two systems of forces are equipollent if they have equal 
sums and equal total moments with respect to one point (p. 22). By 
theorem 4 the action of a system of forces on a rigid body will therefore 
be defined if we give the sum R and the total moment Ad of the system of 
forces with respect to an arbitrary point. 

Let the forces P 1; P 2 ,.. ., whose points of application AA 2 , ■ • ■ have 
coordinates x lt y v »; 2 , y ir z 2> ..., act on a rigid body. Denoting the sum 
by R and the total moment with respect to the origin of tho system by Ad, 
we obtain from formula (2), p. 232, 
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Jf, = 


R* - P, = SP V P e = SP i2 , (3) 

-PiJJi), Jf,=S(P 4 ^ ( -P^). 


The action of a system of forces is hence defined by means of the six 
numbers R a , R v> M„, M x , M,„ M z . 

The parameter of the system (p. 21) is K — R ■ M, i. e. 


K —- R X M X -j- RylMy R,M,. (4) 

Force couple. A system consisting of two forces equal in magnitude, 
parallel, but oppositely directed, is called a force couple (p. 23). The 
moment of a couple does not depend on the choice of the point with 
respect to which the moment is determined (p. 23). Since the sum of the 
forces of a couple is zero, two couples are equipollent if they have equal 
moments. Therefore the action of a force couple on a rigid body is defined 
by giving its moment. 

A force couple tries to turn a body. The action of a couple does not 
undergo a change if the couple is arbitrarily 
translated and rotated in its plane (without 
changing the sense of the moment). A couple 
can also be arbitrarily translated in space 
without a change of the sense of its moment 
so that in every position it remains in a 
parallel plane (Fig. 154). 

A couple whose moment is equal to 
zero is equipollent to a zero vector. Such a couple is also called a zero 
couple. 

Reduction of a system of forces. The theorems concerning the reduc¬ 
tion of systems (§ 16, p. 23) enable one to determine the simplest system of 
forces equipollent to the given one (i. e. the simplest system of forces by 
which one can replace the given system). In particular, the theorem on 
reduction can be stated as follows: 

Every system of forces acting on a rigid body can be replaced : 

a) either by one force equal to the sum of the forces of the system and 
acting at an arbitrary point 0, and a force couple whose moment is equal to the 
moment of the system with respect to 0, 

b) or by two forces, one of which acts at an arbitrarily chosen point. 

The theorems given on pp. 25 and 26 can be stated in a similar 

manner. 

Let a force P whose origin is at the point A act on a rigid body.Let us 
choose an arbitrary point 0. From the theorem on reduction it follows (if 



Fig. 154, 
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the system is assumed to be the force P) that the force P can be replaced by 
an equal force acting at 0 , and by a force couple whose moment is equal to the 
moment of the force P with respect to 0. 

Plane system of forces. If a system of forces lies in one plane, then 
their system is called a plane system. By theorem 3, p. 26, ci plane system 
of forces either has a resultant or is equipollent to a force couple. 

Brora the table given on p. 25 we see that a plane system has a 
resultant if the sum of the forces of a system is different from zero, or if 
the s um as well as the total moment are equal to zero; on the other hand, 
if the sum is zero and the total moment is different from zero, then 
the system is equipollent to a couple. 

In the xy -plane let there be given a plane system of forces P x , P a , .. 
acting at the points A x , A 2> ... whose coordinates are x x , y u x 2 , y/ a , ... 

The projections of the forces I\ z on the 2 -axis as well as the coordina¬ 
tes Zt of the points A z are zero. Therefore, denoting the sum of the forces 
by R, and the total moment with respect to the origin of the system by M, 
we obtain from formulae (3), p. 237: 

B s = 0, M x = 0, M v = 0. 

Hence the action of a plane system of forces is determined by three 
numbers: B x , B V1 and M s . 

From formulae (3), p. 237, we also obtain (writing M instead of M z )\ 
B x = X, = SP V M = 'L(P ix y t - I> iy x H ). (5) 

Parallel system of forces. From theorem 4, p. 26, it follows that 
a parallel system of forces has a resultant or is equipollent to a force couple. 

Let the parallel forces P x , P B , ... (Fig. 155) have origins at the points 
A x , A 2 , ... whose coordinates are x x , y v z x , x 2 , y 2 , z 2 , ... Let us assume that 
the sum of the forces R is different from zero. Consequently the given 
system has a resultant. 

Let us select the sense of an arbitrary force of the system, e. g. the 
sense of the force P x as positive. Let us denote for i — 1,2, ... by P 4 the 
number whose absolute value is equal to |P,-| and whose sign is positive 
or negative depending on whether P f has a positive sense (i. e. agreeing 
with the sense of P x ) or not. We define B similarly. We have R = S P t . 

On p. 28 we proved that the resultant R passes through a certain 
point 0 called the centre of forces. The coordinates % y a , z 0 , of the 
centre of forces are obtained from formula (4), p. 28, by putting a 4 = Pp 

x a = HP tXi jB, y a = ZP iUi / E, 2 0 = S PiZifX. (6) 
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If the forces are rotated about their points of application through the 
same angle so that they still remain parallel (as e. g. the dotted vectors in 
Fig. 155), then the centre of forces does not undergo a change. This 
follows from formulae (6) because the coordinates x 0 , y a , z 0 , depend only on 
Pi, x it y i} and z it and do not depend on the direction of the forces. The new 
resultant will therefore also pass through 0. 

If the points of application of the forces 
lie in one plane (or on one line), then the centre 
of forces also lies on this plane (or on this line). 

For assuming that the points of application 
he in the plane 17 and choosing this plane as 
the xy- plane, we obtain z x — z 2 — ... — 0; from 
formulae (6) we therefore get z 0 = 0, which 
means that the centre of forces lies in the planeI7. 

Similarly, if the points of application he on 
one line l, then choosing it as the «-axis, we 
have y x = y s = ... = 0, and z x = z 2 = ... = 0; hence by (6) y 0 = 0 and 
z 0 = 0; consequently the centre of forces lies on the line l. » 

Let the material points whose masses are m x , m 2 ,... he acted upon 
by forces P x , P 2 , ... which are parallel, have the same sense, and are in 
magnitude proportional to the masses of the individual points. Putting 
-Pi = | p i| = P“ 2 = |P 2 |, we obtain: 

P 1 — hm x , P 2 = km 2 , ... R = P x + P 2 + ... = km, (7) 

where k is the factor of proportionality, and m = m x + m 2 + .., From 

formulae (6) and (7) we get after substitution: 

x 0 = I m, y 0 = 'Am i y { / m, z 0 = Sm* / m. 

Comparing these equalities with formulae (I), p. 152, we see that the 

centre of forces is the centre of mass of a given system of material points. 

Therefore: the centre of mass of a system of material points is the centre 
of forces which are parallel, have the same sense and are in magnitude 
proportional to the masses of the points on which they act. 

Gravitational forces. Let a rigid body be situated in a gravitational 
field. Consider the body as a system of material points of masses 
m x , m 2 , ..., we can assume that the weights o£ the separate points are 
parallel forces, having the same sense (vertically downwards). The weights 
therefore have a resultant (Fig. 156). 

The magnitudes of the weights of the separate points are Q x — m x g, 
Q 2 = m 2 g, ... (where g denotes the acceleration of gravity). Consequently 
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the magnitudes of the weights are proportional ■ to the masses of the 
points. Therefore in -virtue of the preceding theorem, the centre of the 
gravitational forces is the centre of mass of the body. The magnitude of the 
resultant is 


Q = + ... = («% + J% + ...) gr = mg, 

where m denotes the mass of the body. 

,]! \ Therefore: in every' position of a body, the resultant 

( t ‘ 11 \ of the gravitational forces passes through the centre of 
gravity of the body. The weight of the body (i. e. the resul¬ 
tant of the gravitational forces acting on its separate 
points) is 

Q = mg, (8) 

where m denotes the mass of the body, and g the accele¬ 
ration of gravity. 

On the basis of the above theorem we can replace the action of the 
force of gravity by one force situated at the centre of gravity of the body. 



Systems of couples. A system consisting of several couples has a zero 
sum. From the table on p. 25 it follows that such a system is equipollent 
to a couple or to a zero vector (i. e. to a zero couple). Let denote 

the moments of the individual couples. Then the total moment will be 
M = Mj + M 2 + .. From the theorem on reduction (p. 24) we therefore 
obtain the following theorem: 

A system consisting of several couples is equipollent to one couple whose 
moment is equal to the total moment of the system. 

Let us note that a force couple (whose moment is different from zero) 
cannot be equipollent to one force. For in view of the fact that the sum of 
the forces of the couple is zero, this force would have to be zero and its 
moment different from zero, which is impossible. 

Example I. The centres of the sides of a plane polygon A x A 2 A 
(Fig. 157) are acted upon by forces P^P*,.... P n , lying in the plane of 
the polygon, forming with its sides A X A 2 , A 2 A S , ..., A^A 1 an angle v , 

and directed towards the exterior and proportional in magnitude to the 
sides of the polygon. 

It is easy to see that the sum of the forces is zero, because forming the 

f™/ 1 + 1P * + • ■ • + Pn, we obtain a polygon similar to the given one, 
but turned through an angle <p relative to it. 

The system of forces is therefore equipollent to a couple or zero. 
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Let us select an arbitrary system of coordinates 0 {x, y) and denote 
by %, y-i, * 2 . lh> • • • thecoordinates of the points A x , A 2 , ... The point of 
application of the force P x has the coordinates £(aq + x 2 ), %(y 1 + y 2 ). 
Therefore the 'moment of the force P x with 
respect to 0 is ((8), p. 234 ) 

ifi = It-Pi J.Vi + y a )] — §1PiJ&i + %)]• (9) 

By hypothesis 

\Pj\ = U l7 (10) 

where d x = A X A 2 and X is the factor of pro¬ 
portionality. If A X A 2 forms an angle « with 
the a;-axis, then the force P x forms an angle 
a (p with the a;-axis. Therefore: 

Pi a = |Pi| cos (« + (p), P ly = |P X | sin (tx + 9j). 

Hence .in virtue of (10), P x = Mucosa cos95 — sina sm.93). But 
d x cos k = x z — x lt and d 1 sin « = y 2 — y x ; consequently 
Pi x = *[(*» — *1) cos 93 — {y 2 — y x ) sin 93]. 

Similarly 

Pi v = ^[(2/2 — Vi) cos 93 + (% — x x ) sin 93]. 

Substituting in ( 9 ), we obtain 

M x = lX[ 2 {y x x 2 — ypc x ) cos 95 +(«/? + 4 — V% — xfj sin 93]. (11) 

Putting OA x = r x , OA 2 = r 2 ,. .. and denoting by p v p 2> ... the areas 
of the triangles OA 1 A 2 , OA 2 A 3 , ...,we get r\ = x\ -f y\, r\ = x\ + y\, ■ ■ 
Pi = \kVP -b — V 2%), etc. Hence by ( 11 ) 

M x = %h[AP\ cos 93 + (rl — rj) sin 93]. (12) 

Similar expressions are obtained for the moments of the remaining 
forces. 

The total moment of the forces with respect to 0 is M = M x + 
+ M t + ... Hence according to (12) 

M = iA[4(2?j. + p% + • • • + Pn) cos 93 + 

+ — + 4 — fl + + rl — rf) sin93]. 

Since p = p x + p 2 -f ... + p n is the area of the polygonrijri 2 

M—2hpoos<p. (13) 

The total moment is therefore proportional to the area of the 
polygon and to the cosine of the angle 93. 
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Tn particular, if the forces are perpendicular to the sides of the poly¬ 
gon, then <p = and cos 9 ? = 0 , whence in virtue of (13) M = 0, i. e. the 
forces form a system equipollent to zero. 

On the other hand, if the forces are directed along the sides (i. e. if 
<p = 0 ), we have by (13) M = 2Xp, and hence the moment is then pro¬ 
portional to the area of the polygon. 



Example 2. The points A (a, 0, 0 ), 
£(0, b, 0 ), and 0 ( 0 , 0 , c), on the axes of 
the coordinate system (x, y, z) are the points 
of application of the forces P 1; P 2 , and P 3 , 
parallel to the axes of the system, equal in 
magnitude and having senses as shown in 
the Fig. 158. What relation exists among 
the coordinates a, b , c if the system has a re¬ 
sultant ? 


Let us put P = [Pi] 
has the projections 


P 3 |. The sum of the forces R therefore 


B x — — P, B V = P, B z = P. (14) 


Let us calculate the total moment M with respect to O. The moment 
of the forces P x and P 3 with respect to the x-axis is zero; the moment of 
the force P 2 with respect to the x-axis is — Pb. Hence M x = — Pb; 
similarly M v = Pc and M t = — Pa. The parameter of the system is 
K — R • M = PjJfj, + B y M y -f- B g M z ; therefore 


K = P 2 (b + c — a). 

If the system has a resultant, then K = 0 (p. 26). Consequently 

b -j- c — a = 0. (15) 

Equation (15) constitutes the sufficient condition and, as is easily 
seen from the table on p. 25, also the necessary condition that the 
system have a resultant, because R 4 = 0. 

As the point of application of the resultant we can take the point 
D{x, y, z) with respect to which the total moment is zero. 

Let us denote the total moment with respect to D by M' . We have: 

M'x = Pz P{b y), M' y = ~~Px + P{c~~z), 

M' z — — P(a — x) + Py. 

Assuming that the moment with respect to D is zero, we get: 
y — z=b, z + x=c,x-\-y = a. 
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On account of (15) these equations are dependent. Two of them are 
the equations of the line on which the resultant lies. Putting 3=0, for 
example, we obtain x — 0 , and y — b. Therefore we can take the point 
D(c, b, 0) as the point of application of the resultant. 

Example 3. Parallel forces P and Q act at the points A and B, 
P + Q =|= 0. Determine the center of forces. 

The center of forces lies on the line AB (p. 239). Let us choose it as the 
x-axis, taking the point A as the origin of the x-axis and giving it a sense 
such that the point .B lies on its positive part. Let us put P = |P[ and de¬ 
note by Q the number whose absolute value is equal to |Qj, while the sign 
is + or — depending on whether Q has a sense which agrees, or does not 
agree, with that of the force P. Putting AB = d and denoting the coordin¬ 
ate of the centre of forces O by x 0 , we get from formula (6), p. 238, 

x a — Qd j B, where B = P + Q. 


If the forces P and Q have the 
same sense (Fig. 15 9a), then Q > 0, 
and consequently 0 < Q /B < 1, whence 
0 < x 0 < d. The centre of forces is 
therefore situated between the points 
A and B. 

On the other hand, if the forces 
P and Q have opposite senses and e. g. 
|P| < | Q | (Fig. 159b), then Q < 0, and 
B < 0, whence x 0 > 0. Furthermore 
\B\ < |£?j; consequently x 0 >d. The 
centre of forces henoe lies beyond the 



Fig. 159. 


point B. 


It is easy to verify that in both cases AO j BO = j Qj / |P|. 

Therefore: the centre of two parallel forces (whose sum 4= 0) is situated 
on the line joining the points of application of these forces. 

If the forces have the same senses, then their centre lies between the points 
of application; in the opposite case it lies beyond the point of application of 
that force whose absolute value is greater. 

The distances of the centre of forces from the points of application are 
inversely proportional to the magnitudes of these forces. 

Example 4. Forces P lt P 2 , ... whose origins are A 1} A 2 , ..., and forces 
Qi> Qz> ■ ■ ■ whose origins are B ls B 2 ,..., act onarigid rod AB. All forces 
are parallel to each other and perpendicular to the rod, and the forces 
Pjl, P 2t ... have a sense opposite to that of the forces Qi, Q 2 , • • ■ (Fig. 160) . 
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LetR = Pj+ P 2 + ... + Qi + Q 2 + ... Let us denote by P u P 2 ,... 
and Q u Q 2 , ... the absolute values of the forces, and by a lt a 2 ,... and 
b ls b 2 ,... the corresponding lengths of the segments AA 1} A A a , ... and 
AB lt AB S , ... Let us assume the sense of the 
forces Pj, P 2 , ... as positive. Put 

P = Pi + Pi + ■ ■ ■ Qi Q 2 —••• (16) 

Obviously \M\ = |R|. If R > 0, the sum R 
has a sense agreeing •with the forces P 1} P 2 ,... 
However, if R < 0, then R has a sense agreeing 
with the forces Q lf Q 2 ,... 

Let us calculate the total moment M of the forces with respect 
to A. Denoting by M x , M 2 ,... and M\, M \,... the moments of the forces 
Pi, P a ,... and Q 1; Q 2 ,... with respect to A, we have (according to the 
agreement concerning the sign of the moment assumed on p. 233): 

Mi = P x a j, M 2 = P 2 ct 2 , • • ■> M\ — Q x b x , M% = — Q 2 b 2 , .,. 

Consequently 

M = P x a x -|- P a ffl 2 + ... — QJ>i —■ Q 2 b 2 — ... (17) 

Let us assume that R = 0. The system of forces is therefore equi¬ 
pollent to a couple of moment M according to formula (17). 

If M > 0, the couple will tend to turn the rod clockwise, if M < 0 
— counterclockwise. Pinally, if M = 0, the system will he equipollent 
to aero. 

Let us now assume that R =(= 0. The system therefore has a resultant. 

Let O be the origin of the resultant R lying on the line AB. Set 
d~ + AO, taking the -(- sign if the point O is on the same side of the 
point A as the origin of the force, and the — sign in the contrary case. The 
moment of the resultant with respect to O, as is easily verified, is Ed 
according to our convention. Since the moment of the resultant is equal 
to the total moment, we get from (17) 

d = ^(Piai + P*a 2 + ■■■ — Q 1 b l -Q 2 b i -...). 

§5. Conditions for equilibrium of forces. We shall now prove the 
following 

Theorem I. In order that a system of forces acting on a rigid body be 
■m equilibrium, it is necessary and sufficient that the sum of the forces and the 
total moment be zero, i. e. that the system of forces be equipollent to zero. 
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Proof. We shall prove at first that the condition is necessary. Let 
us assume that the rigid body is a rigid system of material points A x , 
A t , ... and that it is in equilibrium under the action of a given system of 
forces. Let us consider an arbitrary point A t . Denote by P { the sum of 
the external forces, and by W { the sum of the internal forces acting at A t . 
Since the point At is in equilibrium (because the entire rigid system 
is in equilibrium), it follows that P* -j- W 4 = O'. Consequently 

S(Pi + W t ) = 0, (1) 

where the sum E extends over all the points A t of the given rigid system. 

Prom the law of action and reaction it follows that the sum of the 
forces with which two points react on each other is zero. Since all the 
internal forces can be grouped in pairs, the sum of the internal forces is 
zero or S W t = 0, whence by (1) 

SP 4 =0. . (2) 

It follows from this that the sum of the external forces, i. e. the forces 
acting on the rigid body in equilibrium, is zero. 

Let us now choose an arbitrary point O. Since the forces P, and W, 
have the common origin A it and moreover P t + W i = °> ** follows that 
(p. 17) MomoP, +Mom 0 W j =0, whence 

2(Mom 0 Pj + Moxn 0 W 4 ) = 0. (3) 

The total moment of the internal forces with which two points react 
on each other is — as is easily verified — zero. Consequently the total 
moment of all the internal forces is zero. Therefore SMom 0 W t =0, 
whence by (3) 

EMom 0 P< = 0. ( 4 ) 

We have proved, therefore, that the sum as well as the total moment 
of the forces acting on a rigid body is zero. This proves the necessity of the 
condition. 

Let us now assume that the given system of forces is equipollent to 
zero. Since a system equipollent to zero is equipollent to a zero force, it is 
in equilibrium by hypothesis H (p. 235). The condition is therefore at the 
same'time sufficient, q. e. d. , 

Prom theorem I it follows that if a system of forces acting on a rigid 
body is not equipollent to zero, then the body cannot be in equilibrium. 
In particular, a rigid body cannot remain in equilibrium under the action 
of a system of forces consisting of: 
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a) one force different from zero, 

b) one force couple of moment different from zero, 

c) one force different from zero and one couple of moment different 
from zero. 

As we know (p. 22), a system of forces is equipollent to zero if the 
total moments with respect to three non-collinear points are zero. On the 
basis of theorem I we obtain from this the following 

Theorem II. In order that a system of forces acting on a rigid body be 
in equilibrium, it is necessary and sufficient that the moments of the system 
with respect to three non-collinear points be equal to zero. 

In applications we frequently find the following theorem useful: 

Theorem III. If a system consisting of three forces is in equilibrium , 
then these forces lie in one plane and are either parallel or their prolongations 
intersec} in one point. 

Theorem III follows from the theorem of chapter I, § 14'(p. 22), in 
the proof of which it was shown that the vectors lie in one plane. 

Analytic form of the conditions for equilibrium. Let us choose an 
arbitrary system of coordinates 0(x, y, z). Let the forces P 1; P s> ... act on 
a rigid body at the points A 1: A 2 , ... whose coordinates are x 1; y 1 , z lt 
y 2 , z 2 ,... Let us denote by Ft the sum, and by M the total moment, 
of the system with respect to 0. According to theorem I (p. 244) the 
equations: 

R = 0, M = 0 (6) 

constitute the necessary and sufficient conditions for equilibrium. For¬ 
ming the projections on the axes of the system, we obtain from (5) and 
from formulae (3), p. 237: 




0, LP, = 0, SP, =0, 


(I) 


S( P { z { -P izVi ) = 0, S {P t x t — Pijt t ) = 0, 2= 0. (II) 


Equations (I) are called the condition of projections and equations (II) 
the condition of moment. 

Equations (I) and (II) are the analytic form of the conditions for the 
equilibrium of a system of forces. From these equations we can determine 
in general six unknowns. 


Plane systems of forces. The conditions for equilibrium obviously 
apply also to a plane system of forces. 
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Let the forces lie in the ay-plane. Since P tj = 0 and z* = O, the 
conditions for equilibrium (I) and (II) assume the form: 

= o, SP, v = 0, (I') 

2(P ijji —■ P i%i) = 0. (IF) 

In the case of a plane system, we therefore obtain three equations. 
Erom them we can in general determine three unknowns. 

Example I. A heavy sphere is in equilibrium under the action of 
three forces (Fig. 161): the weight Q (acting at the centre of the sphere O), 
the horizontal force P (acting at the point A situated on the surface of 
the sphere at the end of the vertical diameter) and the force R (acting at 
the point B situated on the surface of the sphere at the end of the hori¬ 
zontal diameter). The weight Q is given. Determine the forces P and R. 

The forces P, Q, and R, are in equilibrium; therefore by theorem III 
they lie in a plane and their directions intersect in one point which is the 
point A. Consequently the force R has the direction of the line BA which 
forms an angle of 45° with the horizontal. Since Q + P + R — know¬ 
ing the force Q and the directions of the forces P and R, we can form 
a triangle of forces (Fig. 162). From this triangle we obtain 

P = <3, B — Q j cos 45° = ]/%Q, 

where P, Q and JR, denote the absolute values of 
the. forces. . 



i i 

B 


5 

a /' 







Fig. 163. 


Example 2. The vertices 
of a square ABGD of side a 
are the points of application 
of four forces P v P 2 , p s, Pi, 
lying in the plane of the 
square and forming with 
the sides the angles a lt « a , 
oc a , «i (Fig. 163). Give the 
conditions for equilibrium. 

Let us denote the absolute values of the forces by P x , P 2 , P 3 , Pi- Let 
us select the x and y axes along the sides of the squere. Forming the pro¬ 
jections of the forces on the x and y axes, we get in the case of equilibrium 
(when the forces have senses as shown in Fig. 163): 

P x COS % - P 2 COS » 2 - P 3 COS «3 + Pi cos = 

P x sin+ P 2 sin — P 3 sin a 3 — Pi sin aq = 0. 


( 6 ) 

(7) 
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Denot in g the arms of the forces with respect to the vertex D by 
r lt r Si r 3 , r 4 , we obtain: 

r x = a cos <x 1} r 2 = ]/2 a sin (« 2 + 45°), r 3 = a sin « a . 

Moreover r 4 = 0. Since in the case of equilibrium the total moment 
with respect to D is zero (taking the sign of the moment according to 
the rule given on p. 233) we get after dividing by a 

cos tx x — P 2 ]/2 sin (« 2 + 45°) + Pa si 11 “a = 0- (8) 

Equations (6), (7), and (8), constitute the necessary and sufficient 
condition for equilibrium. 

Example 3. A rod AB lying in the horizontal ay-plane is acted upon 
by the forces P x , P 2 ,.. P„, lying in this plane and acting at the points 
A x ,A 3 , 4, (Pig. 164). Give the conditions which the forces must 
satisfy in order that the rod be in equilibrium for every position in the 
aiy-plane, if we assume that the forces do not 
change their magnitudes, directions, senses, or 
points of application (on the rod). 

Let us consider an arbitrary position of the 
rod AB iu the try-plane. Denote by y 0 the coor¬ 
dinates of the point A, by aq, y lt x 2 , y 2 , ..., x n ,y n 
the coordinates of the points A 1 ,A 2 ,..., and by oc 
the angle which the rod AB makes with the *-axis. 
Let us put: d x = AA X , d 2 = AA 2 , ..., d„ = AA n . 

Xi = tc 0 + di cos oc, y t = y 0 -f- d t sin oc for i — 1, 2, ..., n. (9) 

Prom the conditions of equilibrium (I') and (II'), p. 247, we obtain 

SP* a = 0, SP tv = 0, (10) 

2{P = ^[Pi x {y 0 + d ( sin oc) — P iv (x 0 + d t cos«)] = 0. (11) 

Condition (11) can be written in the form 

Vo — *o SP,^ + sin « hPt/t — cos a =0, (12) 

whence by (10) 

sin a SP^dj — cos « S 'P it d { =0. (13) 

Since relation (13) has to hold for every angle x, we get for « — i-jz 
and then for « = 0 



We have- 


SP<.i t = 0, SP^ = 0. 


(14) 
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Equations (10) and (14) are the necessary and sufficient conditions in 
order that the rod be in equilibrium for every position in the plane. 

Por if conditions (10) and (14) hold, it is easy to see that condition 
(13) holds, and consequently by (10) conditions (12) and (11) also hold. 

Conditions (10) and (11) are, as we have seen, tbe necessary and suf¬ 
ficient conditions for equilibrium by (I') and (II'). 

§6. Graphical statics. String polygon. The problems which one 
meets in statics often lead to long and tedious computations. However, 
there exist graphical methods which enable one to obtain in many cases 
approximate solutions which are sufficiently accurate for applications. 

These methods are of great importance in engineering for they lead 
more rapidly to the goal omitting intricate computations. 

That part of theoretical statics which deals with graphical methods 
is called graphical statics. 

Here we shall become acquainted only with some graphical methods 
as, for example, the graphical determination (by means of a string poly¬ 
gon) of the resultant of a plane system of forces 
and certain applications of these methods. 

Later (in § 16) we shall become acquainted 
with graphical methods serving to determine 
the stress in the bars of a frame. 

Composition of forces. Having two forces P x 
and P 2 whose directions intersect at the point 
0, we determine the sum R (Pig. 166a), and 
then we draw the resultant through the point O (Pig. 165b). 

If the point 0 lies outside the limits of the drawing, we can proceed as 
follows: we add two forces T and —T acting at the points A and B (i. e. at 
the initial points of the forces P x and P 2 ) and along the line AB. The 
system T, —T, P l5 P 2 , is obviously equipollent to the system P ls P 2 , because 
the forces T and —T annul each other, and consequently the resultant of 
the new system of four forces is the same as before. 

The forces T and P x are replaced by the force Q x = T -p P, with its 
origin at A; similarly the forces — T and P 2 are replaced by the force 
Q 2 = — T ~p P 2 with its origin at B. The resultant R passes through the 
point of intersection O' of the forces Q 1: Q 2 

This construction can also be applied to the ease of two parallel 
forces not forming a couple (Pig. 166a, 166b and 167a, 167b). 


*0 

m 



Fig. 165. 
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Tn this way we can obtain the resultant (or the resultant couple) of 
the system of forces P 1; P 2 , ...,P n (Fig. 168a and 168b). We first form the 
resultant R x of two of these forces (e. g. the forces Pi and P 2 ) and we obtain 
a system consisting of only n — 1 forces. 

A method that we shall become acquainted with presently will lead 
us to the goal more quickly. 




String polygon. Let us assume that we have to find the resultant of 
the system of forces P lt P 2 , P 3 , P 4 (Fig. 169a). 

We first form the sum R = P x + P 2 -|- P 3 + P 4 . The polygon obtain¬ 
ed is called the polygon of forces. 1 ) 

Let us denote (in the polygon of forces) by A 0 the origin of the force 
P 4l and by A ,, A z , A s , A t , the termini of the forces P lt P 2 , P 3 , P 4 . Let us now 
select an arbitrary point 0 outside the polygon of forces. This point is 
called the pole. 

We connect the pole 0 with the points A 0 , A x , ..., A 4 . From an 
arbitrary point A situated on the direction of the force P 4 we draw the 
lines I 0 and l x parallel to the lines OA a and OA lt respectively. The line l L 
is prolonged to the point B of its intersection with the direction of the 

l ) In Fig. 169a, 170a, and those appearing farther on, only the positions 
of the forces are given. The magnitudes of the forces are indicated in the force 
polygons (Kg. 169b, I70b, etc.). 
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force P 2 . The line l x will cut the direction of the force P 2 , because k is 
parallel to OA x , and OA x is not parallel to P 2 (Fig. 169b). 

From the point B we dxawthe line l 2 1| 0A S to the point C of its inter¬ 
section with the direction of the force P 3 . From the point G we draw the 
line l s |[ OA s to the point D of its intersection with the direction of the 
force P 4 . From the point D we draw the line \ || OA.,. 

We now determine the point of intersection E of the lines l 0 and l t . 
The resultant R passes through the point E. Since R is known from the 
polygon of forces, this resultant can be drawn. 

We shall now justify the above construction. 

Let us denote the vectors JJ), A x O u ..Afi by S 0 , S ls . .., S 4 , re¬ 
spectively. From the force polygon ( Fig. 169b) we obtain: 

Pi + s i + ( So) =°; p a + S 2 + (— Sj) =0, 

P 3 + *3 + (~S 2 ) =0, P 4 + S 4 + (— S„) = 0. ^ 

Let ns add to the system of forces P 4 , P 2) P 3 , P 4 the forces S 0 and — S 0 
tying on the line l 0 , the forces S x and—S 4 lying on l x , etc., finally the forces 
S 4 and — S 4 lying on l 4 . The system added is obviously equipollent to zero, 
because the forces S 0j —S 0 , S 4 , —S ls etc. annul each other in pairs. The 
resultant of the enlarged system is therefore the same as before. 

In virtue of (1) the forces P 1; Sjj.and —S 0 , annul one another because 
their sum is zero and their directions intersect at A. These forces can 
therefore be removed. Similarly we can remove the forces P 2 , S 2 , and— S t) 
next, P 3 , S 3 , and —S 2 , etc., and finally the forces P 4 , S 4 , and — S.,. The 
remaining forces S 0 and —S 4 consequently form a system equipollent to 
the given one. The resultant R therefore passes through the point of 
intersection E of the forces S 0 and — S 4 (i. e. of the lines l 0! l x ). 

The segments l 0 , l x , l 2 , Z 3 , \ form a so-called string polygon-, l 0 and \ 
are called its extreme sides. 

Therefore: the resultant passes through the point of intersection of ike 
extreme sides of the string polygon. 

The name of string polygon arises from, the fact that a weightless and inex- 
tensible string fastened at the points L and M on the lines l 0 and l t in the directions 
— S 0 and iS 4 (in other respects arbitrary), and assuming the position of the 
polygon LABCDM, will be in equilibrium under the action of the forces P v P 2 , P s , 
P 4 , whose points of application are at the points A, B, G, D, respectively. 

In practice superfluous notations are omitted and the drawing is 
as in Fig. 170 as well as in the Fig. 171 and 172. 
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Pig. 171a represents a system of forces whose sum is zero. We then 
say that the polygon of forces is closed (Pig. 171b). 

Drawing the string polygon we see that its extreme sides do not 
intersect (are parallel). We then say that the string polygon is not dosed. 

The system of forces in this case is equipollent to the system of forces 
S„ and — S 4 , which, as is seen from the polygon of forces, form a couple. 
The system is then equipollent to the force couple S 0 and — S 4 lying on the 
extreme sides of the string polygon. 



Therefore: if the force polygon is closed and the string polygon is not 
closed, then the system is equipollent to a force couple. 

In Pig. 172a we see a system of forces for which the polygon of 
forces (Pig. 172b) is closed and the extreme si des of the string polygon lie on 
one line. We then say that the string polygon is dosed. 

A system of forces in this case is equipollent to the system of forces 
S 0 and — -S 4 lying on the extreme sides of the string polygon and hence on 
one straight line: Since (as is seen from the polygon of forces) S 0 = 
the forces S„ and — S 4 balance each other; the given system is then equi¬ 
pollent to zero. 

Therefore: if the polygon of forces and the string polygon are closed, then 
the system of forces is equipollent to zero. 


Resultant of a part of a system. Having a string polygon of a certain 
system of forces, one can easily determine the resultant of an arbitrary 



part of the system consisting of the 
forces following each other in the 
polygon of forces. 

Por example, let the system 
of parallel forces P 1; P,, P 3 , P 4 , P 6 , be 
given (Pig. 173). Let the resultant R 
of the entire system and the resultant 
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Ri of the forces P 2 , P 3 , P 4 be determined. Prom Pig. 173 we see that the 
string polygon for the system P a , P 3 , P 4 is a part of the string polygon 
for the entire system. 

§ 7. Some applications of the string polygon. Determination of the 
reactions at the points of support of a beam. A system of parallel forces 
Pi, P 2 , ..., P 6 , is given. Determine two forces R ls R 2 , parallel to the pre¬ 
ceding and forming together with them 
a system equipollent to zero. The lines 
h 1 and k 2 on which the forces R x and R 2 
are to lie are given. 

A problem like this occurs in the 
case of a rigid horizontal beam sup¬ 
ported at the points A and B and acted 
upon by vertical forces P x , P 2 , ..., P 5 
(Pig. 174). If there is no friction, the 
reactions at the points A and B are vertical and in equilibrium with 
the forces P 1; P 2 , P 6 (p. 263). 

In order to determine the forces R x and R 2 , we draw the string polygon 
for the given system of forces in the order P lt P 2 ,..., P 5 , R 2 , R x . In the 
polygon of forces the line Afi joining the terminus of the force R 2 with 
the pole O is for the moment unknown. Since the polygon of forces is 
closed, the point A 7 , i. e. the terminus of the force R v coincides with the 
initial point of the force P lr i. e. with the point A a . 

We draw the string polygon starting from the line l 0 1| A b O until we 
get to the line \\\ A b O. 

Let us denote by B, F the points of intersection of the lines l 0 and l s 
with the directions of the forces R x and R 2 , i. e. with the given lines k x and 
Jc 2 . Drawing in the polygon of forces the line OA e parallel to the line BF, 
we obtain the forces R x = A s A e and R 2 = A e A 7 . Por it is easy to see that 
by continuing the drawing of the string polygon for the forces R x and R 2 
so determined, we obtain a closed string polygon. 

Determination of the moment of forces. If we have to determine the 
moment of the force P with respect to a certain point A, we first draw the 
string polygon from an arbitrary point B situated on the direction of the 
force P, as in Pig. 175. 

Next, we pass through A a line parallel to P. We denote the points 
of intersection of this line with the sides of the string polygon by L, K. 
Prom the similarity of triangles A^A-gO and KLB we obtain KL : | P| =h: vj s 
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where h and w are the altitudes of these triangles. From this [P |h = 
= KL ■ w. Denoting the moment of the force P with respect to A by M, 
we have |A4| = |P[/i, or 

|M| = KL • w. (1) 

Therefore: the moment of the force P with respect to the point A is (in 
absolute value) proportional to the segment which the sides of the string 
polygon cut off from, the line passing through A and parallel to P; the factor 
of proportionality is the distance of the pole from the force in the polygon of 
forces. 



Let there now be given a force couple P v P 2 (where P 1 = — P a ). We 
draw the string polygon of this couple as in Fig. 176. Let us pass through 
an arbitrary point A a line parallel to the forces and denote by K and L the 
points of intersection of this line with the extreme sides of the string 
polygon. 

We shall prove that if we denote the moment of the couple by M and 
the distance of the pole from the forces P x and P a in the polygon of forces 
by w, then formula (1) will hold. 

For let us consider the triangle BCD, where B is a point on the direc¬ 
tion of thef orce Pi from which we started to draw the string polygon, while 
C and D are the points of intersection of the direction of the force P 2 with 
the extreme sides of the string polygon. 

Let h denote the altitude of the triangle BCD. From the similarity of 
the triangles BCD and A 0 A±O we have CD : |P 4 | = h : w, from which 
jPjA = CD • w. Since |M| = IP^A and CD = KL, we get formula (1). 

Consequently: the moment of a force couple is (in magnitude) pro¬ 
portional to the segment which the extreme sides of the string polygon cut off 
from an arbitrary line parallel to the force couple', the factor of proportionality 
is the distance of the pole from the force in the force polygon. 

Similar methods of determining the moment are useful when 
we are dealing with several parallel forces, because then we can take the 
same w for all the forces (Fig. 177). If we have to determine the moment 
of a system of parallel forces we determine at first the resultant (or the 
resultant force couple) and then its moment. 
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Having drawn the string polygon of a system of parallel forces, we 
can determine with respect to A the moment of an arbitrary part of the 
system consisting of the forces following each other in the same order as in 
the force polygon. This can he done because the string polygon of this part 
is included in the string polygon of the entire system. In the drawing the 
segment ILL' is proportional (in absolute value) to the moment of the 
system of forces P 2 , P s with respect to A. 

Finally, let the system of forces P 1; P 2 ,..., P 6 , R,, R 2 be given, equi¬ 
pollent to zero (Fig. 174). Through an arbitrary point C we pass 
a line parallel to the forces. The segment LK of this line lying between 
the sides of the string polygon is proportional (in absolute value) to the 
total moment with respect to C of the forces situated on one side of this 
line (in our case to the moment of the forces R v P 1 , P 2 , P 3 or to that of 
the forces P 4 , P 6 , R a ; the moments of both parts of the system with re¬ 
spect to 0 are equal in absolute value, since their sum is zero as a conse¬ 
quence of the assumption that the system is equipollent to zero). The 
factor of proportionality is w, i. e. the distance of the pole 0 from the 
forces in the force polygon. 



Determination of the centre of gravity and of the statical moment of 
plane figures. In order to determine the centre of gravity of a plane figure 
F, we divide it into strips by means of parallel lines. If at the centres 
of gravity 3 lt 3%,... of the strips obtained we attach the forces P lt P 2 , ... 
which are parallel, have the same sense, and are proportional in magni¬ 
tude to the areas F 1 , F & , ... of these strips, then the centre of the forces 
P x , P 2 , ... will he the center of gravity of the figure F. 

For let us note that the centre of gravity of the figure F is the centre 
of mass of the system of material points which is obtained if each strip is 
replaced by a material point whose mass is equal to the mass of the strip 
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(p. 154); and by the theorem proved on p. 239 the centre of mass of the 
system of material points obtained is the centre of the system of parallel 
forces P l5 P 2 , 

Strips that are sufficiently narrow can be considered as trapezoids; 
the centres of gravity of the trapezoids can be determined according to 
the construction given on p. 177, Fig. 118. The lines of division of the 
figure are usually drawn at equal intervals (Fig. 178). Hence the areas of 
the trapezoids will be proportional to their medians. The magnitudes of 
the forces P l5 P 2 , ... can therefore be considered as proportional to the 
medians of the trapezoids. 

The resultant R passes through the centre of gravity S\ we determine 
it by means of the string polygon (Fig. 178). 

fTiirmning the direction of the forces and determining a new resultant 
R', we obt ain the centre of gravity 8 as the point of intersection of both 
resultants R and R'. 

In order to determine the statical moment of the figure F With 
respect to a certain line l, we draw the forces P l5 P 2 , ... parallel to l. 

The moment of the resultant R with respect to an arbitrary point A 
of the line l is in magnitude proportional to the statical moment of the 
figure F with respect to l. 

For denoting by Art the moment of the force R with respect to A, by 
h the distance of A from the direction of the force R, by M s the statical 
moment of the given figure with respect to l, finally by F the area of the 
figure, we have 

|Art[ = A|R|, ]Jf f | = hF, (2) 

where the centre of gravity lies on the direction of the resultant. 

Since the magnitudes of the forces P lt P 2 , ... have been chosen as 
proportional to the areas Fj, f 2 , ... of the individual strips, 

|Pi| = AF ls ]P a | = AF 2 , etc., (3) 

where X is the factor of proportionality. But 

l R l = l p i| + l p .l + •••*» 

whence 

' |R| = X(F ± F 2 -|- ...) = XF. 

In virtue of (2), therefore, |M| = XhF = A|Jf s |, whence 

m = \M\ I X. (4) 

Consequently: the statical moment of a figure is (in absolute value) 
proportional to the moment of the resultant. 
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Statical moments of plane figures can therefore be deter mine d by 
means of a string polygon. 

In Fig. 178, | Art | = w • KL , whence by (4) 

\M s \^wKL/X (5 ) 

Let us denote by d 1: d v ... the lengths of the medians of the trapezoids and by 
a the distance between the lines of division. Therefore = ad u F 2 = ad j,... Since 
it was assumed in the dr-awing that |Pd = M v |p,| = kd 2 , .... where fc = J, it 
follows that, IPd =hF 1 /a, jP,| =kF s fa, ... By (3) we then have A = h / a, 
whence by (5) 

\M S \ = aw • KL / h = 3 aui • KL. 

Measuring a, w, and KL, in the drawing, we obtain | M t \ from the above 
formula. 


II. CONSTRAINED BODY 

§ 8. Conditions of equilibrium. A rigid body is said to be constrained 
if the positions or the motions of this body are subject to certain condi ¬ 
tions. These conditions are called constraints. 

For example, if one point of a body is fixed, tlie body can turn only about this 
point. If two points A and JB are fixed, the body can turn only about the line AB. 
Later we shall leam of still other examples of constrained rigid bodies. 

When a constrained rigid body is in equilibrium we say that the forces 
acting on this body balance one another or are in equilibrium. 

A rigid body fixed at the two points A, B (Fig. 179) and being in 
equilibrium, will remain in equilibrium when we add an arbitrary force 
P whose origin is at the point G lying on the line AB. This is evident 
intuitively because the body can turn only about the axis AB, and hence 
the force P acting on the fixed axis cannot move the body. If the body were 
free, then it would remain in equilibrium only in the case when P = 0. 

We see from this that the conditions for the equilibrium of a free body 
are different from those for a constrained body. 

The investigation of the conditions for equilibrium in the case of 
a constrained rigid body can be reduced to the case of a 
free body. With this in view we shall assume that besides 
the given forces the constrained rigid body is acted upon 
by additional forces called reactions which cause the 
body to maintain the constraints. The reactions arise 
from those bodies which limit the freedom of the mo¬ 
tions of the given constrained rigid body. 

17 



Fig. 179. 
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For example, if a heavy body rests on a table, then it is not free because it 
cannot pass through the surface of the table. In this case the reactions are the forces 
with which the surface of the table presses on the body. 

The other forces acting on a constrained rigid body will be called 
acting forces (in order to differentiate them from the reactions). If we 
introduce the reactions to the acting forces, then we can consider the con¬ 
strained rigid body as free. 

It follows from this that the necessary and sufficient condition for the 
equilibrium of the acting forces is that the acting forces balance the reactions. 

However, this condition is not convenient because it involves the forces 
of reaction which are in general unknown. In some instances, as in the case of 
a body fixed at one point or two points, we can nevertheless give conditions for the 
equilibrium of the acting forces without reference to the reactions (p. 270). The 
condition for equilibrium in which the reactions do not occur is the so-called 
principle, of virtual work which we shall consider in. chapter IX. 

§ 9. Reactions of bodies in contact. Every two rigid bodies (solids, 
surfaces or lines) which are in contact with, each other act on each other 
with certain forces. These forces are reactions and they arise from the 
actions of the points of both bodies on each other. Reactions conform 
to the law of action and reaction. 

By the theorem on reduction (p. 237) the forces with 'which one body 
acts on the other can always be replaced by a force R and a couple of 
moment M. Conversely, by the law of action and reaction, the second 
body acts on the first body with forces equipollent to the force — R (with 
the same origin as R) and a couple of moment — M. 

The determination of reactions is very important in problems con¬ 
nected with engineering. So far we do not yet have a theory which solves 
this matter in its entirety. In practice we make use of certain hypotheses 
agreeing approximately with experience. We shall consider here only cer¬ 
tain problems concerning the reactions'of bodies in contact. This matter 
is taken np fully in textbooks on engineering mechanics. 

Experience reveals that in rigid bodies in contact, only those points 
which are situated near the points of contact act on one another. Let us 
assume here the simplifying hypothesis that only the points of contact of 
both bodies act on one another; the reactions will then be the forces 
acting at the points of contact. 

This hypothesis does not hold in all generality. According to this hypothe¬ 
sis, the reactions of two rigid bodies in contact only at one point would be 
reduced to one force having its origin at the point of contact. On the other hand, 
experience teaches that in addition to this force there can still appear a force couple 
whose moment is different from zero, which is contrary to the hypothesis. 
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For example, if a heavy rigid sphere rests on a rigid horizontal plate, then it 
can remain in equilibrium even if it is acted upon by a force couple (lying in the 
horizontal plane) of small moment. In the state of equilibrium the reactions of the 
plate balance the weight of the sphere as well as the force couple, which would be 
impossible were the reactions of the plate reduced to only one force acting at the 
point of tangency. 

Normal and tangential reactions. Let two rigid bodies I and II be in 
contact at the point A (Eig. 180). Let us denote by R the force with which 
body II acts on body I at the point A. The force R has its origin at A. 
By the law of action and reaction body I acts on body II with a force 
—R, whose origin is also at A. 



Kg. iso. 



Fig. 181. 


Let body I be a solid or a surface having a tangent plane II at the 
point A. 

Let us resolve the reaction R into two components: a component N 
perpendicular to the body, i. e. to the plane U, and a component T tangent 
to the body, i. e. lying in II. 

The component N is called the normal reaction, and the component 
T the tangential reaction or the friction. The normal reaction is usually* 
directed with respect to body II to that side in which body I is situated; 
it is then called the pressure. If there is no friction at the points of 
contact, the bodies in contact are called smooth. 

. Let us consider two more cases: 

1° Body I is a surface bounded by a certain curve on which the point 
of contact A lies, and the hounding curve has a straight line tangent l at 
A (Fig. 181a). 

2° Body I is a curve having a straight line tangent l at A. where A is 
not the end of this curve (Fig. 181b). 

An example of 1 ° can be a rigid hemisphere bounded by a circum¬ 
ference on which the point A lies; an example of 2° can he an arc of a 
circumference with the point A lying at its midpoint. In cases 1° and 2° 
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the normal reaction will be the component of the reaction R perpendicular 
to the tangent l\ the friction will be the component of the reaction R lying 
on the line l. 

For two smooth bodies in contact at the point A, the direction and 
sense of the reaction are determined if one of the bodies is a solid or a sur¬ 
face possessing a tangent plane at A. The direction and sense of the 
reaction are also determined for bodies 1° and 2° if the lines tangent to 
them at their point of contact do not coincide. For in this case the 
reaction must be perpendicular to both tangents, For bodies, one of which 
is body 1° or 2°, we know only this about the reaction, namely, that it 
lies in the plane perpendicular to the tangent line l. 

Supports. A fixed rigid body (e. g. one attached rigidly to the earth) 
is called a support. In many applications it is necessary to determine the 
reactions of the supports on other rigid bodies. 

If a rigid body resting on supports is in equilibrium, then the forces 
acting on this body balance the reactions of the supports. If a smooth body 
rests on smooth supports, then we assume that reactions (obviously nor¬ 
mal) are induced which balance the forces acting on the body. 

Because of this hypothesis we can in many cases give the necessary 
and sufficient conditions for the equilibrium of forces which act on a rigid 
body resting on smooth supports. 


Centre of pressure. Let two smooth bodies I and II be in contact at 
the points lying in a certain plane II (Fig. 182). The reactions will therefore 
be perpendicular to the plane II. The reactions acting on the body I are 
consequently parallel; let us assume that they are pressures. Hence they 
have the same sense. It follows from this that they have a resultant R 
which we can assume to be acting at a certain point 0 of the plane II. The 
point .0 is called the centre of pressure. 

Obviously the reactions acting on the other body have a resultant 
—R and the same centre of pressure. 




Kg. 183. 


Reactions of a string. An 
inextensible string fastened 
to a body acts on it only 
when the string is in tension. 
If the mass of the string is 
small (so that it can be neg¬ 
lected) and both ends are 
fastned to the body, then 
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the string acts at both ends with forces which are equal in magnitude also 
in the case when it is wound around some smooth body (Fig. 183). The 
forces with which the string acts at its ends are tangent to the string and 
have senses in the direction of the string. These forces are called the ten¬ 
sions of a string. 

Example I. If a heavy body hanging on a string at the point A is 
in equilibrium, then the tension T of the string whose origin is A balances 
the weight Q whose origin is at the centre of gravity 8. 

Consequently T + Q = 0, or 

l T l = IQ!- (i) 

Moreover, the forces T and Q must act along one line. The string is 
therefore directed vertically and its prolongation passes through the 
centre of gravity (Fig. 184). Hence, hanging the body in succession from 
two points and drawing the directions of the string in the body, we obtain 
as the point of intersection the centre of gravity of the body. 

Example 2. If a body hanging by two 
strings at the points A and B is in equi¬ 
librium, then the tensions T } and T 2 with 
its origins at A and B balance the weight 
Q whose origin is at the centre of gra¬ 
vity 8 (Fig. 185). Consequently 

T"i + T a -f- Q = 0. (2) 

Therefore by the theorem given on p. 246 the directions of the forces 
either intersect at the point 0 or the forces are parallel. In both cases 
we can determine the forces Tj and T 2 by taking the moment with respect 
to an arbitrary point, e. g. with respect to the point A. Denoting by a 2 
and d the arms of the forces T 2 and Q with respect to A, we get 
|T" 2 |£t = | Q|d, or 

|T,| = \Q\d/a. (3) 

Similarly, we obtain |T X | by taking the moment with respect to B. In 
the case when the forces and T 2 are not parallel, we can determine them 
graphically by forming the triangle of forces (Fig. 185). 

Example 3. A heavy rigid rod hangs at the ends A and B of a mass¬ 
less inextensible string passing through a smooth ring at the point C 
(Fig. 186a). Determine the tension of the string in the position of equilib¬ 
rium. 



Fig. 184. Kg. 185. 
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Let us denote the length of the string by l, the angle AOB by q>, and 
the centre of gravity of the rod by 8. Let us put: 

AB = a, AG = h, BC = Z 2 , AS == 6 . 

Let us suppose that a, b, l, and the 
weight of the rod Q, are given. 

Since the tensions T x and T 2 of the 
string balance the weight Q, these forces 
intersect at the point G (because the forces 
Tj and T s pass through the point C (p, 246)) 
and moreover 

T, + T 2 + Q = 0. (4) 

In addition to this (p. 261) 

I Til = \T*\. (5) 

When cp — 0, the rod has a vertical position and the forces T x and T 2 
have vertical directions. Therefore by (5) T) = T 2 , whence by (4) 

|Ti| = |T.l = i|Q|- 

Let ns inquire in what case <p can be different from zero, asinFig. 186. 
Let us therefore assume that <p =(= 0. 

Denoting hy d x and d 8 the distances of the directions of the forces T t 
and T 2 from S and taking the moment with respect to 8, we get |Tj|di = 
= |T 2 |i 2 ; consequently from (5), d ± = d 2 . The centre of gravity $ is equi¬ 
distant from the sides AG and BG, i. e. the line GS is the bisector of the 
angle cp. Prom a known geometrical theorem concerning the angle bi¬ 
sectors of a triangle, we obtain AC : BO — AS : BS, i. e. 

l 1 :l t = b : (a — 6 ). ( 6 ) 

Since 

+ ^2 = h (I) 

solving the system of equations ( 6 ) and (7). we get: 

lx — bl j ct, 1 2 — (a — b)l / a. ( 8 ) 

In order that the sides l x , Z s , a, form a triangle, the inequalities 
h + 4 > a > h + a > h: h + a > h must hold. They can be written 
in the form: 

li “f - ^2 P a j Zj —1,[, 

whence in virtue of ( 8 ) 



l > a > \a — 2b\ l j a. 


( 9 ) 
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The inequalities a < l < a? / \a — 2b\ must therefore be fulfilled, or, 
setting 1c — b j a, 

a<l<aj H — 2 fe|. ( 10 ) 

Hence: lohen 93 =j= 0 equilibrium will occur if the length l satisfies con¬ 
dition ( 10 ). 

Let us note that if h — b / a = \ (i. e. if the centre of gravity S falls 
at the centre of the segment AB), then conditions (9) are satisfied for all 
l > a. In this case, therefore, the position of equilibrium of the rod is 
always possible when 9 ? =j= 9. 

Angle <p is obtained from the theorem of Carnot 


a 2 = ll -|- 1\ — 2 Z x Z 2 cos 9 >. ( 11 ) 

Prom the triangle of forces we get 




( 12 ) 


After expressing cos %<p in terms of a, b, l, from formulae ( 8 ) and (11), 
we obtain by ( 12 ) 

|T- 1 | = |TJ = |«S|- I IA“ —*)» 


In particular, for b = |a we get 

W = |T,| = \Q\ 


Id —a 3 ' 
l 


2]Ip 


Example 4. A horizontal beam rests at the points A and B on two 
smooth supports. Vertical forces (directed downwards) P 1; P 2 , ..., P 5 
(Fig. 174) act on the beam. Determine the reactions of the supports. 

Let us denote by %, * 2 , ..., x t the distances of the points of applica¬ 
tion of the forces from A , Put AB — d. The reactions R x and R 2 at A and 
B are vertical. Taking the moment with respect to A and denoting by 
P lt P gJ ..., P 5 , P x , P 2 the absolute values of the forces, we obtain P l x 1 + 
+ P#h + • • • + Pi x 5 — PS = whence 

P 2 = (PA + ?*+.•.+ P^f / d. (13) 


Since P x + P 2 = P x + P 2 + • • • + Pt>, 

B 1 = [P x (d — %)+...+ P t (d — *.)] I d. (14) 

The reactions R x and R 2 can also be determined by means of the string 
polygon as onp. 253. 

Example 5. A heavy sphere of constant density touches a smooth 
plane IT inclined at an angle x with the horizontal (Pig. 187). Determine 
the horizontal force P maintaining the sphere in equilibrium. 
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The origin of the weight Q of the sphere is at its centre 0, and that of 
the reaction R of the plane 17 at the point of tangeney A; the reaction is 
perpendicular to 77. The forces Q and R intersect at the point 0. Since the 
forces P, Q and R balance one another, in virtue of theorem III, p. 246 , 
they intersect at the point 0. Moreover P + Q + R = 0; hence the forces 
P and R are obtained from the triangle of forces. We have 

JJ = Q j cos x, P — Q tan «, 

where P, Q and if, denote the absolute values of the corresponding forces. 



Fig. 187. 


/■ 




Examp/e 6. A heavy rod AJ3 of constant density lies in the vertical 
plane II and rests against two smooth planes: a horizontal plane II 1 and 
a vertical plane ii 2 . Let Ox and Oy he the lines of intersection of the planes 
ilj and IT 2 -with the plane II. The rod AB is tied by an inextensible string 
00 to the point 0. The rod is in equilibrium. Determine the reac¬ 
tions, having been given: AB = 21, the angle * between AB and the 
*-axis, and the angle y between 00 and the a-axis (Pig. 188). 

The force acting on the rod is the weight Q acting at the midpoint D 
of the rod AB. The reactions are the reactions of the planes R and N, 
acting at A and B and perpendicular to the planes, as well as the reaction 
of the string T acting at 0 and directed along the string towards the 
point 0. The acting force balances the reactions. Prom, the condition of 
projections on the x and y axes we obtain 

■Nx V Px — 0, Ry + Qv + Ty — 0, (15) 

and from the condition of moment with respect to' O: 

R v ■ 21 cos oc -j- N x ■ 2 1 sin* — Qy ■ l cos* = 0. (16) 

Let us denote by R. N, T, Q, the absolute values of the corresponding 
forces. We obviously have R y = B, N x — N, Q v = —Q and T x = 

T cosy, T v = Tsiny. Consequently from equations (15) and 
(16) we obtain: 
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N T cosy = 0 , R—Q — Tshup = 0 , 
2R cos* -f- 2 N sin* -j- Q cos* = 0 . 


(17) 

(18) 


Determining It and N from equations (17) and substituting in (18) we 
obtain 

fn 0 } COSK 

2 sin(« — <p)‘ P®) 

whence by equations (17) 


Q cos* cosy 
2 sin(* — y)’ 


R = Q 



cos* siny 
2 sin(« — f) 


( 20 ) 


Since T > 0 , in virtue of (19) a > y; hence the point 0 must lie 
between A and D. 


The problem can also be.solved graphically (Fig. 189 and 190). 

Denote by B the point of intersection of the forces T and Q, and by 3? 
that of the forces N and R. The resultant W 2 of the forces I and Q acts at 
E, whereas the resultant W a of the forces R and N acts at F. Since the 
system of forces N, R, T, Q is equipollent to zero, the system of forces 
W X1 W 3 is also equipollent to zero. Hence the forces act along the line EF 
and W L 4- W 2 = 0. The force Q as well as the directions of the forces T 
and Wj = T Q are given; therefore we can determine the forces 
and T as in Fig. 189. Since N -f- R = W 2 = — W lt the forces N and R are 
obtained by resolving the force W 2 into components in the directions of 
the x and y axes (Fig. 190). 


Example 7. A heavy rod AB whose centre of gravity is at 8 rests 
on a smooth horizontal plane at the point A and on a smooth sphere at the 
point B (Fig. 191). An inextensible string fastened at A passes over a 
pulley O and sustains a weight P at its other end. Determine the weight 
P, the reaction R of the horizontal plane and the reaction N of the sphere 
in the position of equilibrium, having been given a = AS, b = AB. 
the angle « between the rod and the plane, 
and the weight Q of the rod. 

Let us choose the axes x and y as in 
drawing. Since the tension in the string at the 
point A is P, denoting by P, Q, R, N, the ab¬ 
solute values of the forces and forming pro¬ 
jections on the x and y axes, we get: 


P~N sin« = 0 , B — Q + N cos* = 0 . ( 21 ) 



Fig. 191. 
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The total moment with respect to A is 

Qa eos« — bN = 0. ( 22 ) 

From equations (21) and (22) we obtain 

n-q^. 

Tbe problem can also he solved graphically. With this in view, let us 
den ote by W 1 the resultant of the forces R and P, and by W 2 the resultant 
of the forces Q and N. The force W 1 = R + P acts at the point A, and 
yy 2 _ q _|_ N at the point 0 in which the directions of the forces Q and 
N intersect. Since we know the positions of the forces Q and N, the point 
0 can he determined. 

The forces P, R, Q, and N, are in equilibrium; therefore the forces W x 
and W 2 balance each other. Consequently W x + W s = 0; moreover the 
forces W 1 and W 2 he on one line. This line is obviously the line AO. Since 
we already know the direction of the force W 2 , we can determine VV 2 and N 
from the relation W 2 = Q + N by drawing the triangle of forces. We have 
W l = — W s , and = fi + P, hence we obtain the forces R and P by 
resolving the force W 1 in the directions of the forces R and P. 

Example 8. A heavy rigid wire of constant 
density, in the form of a semicircle, lies in a 
vertical plane and rests on a horizontal line l 
(Fig. 192). Forces P 1 and P a , directed vertically 
downwards, act at the ends A and B of the 
wire. Determine the angle i p which the dia¬ 
meter AB makes with the horizontal in the 
position of equilibrium, as well as the reaction 
R at the point of tangency 0 (under the 
assumption that there is no friction). 

In the position of equilibrium the forces P 1; P 2 , the weight Q acting 
at the centre of mass S, and the reaction R perpendicular to l, balance one 
another. Since these forces are parallel, (denoting their absolute 
values by P x , P 2 , Q, andP), we obtain from the condition of projections on 
the y-axis, which is directed vertically upwards, — P x + B — Q — 
— P 2 = 0 , whence 

= (23) 

Let us calculate the total moment of the forces with respect to the 
point of tangency 0. From the condition of moment we obtain 
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— p iVi + Qq + P 2 p 2 = 0 , (24) 

where p 2 , and?, denote the arms of the forces P 2 , P 2 , and$, with respect 
to 0. Putting r — OB (where 0 is the centre of the diameter AB), we 
obtain: 

Pi = 7a = * cos <p, q — OS • si nip, (25) 

and since 08 — Sr / n (p. 176), 


q = 


2 f sin?) 


(26) 


From (25) and (26) we get, after substituting in (24), 


(8,-8,),^+?r«f!5£_o, 


whence 


tang> 


(jj. — Pi) n 

2 Q ' 


(27) 


§ 10. Friction. Let two bodies I and II, which are at rest, be in 
contact at the point .4 and let them have a common tangent plane 17 at 
this point (F.'g. 193). Let us denote by R the reaction which body II 
exerts on body I at the point A. If the bodies are 
not smooth, then the reaction R is not perpendicular 
to the plane 77. 

Let « be the angle which R makes with the nor¬ 
mal n to 77 

Denoting the normal component by N, the tan¬ 
gential component or friction by T, and putting B — 

= |R|, N = jM|, T = |T|, we obtain: 

P = Psin«, N = R cos*, ( 1 ) 

whence 

P = Wtan«. ( 2 ) 

Experiment shows that the angle « cannot exceed a certain limit 
which depends on the nature of the surfaces I and II. 

Let us denote by cp the maximum value of the angle « at the point A 
for a given pair of bodies I and II in the position of equilibrium. We 
therefore have 0 ^ « <C cp, i. e. 0 tan« tan q>, whence by ( 2 ) 

T Sb N tan q>. (3) 



Putting / — tan 95 , we get 


T£Nf. 


(4) 
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The number / is called the static coefficient of friction for a given pair 
of bodies I and II at the point of contact A, 

Let us consider a cone of revolution whose vertex is at A, and whose 
axis is the normal n inclined at an angle cp with respect to the generatrices 
of the cone. This cone is called the cone of friction at the point A. 

Since k <L<p, the reaction lies within the cone of friction or on its surface. 
Exactly as for smooth supports (p. 259), we also assume in the case 
of friction the following principle: 

If a rigid body rests on supports and reactions (lying within the cones of 
friction ), which balance the forces a,ding on the body, are possible, then such 
reactions are actually induced {if the body was initially at rest). 


Example I. A heavy rod AB, lying in a vertical plane, rests against 
a vertical plane and a horizontal plane (Fig. 194). The coefficients of fric¬ 
tion at A and B are f 1 and / 2 . Examine the condi¬ 
tions for equilibrium. 

Let ns consider the cones of friction at A and 
B. The generatrices of these cones are inclined to 
the normals at A and I? at the angles tp x and<p 2) 
where tan 95 * = f u andtan ?> 2 = / 2 . The reactions 
Ri and R 2 at A and B must lie within or on the 
surface of these cones. 



Three forces act on the rod AB: R v R a , and the weight Q acting at 
the centre of gravity S. 

If the rod is in equilibrium, then the directions of these forces pass 
through one point 0 (p. 246). This point must obviously lie in a region 
common to both cones of friction (vide shaded region in the figure) 
because the directions of there actions can only intersect in this region. The 
direction of the weight must therefore pass through the region common 
to both cones of friction. 

Conversely, if the direction of the weight Q passes through the region 
common to the cones of friction, then the rod can remain in equilibrium. 
For let us choose on the vertical passing through 8 an arbitrary point G 
within the region common to the cones of friction. It is easy to see that 
reactions R, and R a , having directions AG and BO and balancing the 
weight Q, can occur. Therefore the rod can in this case remain in equi¬ 
librium. 


If the centre of gravity were at a point S' such that the vertical pas- 
smg through this point did not cut the region common to the cones of 
friction, then the equilibrium of the rod would be impossible. 
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Consequently: the necessary and sufficient condition for the equilibrium, 
of the rod is that the direction of the weight pass through the region common to 
the cones of friction. 

Let us put: AB — l, AS — d, B8 = d' and let us denote by a the 

angle which AB makes with the horizontal. Let us choose the x and y 

axes of the coordinate system as in the drawing and assume that the rod is 
in equilibrium. From the conditions of projections and of moment with 
respect to O we obtain 

~ 0 ’ -Sly + -®8» - 6 = 0, (5) 

as well as — l cos* -f sin* + Qd' cos* = 0 , i. e. 


— Ri l + Bi l tan* + Qd’ = 0. ( 6 ) 

Moreover, we have the following inequalities: 

l*ij 5s B X J X , |f2 a)( [ <, B-zJi- ( 7 ) 


The reactions cannot be determined from formulae (5) and ( 6 ). 
Relations (5)—(7) permit us only to give limits which the components of 
the reactions cannot exceed. 

Let us denote by x 0 the abscissa of the point S, and by £ the abscissa 
of the point G at which the extreme generatrices of the cones of friction 
intersect. Equilibrium will result if 


£ £ x e . ( 8 ) 

In order to determine £, let us write the equations of the lines BG 
and AG: 

y = j f 2 x -f- l sin «, y = — (x — l cos «) / f t . 

The point G is the point of intersection of these lines; hence 


f = 


1 — f x tan* 
1 + /a/a 


l cos*. 


Since x 0 = d’ cos «, the inequality (8) assumes the form 


( 9 ) 


(1 —/ 1 tan*)/(l + / 1 / 2 )^d'/^ (10) 

Equilibrium follows if the left side of this inequality is a negative 
number or zero. In this case 1 —/ x tan* £ 0 ; hence l j ft £ tan* or 
cot cpt £ tan «; consequently Jsr — 951 £ *. 

Therefore if Jot — 9 % <1 *, then equilibrium follows. On the other 
hand, if Jot — f t > «, then the left side of the inequality ( 10 ) will he 
positive and equilibrium will not occur for too small d'. 

It is easy to verify these results in the drawing (p. 268). 
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Example 2. A beam I passes loosely through, a groove in beam II. 
A force P parallel to beam I acts on beam II. The beams are pressed to 
each other at the points A and B (Fig. 195). 

Let us determine the cones of friction at A and B. If the direction of 
the force P passes through the region common to the cones of friction, 

then reactions R lt R a balancing the 
force P and acting on the beam II 
will appear at the points A and B. 
Then beam II will not move. The beam 
sticks fast. 

From the drawing it is easy to see 
that beam II will move if the force P' 
has its origin near beam I and is parallel 
to it. For then the direction of the force 
P' will not pass through the common 
part of both cones of friction; equilibrium will therefore ho impossible. 

§11. Conditions for equilibrium not involving the reaction. The 

condition for the equilibrium of forces acting on a rigid body given on 
p. 257 expresses the relation that obtains between the acting forces and 
the reactions. We now give several examples in which the conditions for 
the equilibrium of the acting forces can be made to refer only to the acting 
forces without including the reaction. 

Body with one fixed point. Let a rigid body have one fixed point, e. g. 
the point 0. We can therefore assume that the body is free and that the 
point 0 is acted upon by a reaction R holding the point 0 (Fig. 196). 

Let us further assume that the body is in equilibrium under the 
action of the forces P x , P 2 ,..P n . These forces consequently balance the 
reaction R. From the conditions of equilibrium it follows that the sum of 
the forces and the moment with respect to the point 0 are equal to 
zero, i. e. 

R + SP i= 0, ( 1 ) 

SMom 0 P 4 = 0. (I) 

The reaction R (being a force whose origin is at 0) does not appear in 

equation (I) because its moment with respect to 0 is zero. From equation 
( 1 ) we can determine R. We have 

R= —SP s . (2) 

Equation (I) constitutes the necessary condition which the acting 

forces P x , P 2 ,.. P„, must satisfy in the case of equilibrium. 
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We shall now prove that condition (I) is also a sufficient condition 
for equilibrium. 

Let us assume that the system of forces P h P 2 ,..P n , satisfies equa¬ 
tion (I), i. e. that the moment of this system of forces with respect to 0 is 
zero. It follows from this that the forces P 1: P 2) ..., P n , have a resultant 
P — SP 4 whose origin is at 0 (p. 26). Now the force P acting at 0 cannot 
move the given body which is at rest, because the point O is fixed. The 
system of forces P x , P 2 , (equipollent to the force P), is therefore in 

equilibrium. 

Hence: A necessary and sufficient condition that a system of forces 
acting on a rigid body fixed at one point 0 be in equilibrium is that the total 
moment of the acting forces 
with respect to the point 0 be 
zero (or that the system 
have a resultant passing 
through O). 

Body with a fixed axis. 

Let a rigid body have a cer¬ 
tain fixed line l (it is suffi¬ 
cient for this purpose, for 
points of this line). We can assume that the body i>;g. 197 , 

is free and that the points lying on the axis are 
acted upon by forces of reaction which cause the axis to be fixed. 

Let us assume that the body is in equilibrium under the action of 
the forces {PJ. Hence the forces {PJ balance the forces of reaction. From 
the conditions of equilibrium it follows that the total moment of these 
forces with respect to the axis l is equal to zero. Since the moment of the 
forces of reaction with respect to the axis l is zero (because the reactions 
are forces whose origins lie on the axis), the total moment of the forces 
{Pd with respect to the axis l is zero, i. e. 

SMom l P 1 =0. (H) 

The forces of reaction do not appear in equation (n). This equation 
is consequently the necessary condition that the given system of forces 
{Pi} must satisfy in order that the body be in equilibrium. 

We shall now prove that condition (n) is also a sufficient condi¬ 
tion for equilibrium. 

Let ns assume, then, that an arbitrary system of forces P 1; ...,P„ 
satisfies condition (II). Let us select an arbitrary point 0 on the axis l 
(Fig. 197). By the theorem on reduction (p. 237), the given system is 
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equipollent to a system composed of two forces S and T, of which S 
has its origin at 0. Since the total moment of the forces P 1: P 2 , ..., P„, 
with respect to l is zero, the total moment of the forces S and T with 
respect to l is also zero. Since Mom s S = 0 (because the force S acts at 
the point 0 lying on Z), we must also have Mom/T = 0 . Therefore the 
force T either cuts Z or is parallel to Z. 

Let us consider an arbitrary point O' 4 = 0 on the axis l. Let A be 
the origin of the force T. Since the force T lies in the plane passing through 
l and A, we can resolve T into two forces T x and T 2 having directions OA 
and O'A, and then translate their points of application to 0 and O', In 
this maimer we have shown that the system of forces Pi, P 2 , . ■ P n> is 
equipollent to a system, of forces acting at the points of the axis Z. 

Since it is obvious that the forces acting at the points of the axis Z, 
which is fixed by hypothesis, cannot move a body being at rest, the 
given system of acting forces P x , P 2 , ■ ■ •, P«, is in equilibrium. 

Therefore: the necessary and sufficient condition that a system of forces 
acting on a rigid body having a fixed axis be in equilibrium is that the total 
moment of the system of forces with respect to this axis be zero. 

Remark. Let 77 be an arbitrary plane perpendicular to the line l, and 
O x the point of intersection of the plane 77 with the axis l. Let us denote 
by P x , Pg, ... the projections on the plane II of the acting forces P x , P 2 , ... 
Brora the definition of a moment with respect to an axis (p. 233) it follows 
that the moment of the force P- with respect to O x is equal to the moment 
of the force P< with respect to l. Consequently the total moment of the 
forces {Pj} with respect to the point O x is equal to the total moment of the 
farces {PJ with respect to the axis Z. 

Therefore: the necessary and sufficient condition for the equilibrium of 
a system of forces {Pi} is that the total moment of the forces (P'-} with respect 
to Oj be zero. 

This condition is such as if the projection of a body on the plane 77 
had a fixed point O x and the projections of the forces P lt P 2 , ... acted on 
the projection of the body. 

In order to see whether a system of forces acting on a rigid body 
having a fixed axis is in equilibrium, it is therefore sufficient to know only 
the projections of the acting forces on a plane perpendicular to the axis 
and the point of intersection of the axis with this plane. 

Plane motion of a body. Let it he possible for a rigid body to move 
only in such a way that the path of each of its points is plane and lies in 
a plane parallel to a certain fixed plane 17. 
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We then say that the body can execute only a plane motion and we 
call the plane II a directional plane. 

An example of a body executing a plane motion is a cylinder whose 
bases lie in two parallel planes II and If (Pig. 198). If there is no friction 
the reactions of the planes II and II' are per¬ 
pendicular to these planes. 

In general, let us assume that whenever there 
is no friction the reactions which cause the body to 
execute only a plane motion are perpendicular to 
the directional plane II. 

It is obvious, therefore, that a system of 
forces perpendicular to the directional plane is 
in equilibrium.; this means that forces perpendi¬ 
cular toil cannot move a body which can execute Fig. i 98. 

only a plane motion if the body is at rest. 

Let a body which can execute only a plane motion be in equilibrium 
under the action of a system of forces P x , P 2 ,... The acting forces therefore 
balance the reactions R 1: R 2 , ..., i. e. they form a system equipollent to 
zero. It follows from this that the projections of the forces P x , P 2 ,... and 
those of the reactions R X[ R 2 , ... on the directional plane 71 also form a 
system equipollent to zero. Since the projections of the reactions are 
zero (because the reactions are perpendicular to 17), the projections P[, 
Pg,... of the forces P x , P 2) ... on the directional plane themselves also 
form a system equipollent to zero. 

Let O be an arbitrary point of the plane II. If the forces P x , P 2 ,... are 
in equilibrium., we obtain: 

£P; = 0, S Mom 0 P- — 0. (3) 

Condition (3) is therefore a necessary condition for the equilibrium 
the system of forces P x , P 2 , ... We shall prove that it is also a sufficient 
condition. 

With this in view, let us assume that the system of forces P u P 2 ,.,. 
satisfies equations (3). In virtue of the theorem on reduction this system 
is equipollent to a system consisting of the force P = 2P* and a certain 
couple 17, — 17. Let us denote by P', U', and— U', the projections of these 
forces on the plane 77. By (3) we obtain: 

P' = 0, Mom{l7', —17') = 0. 

Consequently P is perpendicular to 77; and the couple 17, —U lies in 
the plane perpendicular to 77. Hence we can rotate the couple 17, —17 in 
18 
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its plane (leaving the moment unchanged) so that in the new position 
the forces are perpendicular to 77. Denoting by V, V the new couple 
equipollent to the former, we see that the system of forces P v P 2 ,... is 
equipollent to the system of forces P, V, and — V, perpendicular toil. It 
follows that the system P x , P 2 , ... is in equilibrium. 

Therefore: a necessary and sufficient condition that a system of forces 
acting on a rigid body which can execute only a plane motion be in equilibrium 
is that the projections of these forces on the directional plane form a system 
equipollent to zero. 

Hence, in order to find out whether a system of forces acting on 
a body which can execute only a plane motion is in equilibrium, it is 
sufficient to know the projections of the acting forces on the directional 
plane. 

Example I. Lever. A beam having a fixed horizontal axis perpen¬ 
dicular to it is called a lever. 

We assume that the forces acting on a lever lie in one plane 77 per¬ 
pendicular to the axis of rotation and passing through the centre of 
gravity. 

Let us denote by Q 1; Q 2 ,... the forces acting on the beam at the 
points A lt A 2 , ..., by Q the weight of the beam acting at its centre of 
gravity S, by Q lr Q 2 , ...,Q the absolute values, and by q u q 2 , ...,q the 
arms of these forces with respect to the point of intersection O of the 
plane 77 with the axis of rotation (Mg. 199). 

The moment of the system of forces Q lt Q 2 ,..., Q, with respect to the 
axis of rotation in this case is equal to the moment of this system with 
respect to 0. The acting forces will therefore be in equilibrium if the sum 
of their moments with respect to 0 is zero. Hence the condition of equi¬ 
librium can be written in the form 

i Qih i QiHi ± ■ ■ ■ dr Qq = 0, (4) 

where the signs -f- and — are taken according to the rule given on p. 233. 
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Let us assume that the center of gravity lies under the axis of 
rotation when the beam has a horizontal position. Lt follows from this , 
obviously, that for a beam on which no forces act (except gravity) a hori¬ 
zontal position is a position of equilibrium. Let us assume, in addition, 
that the acting forces have a’vertical direction (Fig. 200). 

Let <p denote the angle which the beam makes with the horizontal. 
Since 08 is perpendicular to the beam, 08 also makes an a n g le <p with the 
vertical. 

Hence we have: 

<7i = OAi cosy, q 2 = OA % cosy, ..., q =08 siny, 
whence by substituting in (4) 

(± Qi • OA x ± Q % ■ 0A 2 ± ...) cosy ± Q ■ 08 sin y = 0, 
or, dividing by cosy, 

i Qi ■ OA x i Qi • OA 2 dz ■ • • i Q • 08 tan y = 0. 

Knowing the forces Q lt Q 2 ,..., Q, we can calculate from equation 
(5) the angle y which the beam makes with the horizontal in the position 
of equilibrium. 

. In particular, if the beam is acted upon by two forces Q x and Q 2 , 
directed downwards and applied on opposite sides of the beam (as in 
Fig. 201), we obtain from (5) — Q t ■ OA -f Q e - OB —Q ■ 08 tan y = 
= 0, whence 

tan y ={Qf OB — Q x ■ OA) j Q ■ 08. (6) 

If y = 0 (i. e. if the beam is in equilibrium in a horizontal position), 
we obtain 

Qx ■ OA = Qx ■ OB. 

In particular, therefore, if OA = OB, then Q t — Q 2 . 

An instrument called a balance, which serves to compare the weights 
of two bodies and indirectly their masses, de¬ 
pends on this principle. 

Example 2. A rigid body, having a fixed 
axis l, is in equilibrium under the action of the 
forces P l5 P 2 ,..P„, whose points of*applica- 
tion are A 1} A 2 , ...,A„ (Fig. 202). Give the 
necessary and sufficient conditions which 
these forces must satisfy in order that the 
body continue to be in equilibrium, if it is 
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turned about the axis l through an arbitrary angle « and during this 
rotation the directions, senses, magnitudes, and the points of applica¬ 
tion (in the body) of these forces remain unchanged. 

Let us take the axis l as the z-axis of the coordinate system; denote 
by x 1: y u %, x tf y t , z 2 , ... the coordinates of the points of application 

A lt A 2 , ..., and by x[, y[, z[, x' % , i/ 2 , %,... the coordinates of the points 

A[, A' s , ,,., into which the points A 1} A a , ... went when the body turned 
through an angle os. about the axis l. Let B x and B[ be the projections of 
the points A x and A[ on the 2 y-plane, and cp the angle between OB and the 
2 -axis. Putting r x = OB x = 0B[, we have: 

£i = r x cos <p, y x = r x sin 93, ( 7 ) 

x {.= r x cos(9> + «)> Vi ~ sin(?> + «), % — z[. (8) 

Consequently x[ = r x cos <p cos os — r x sin sp sin os, whence by (7) 
x[ = x x cos* — y x hums, and similarly y[ = y x cos* -f x x sin*. ( 9 ) 

Analogous formulae are obtained for the remaining points A%, A' s , ... 

Since the body has to maintain equilibrium after turning through an 
angle a, the moment of the forces with respect to the z-axis must be zero, 
i. e. 

— Pi/i) = 0. 

Substituting for x' { , y\ the expressions from formulae (9), we obtain 
cos* WsJ/s — PiXi) + sin* S(P <x 2 t . + P iyVi ) = 0. (10) 

Since equilibrium occurs for « = 0 , substituting * = 0 in formula 
( 10 ), we obtain 

= 0. (II) 

Prom ( 10 ) we have for * = § 5 x 

WPifi + PiJ/t) = 0 . ( 12 ) 

Conversely, if conditions ( 11 ) and ( 12 ) hold, then obviously condition 
(10) holds for every *. Equations ( 11 ) and ( 12 ) are therefore the sought 
for necessary and sufficient conditions. 

Determination of the reactions acting on a fixed axis. Let a rigid body 
have a line l fixed at the two points 0 and O'. We can then assume that the 
forces of reaction act at the points O and O’. 

Let us assume that a system {P,-} of forces acting on the bodv is in 
equilibrium. 
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Let the point O be the origin of a system of coordinates and the axis 
l the z-axis (Pig. 203). Let us denote by x h y i} g t , the coordinates of the 
points of application of the forces {P,-}, by R and N the reactions at the 
points O and O', and by d the length of the segment 00'. 

Since the system of forces {P<} together with the reactions R and N 
is in equilibrium, forming the projections of the sum and total moment 
with respect to O on the axes of the coordinate system, we obtain six 


equations: 

~^Pi x + Px + = 0, (I) 

SP <s + R v + N v = 0, (II) 

SP <2 + R z + N z = 0, (III) 

E(P f/i + N„d = 0, (IV) 

2{P i 'X t —P i z t )—N a d= 0, (V) 

S (Pijfi —P t x f ) = 0. (VI) 



Prom equations (IV) and (V) we can determine N x and N v . Next we 
determine B x and R v from equations (I) and (II). Finally we calculate 
R z + N t from equation (III). 

We see, therefore, that the above equations do not permit us to 
determine the reactions. It is true that the number of unknowns is six 
(R x , R y , R z and N x , N v , N z ), i. e. as many as there are equations, however, 
they appear only in five equations. Equation (VI) expresses the condition 
for the equilibrium of the acting forces. Prom equations (I)—(V) we can 
determine only the components of reaction perpendicular to the axis l and 
the sum of the components parallel to the axis l. 

Problems in which the forces of reaction cannot be determined from 
the conditions of equilibrium are called statically indeterminate. 

Therefore the calculation of the reactions of a rigid body which is 
fixed at two points is statically indeterminate. 
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If we assume that the given body is not a rigid body, but one that 
can be deformed, then the forces of reaction could be calculated by appeal¬ 
ing to the theory of elasticity. 

Our problem can be made statically determinate by assuming that 
the point O' is fixed in a smooth bearing (Kg. 204). 

The reaction N is then perpendicular to the axis l. In tins case we 
have N z = 0, and therefore we can determine R z from equation (III). 


Example 3. A heavy rectangular plate has a horizontal axis l fixed 
at the point 0 and at the bearing O' (Mg. 205). The centre of the side 
parallel to the axis is the point of application of the force P perpendicu¬ 
lar to the plate. Given are: the weight Q whose origin is at the centre 8 
of the rectangle, sides a and b of the rectangle, and the length d = 00'. 

Determine in the position of equilibrium the re¬ 
actions ft and N (at 0 and 0)' and the angle cp 
which the plate makes with the horizontal. 

Let 0 be the origin and the axis l the z-axis of 
the coordinate system; let us give the as-axis a 
horizontal direction and the ?/-axis a direction 
vertically upwards. We shall be able to apply equa¬ 
tions (I)—(VI), p. 277. 

The point 8 has the coordinates Jet cos cp , \a sin cp, and the point 
A: a cos <p, a sin cp, \b. We have: 

6x = 0,. Q v = — Q, Q z = 0, where <2=|Q|; 

P x = — P simp, P v = P cosip, P z = 0, where P — |P|. 



Since B T Z = 0, we get by formulae (I)—(VI), p. 277: 

— P sin+ B x + N x = 0, P cosy — Q + B y -f- N v — 0, B z = 0, 
ibP cosy — IQb -f N y d — 0, \bP siny — N x d = 0, . 

— Pa + \ Qa cosy = 0. 

Prom the last equation we obtain cos <p — 2P j Q, and from the re¬ 
maining equations we determine R x , R v and N x , N y . We have R z = iV 2 =0. 

Equilibrium is obviously possible if 2P / Q <T 1, i. e. if P <) Q j 2. 

§ 12. Equilibrium of heavy supported bodies. If a rigid body which 
is not acted upon by any forces other than the force of gravity rests on 
a horizontal plane 17 and is in equilibrium, then the forces of reaction 
which the plane exerts on the body (at the points of support) balance the 
weights of the individual points of the body. 
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Let us assume that the supporting plane II is smooth. The reactions 
are then perpendicular to the plane; hence they have a resultant F acting 
at a certain point O of the plane II. The point 0 was called the centre of 
•pressure (p. 260). The weights of the individual points of the body have 
a resultant Q whose point of application is at the centre of gravity 8. 

If the body is in equilibrium, the forces F and 
Q balance each other. Consequently F + Q = 0, 
and moreover F and Q lie on one Line. Because of 
this the centre of pressure lies at the point of inter¬ 
section of the direction of the force Q with the 
plane II. The centre of pressure O is therefore the 
projection of the centre of gravity 8 on the sup¬ 
porting plane II. 

If a body rests on a plane 17 only at one point O and is in equilibrium, 
then the reaction acts at O. Consequently the centre of gravity lies above 
the point of support. 

Let the body now rest on the plane 77 at the points A 1} A 2 ,... and 
let O he an arbitrary closed convex polygon enclosing all the points of 
support A v A 2 ,... (Mg. 206). We shall prove that the centre of pressure 
O in this case also lies either within or on the polygon C. 

For let us assume that the centre of pressure lies outside the polygon 
G at the point O'. Let us draw an arbitrary line l in the plane 77 such that 
the point O’ and the line G lie on opposite sides of the line l. The moments 
of the forces of reaction with respect to l would therefore be directed op¬ 
posite to the moment of the force F. This is impossible, however, because 
the total moment of the forces of reaction is equal to the moment of the 
force F. Hence the' centre of pressure must lie within the convex polygon G. 
If K is the smallest convex polygon (in the figure the polygon A u A 2 , 
Ai, A n ) within which the points of support lie, 1 ) then the centre of pres¬ 
sure also lies within this polygon. Since we have assumed that the body is 
in equilibrium, the direction of the force of gravity passes through the 
centre of pressure and therefore also falls within the polygon K. 

We shall now prove that if the weight falls within the polygon K, 
then reactions will appear which balance the weight. 


We shall consider two cases: 

1° A body is supported at two points A and B. In this case the poly¬ 
gon K is the line segment AB. If the direction of the force of gravity 

i) In geometry it is proved that such a polygon always exists and lies within 
every convex polygon containing the points of support. 
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passes through the point 0 of the segment AB, then there exist two forces 
of reaction R x and R 2 directed vertically upwards and having their origins 
at A and B, These forces can be determined graphically as on p. 2S3, or 
calculated as in example 4, p. 263. It follows from this by the principle 
given on p. 260 that the reactions balance the weight. 

2° A body is supported at n > 2 points. If the points are collinear, 
then denoting the extreme points of support by A and B, we can proceed 
as in case 1°. Suppose, then, that not all the points of support are collinear. 
If the force of gravity falls within the polygon K at the point 0, then 
we can find three points of support such that the point 0 will lie within 
a triangle of which these points are the vertices (the points A v A s , A„, 
in the figure). As we shall show (vide example 4), we can then 
determine the reactions acting at the vertices of this triangle and balancing 
the force of gravity. 

We therefore have the following theorem: 

If a heavy rigid body rests on a smooth horizontal plane, then the neces¬ 
sary and sufficient condition, that the reactions of the plane balance the weight 
of the body is that the force of gravity fall within the smallest convex polygon K 
containing all the points of support. 

More generally: let a rigid body rest on a smooth horizontal plane and 
in addition to the force of gravity let other forces act on it. If the body is 
in equilibrium, then the resultant F of the reactions balances the acting 
forces. It follows from this that the forces acting on the body have a ver¬ 
tical resultant —F whose direction passes through the centre of pressure 0 
and falls within the polygon 11. Conversely, if the acting forces have a 
vertical resultant, directed downwards and falling within the polygon K, 
then reactions will appear which balance the forces acting on the body. The 
proof is carried out as before. 

Example 4. A three-legged stool rests on the floor 17. Determine 
the reactions at the points of support A x , A 2 , A 3 , under the assumption 
that there is no friction. 

Let us denote by S the centre of gravity of the stool, by S' the pro¬ 
jection of S on 17, by Q the weight of the stool, and hv R x , R 2) R 3 the reac¬ 
tions {Fig. 207). 

The problem can be solved most simply by calculating the total 
moments of the forces with respect to the lines A x A a , ALj4 3 , A 3 A x ; these 
moments are obviously zero. 
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Let h 3 denote the. distance of A 3 from A X A % , and w 3 the distance of S’ 
from A X A 2 . Taking the moment with respect to the axis A X A % , we obtain: 

B a h, x — Qw 3 -- 0, where R 3 = |R a | and Q— |Q[, 

f 

because the moments of the forces R x and R 2 are zero. Consequently 

1J 8 = Qw a I h s . 

Analogously we obtain 

Mi = Qw x / h x and R 2 = Qw 2 j h t . 




Example 5. Let a rigid body rest on a horizontal plane 17 at the n 
points of support A 1: A 2 ,.... A n . Let us take the plane 17 as the xy- plane 
of the coordinate system (x,y,z); denote by x x , y x , 0 , «/ 2 , 0 , ..., 

x n> y n , 0, the coordinates of the points of support A x , A 2 ,..A n , and by 
Vo, 2 o> 'the coordinates of the centre of gravity S (Fig. 208). 

Let R lr R 2 , .. R„ denote the reactions, Q the weight, and Ii x , R 2 ,..., 
R n , Q, the absolute values of these forces. 

Forming the projections on the coordinate axes, we obtain for the 
projection on the z-axis 

R x -\- R 2 R n Q = 0 

The remaining two equations drop out because they become iden¬ 
tically zero. 

Forming next the moments with respect to the origin of the coordin¬ 
ate system, we obtain only two equations: 

■-— R x y x — R 2 y s —■ ■.+©2fa=0> B x x x -f R s x 1 + ■ • • o=0, (14) 

because the moment of the forces with respect to the s-axis is zero. 

We thus have only three equations for the determination of the reac¬ 
tions. Hence if nt> 3, then we shall not be able to determine the reactions. 
The problem of determining the reactions in the case, for example, of 
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a table standing on four legs is therefore statically indeterminate (vide 
p. 277). 

However, if a body supported at % f> 3 points is not rigid, then the 
reactions can be determined by appealing to the theory of elasticity. We 
shall show this in the next example. 

Example 6. A rectangular table rests on four legs at the points 
A x , A s , A v of a smooth horizontal plane 17 (F*g. 209). 

Let us denote the reactions by R lt R 2 , R s , R 4 , the weight by Q, and 
the absolute values of these forces by Rj, -R a , R s , i? 4 , Q. Let us assume 
that the points A u A t , A s , A 4 , are the vertices of 
the rectangle and let us put: 

AjA 2 = A^Ai = a, A X A 4 = A%A 3 = b. (15) 

Let us take as the origin of the coordinate 
system, the lines A X A 3 and A X A 4 as the x and y 
axes, and the sense of the z-axis vertically up¬ 
wards. Finally, let us denote by x 0) y a , z 0 > the coor¬ 
dinates of the centre of gravity 8 of the table top. 

Forming the projections of the forces on the 
coordinate axes and taking the moments of the 
forces with respect to these axes, we obtain (cf. equations (13) and (14) 
of example 5): 

Ri + R 3 + Ri — Q = ( 16 ) 

— (Ra -j- 7Z 4 ) b -j- Qy 0 — 0, (iZ 2 Rs) a Q x o = 0. (17) 

The reactions cannot be determined from these equations. 

Let us assume, however, that the table top and the plane 17 (on which 
the legs of the table rest) are rigid, that the legs of the table axe not rigid, 
hut can be compressed, and that the reactions are proportional (in magni¬ 
tude) to the contraction of the respective logs. 

Therefore, if we denote the original length of the legs by l, and their 
lengths after compression by z u z 2 , z 3 , z 4 , then the contractions are Z — %, 
Z — z 2l l — z 3 , Z — z 4 , whence according to the assumption 

M l — mil -—- Zj), i? 2 = m(l —z 2 ), ll s = m(l —z 3 ), iZ 4 = m(Z — z 4 ), (18) 

where m is the factor of proportionality. 

Equations (16), (17) and (18) constitute a system of seven equations 
with eight unknowns R lt R x , R Zl R t , and z 1; z 2 , z 3 , s 4 . We obtain the eighth 
equation by stipulating that the points B l: B a , B it at which the table 
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top rests on the legs, lie in one plane; for we have assumed that the table 
top is rigid. 

The points B l} JB t , B 3 , and jS 4 , have the coordinates 0, 0, z lt a, 0, z 2 , 
a , b, z 3 , and 0, b, z 4 . As is known from analytic geometry, the condition 
that these points lie in one plane is expressed by the formula 

0 0 Zj 1 

a 0 z 2 1 
a b z 3 1 ~ 

0 b z 4 1 

Evaluating the determinant, we obtain: 


0. 


(19) 


From equations (16)—(19) we can determine the unknown reactions. 
We obtain: 


2 *8.i JM 


Z -f* 


4m 


■R, 


R 


3 — T 


! )} 2 > = ! +se[-'- 2 (?-f)] 

C r ' 

'} = +*(7—7)]. 

1 } = 


i'Q 

¥1 


■ 2 /— 


Vo 

a ' b 


1 -)- 2 |— -f- — 


( 20 ) 


( 21 ) 


In order that formulae (21) give non-negative values for the reactions 
R 1: . .IZ 4 the following relations must hold: 




*0 , yo 3 
a 0 


i< 


Vo 


- ^ i- 


( 22 ) 


It follows from this that the projection of the centre of gravity on the 
horizontal plane, i. e. the point $'(* 0 > V oj 0), must' lie within the parallelo¬ 
gram EFQH whose vertices are the midpoints of the sides of the rectangle 

Let us suppose that the point S' falls within the triangle A X EE 
(beyond the side EH). Then we would have 

J + J<h + 

•whence by (20) z 3 > Z; this means that the leg A Z B 3 becomes elongated, 
which is obviously impossible. 
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We must therefore assume that the table rests on only three legs, 
namely, at the points A lt A 2 , A t . Putting A 8 = 0, we then obtain from 
equations (17): 

B& = Qiio l b, Ii 2 ~ Q% o / ^3 


and from equation (16) 


Example 7. A heavy cylinder rests on a smooth horizontal plane. The 
cylinder is acted upon by a force couple P and—P lying in a vertical plane 
passing through the centre of gravity S. What can be the maximum 
magnitude of the moment of the couple if the cylinder is in equilibrium? 

Let us denote by M the moment of the couple, by Q the weight of the 
cylinder, by F the resultant of the forces of reaction acting at 0, and by 
r the radius of the base of the cylinder (Fig. 210). 


If the cylinder is in equilibrium, the sum of the forces is zero; hence 
F f Q =0 or F= Q. 



rrT 

l\] 

P 


y-v! 

s \ 



r v 


h 

0 

B 


Fig. 210. 



Assuming that S lies on the axis of the cylinder 
and putting d = AO, we get from the calculation 
of the moment with respect to A 

)M| + \Q\r~ [F|d = 0. 

Since |Q| = |F|, 


|Mj = Q(d — r), 


where Q = \ Q j. Since the maximum value of d is 2r, the maximum value 
of |M[ is Qr. 


Hence if |M| > Qr, equilibrium is impossible. However, if |M| Qr, 
then, as is easily verified, the resultant of the forces Q, P and —P is equal 
to Q and intersects the horizontal plane within the base of the cylinder. 
The cylinder can therefore remain in equilibrium.. 


§ 13. Internal forces. Through an arbitrary point 0 of an axis chosen 
in a given rigid body, e. g. in a beam, let us pass a plane 17perpendicular 
to this axis. The plane will divide the body into two parts I and II. Let us 
assume that the body is acted upon by certain forces and that it is in 
equilihrinm. In many problems of engineering mechanics it is convenient 
to consider the parts I and II as separate rigid bodies tangent along the 
intersecting plane IT (Fig. 211). 
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From such a conception it follows that part II acts on part I with 
certain forces. These forces are called stresses. 

faking the point 0 as the centre of reduction, we can replace the 
stresses by one force R with its origin at 0 and a force couple of mo¬ 
ment M. 

The component 61 of the force R, perpendicular to the section, is 
called the compressive or tensile resultant at 0, depending on whether the 
component is directed towards part I or away from it. 

The component OB of the force R, tangent to the section, is called the 
resultant bending or shearing force at O. 

The component OG of the moment M, perpendicular to the intersect¬ 
ing plane II, is called the twisting moment at 0 , and the component 0 D 
tangent to the surface is called the bending moment a.t O. 

The twisting moment can be considered as the moment of a certain 
force couple lying in the intersecting plane, and the bending moment as 
the moment of a force couple lying in the 
plane tangent to the axis at the point O. 

The action of these couples, of which the 
first tends to twist and the second to bend, 
explain to us the names of the moments. 

If the body is in equilibrium, then the 
external forces acting on part I balance the 
stresses. Consequently —R and —M are 
equal, respectively, to the sum and total 

moment with respect to O of the external forces acting on part I. 
Knowing the external forces, we can therefore determine R and M, 

A knowledge of the forces R and of the moment A1 is of great impor¬ 
tance in the subject of strength of materials. In general, the larger the 
forces R and M are, the greater is the possibility that the body will he 
ruptured. 

According to the law of action and reaction, the stresses with which 
part I acts on II can be replaced by the sum —R with its origin at O and 
by a couple of moment — M. 

Example I . A beam supported at the points A and B carries the loads 
P i> P 2. ■■■3 P 5 : directed vertically downwards and situated at the distances 
x 2 , ..., x 6 , from A (Fig. 174). Assuming that the supports are smooth, 
we obtain (cf. formulae (13) and (14), p. 263): 

B 2 = {Ppc 1 -)- P 2 ir 2 -)-... -j - P 5*5) / d, 

Bx ~ \P 1$ ^i) + ■ • • + P 5 (d —^5)] / d, 
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where AB = d, and P i} R 1} B t , denote the absolute values of the forces and 
reactions. 

Let us cut the beam by a plane perpendicular to the axis at the point 
G at a distance x from A. Let us denote by R the sum, and by M the 
moment "with respect to G, of the stresses of part GB on part AO, 
Assuming that the cut occurs between the forces P 3 and P i , we obtain: 

— R = R x -f P 1 + P 2 + P 3 , 

— M — Mom 0 R X + Mom c P x + Mom c P 2 -f Mom c P 3 . 

Giving the y-axis a vertical direction with an upward 'sense, we 
obtain; 

= P ± — P, —P* 

Ah = xBi — (x ■ P1 (x 2?g) P g fx ^3) P 3. 


Since R and M lie in the intersecting plane, R is the bending force 
and M the bending moment. The compressive (or tensile) force and the 
twisting moment are zero. The force R and the moment M can also be 
determined by means of a string polygon as on pp. 252 and 253. 


Example 2. A beam, built-in as in the Pig. 212, is loaded at A by 
the force P. Let us form a section at the point 0. 
Denote by R the sum, and by M the moment 
with respect to G, of the stresses of the left part 
on the right part. Consequently we have; 

— R=P, — M = Mom c ,P. 

Rig. 212. 



Hence the right part acts on the left part 
(built-in) with stresses of sum —R and moment — M. The reactions of 
the wall, balancing these stresses, therefore have the sum R =—P and 
the moment M = —Mom 0 P. 


in. SYSTEMS OP BODIES 

§ 14. Conditions of equilibrium. A necessary and sufficient condition 
for the equilibrium of a system of rigid bodies (free or not) is that each 
body of the system he in equilibrium. It follows from this that the neces¬ 
sary and sufficient condition for the equilibrium of a system of rigid bodies 
is that, for each body separately, the forces acting on this body balance the 
reactions. 

The forces with which two bodies of a system act on each other are 
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called the internal forces of the system. The remaining forces are called 
external. 

For example, if two bodies of a system touch each o ther , then the 
reactions at the points of contact are internal forces. On the other hand, 
those acting forces and reactions which arise from bodies not belo nging to 
the system (e. g. from supports) are external forces. 

Internal forces occur in pairs and are subject to the law of action and 
reaction; consequently the sum and total moment of the external forces 
are zero. 

If a system of bodies is in equilibrium, then, for each body, the 
external forces acting on the body balance the internal forces. It follows 
from this that the external forces acting on the entire system balance the 
internal forces of the system. Since (as we have mentioned above) the 
internal forces have a sum and total moment equal to zero, it follows that 
if a system of rigid bodies is in equilibrium, the sum and total moment of 
the external forces are zero. 

This condition is only sufficient, but not necessary for the 
equilibrium of a system of rigid bodies. 

Each part of a system of rigid bodies which is in equilibrium is ob¬ 
viously itself in equilibrium. The external forces with respect to a certain 
part of the system axe: 

a) those external forces of the whole system which act on its given 
part, 

b) the reactions exerted on this part by the remaining bodies of the 
system. 

It follows from this that the necessary and sufficient condition for the 
equilibrium of a system of rigid bodies is that the external forces acting on 
any part of the system balance the reactions exerted on this part by the remain¬ 
ing bodies of the system. 

For we can choose individual bodies of the 
system as the parts of the system. 

Example. Two heavy rods AG and BG, lying 
in a vertical plane and touching at the point G, 
lean against vertical walls at A and B, and against 
horizontal plane at O (Fig. 213). Given are: the 
weights of the rods Q x and Q 2 acting at the 
centres of gravity, as well as the lengths \ — AG, 

Z 2 — BC, ffl x = SiC, a 3 = B 2 0 and the distance d 
between the vertical walls. Determine in the posi- Rig. 213 . 
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tion of equilibrium the angles oq and x % which the rods make with the 
horizontal under the assumption that there is no friction. 

Let us denote the reactions of the vertical walls by and N 2 (these 
reactions therefore have a horizontal direction), the reactions of the hori¬ 
zontal wall by Rj and R 2 (hence having a vertical direction), finally, the 
force with which the rod CB acts on the rod AC at the point C by T. 
Then by the law of action and reaction the rod AC acts on the rod CB 
with a force — T. Nothing can be said beforehand about the direction of 
the force T. 

Let us select the X and 3 axes in the plane of the rods, giving the 
x- a xis a horizontal direction arid the 3 -axis a direction vertically upwards. 
If the rod AC is in equilibrium, the forces acting on this rod balance one 
another. Therefore, forming their projections on the * and z axes and 


calculating the moment with respect to 0, we obtain: 

N t + T x = 0, —Q 1 +R 1 +T„= 0, (L) 

sin oq — cos oq = 0, (2) 

where N lt JR U and Q u denote the absolute values of the corresponding 
forces. Similarly, for the rod GB we get: 

— Ah-'/V- 0, — e 2 +iJ a —= 0, (3) 

— A t 2 l 2 sin « a -]- Qjffl 2 cos« 2 = 0. (4) 

From equations (2) and (4) we have: 

A^j ^ cot oq j Z-|, A 2 r '~ cot oq / ^ 2 , (o) 

and from the first of the equations (1) and (3) A T X = N%, whence by (5) 

cot oq 11 ~ cot oc 2 /(b) 
Moreover, as Is seen from the drawing, 

cos % -f- l 2 cos « 2 =• d. (7) 


From equations (6) and (7) we can determine the angles % and a 2 . 

Remark. We cannot determine the forces R x , R 2 , and T, from equations 
(1)—(4). However, we can obtain the forces V = R x -j- T and T" = R 2 — 
— T. They are the resultants of the reactions acting on the rods at C. We 
get: 

T^T^-Nx, Ty = Ex -{- T v — Q lt 
T" x = - T x = A T a , T; = R, - T, = Q a . 

§ 15. Systems of bars. If two forces act at the ends A and B of a rigid 
bar and the bar is in equilibrium, then these forces (because their sum and 
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total moment are equal to zero) act along the bar, are equal in magnitude 
and oppositely directed. Let us denote these forces by P and —P. 

Stresses in bars. Let us cut a bar at some point C and remove its 
right part GB (Fig. 214). Now, in order that the left part of the ba,r remain 
in equilibrium, it would be necessary to add the force —P with its initial 
point at C. Consequently -we can assume that the right part GB acts on 
the left part AC with a force — P. This force is called the stress in the bar. 

If the forces P and —P are directed towards each other, the stress 
is called a compression (Fig. 215), in the opposite case a tension (Kg. 214). 

At every point of the bar the stress has the same magnitude and 
direction; the sense of the stress, however, depends on whether we are 
considering the reaction of the right part on the left, or conversely. With 
reference to the end of the bar, we can only talk about the reaction of the 
whole bar on the end. Therefore, if we give the magnitude of the stress and 
its kind (i. e. whether it is a tension or a compression), then the stresses 
at the ends of the bar will be completely defined. 


t-I _£__c-g_p 

p % c -P p ~A C -P 

Fig. 214. Fig. 215. 

Pin-connections. Let us imagine that several rigid bars are so con¬ 
nected that they must constantly be in contact with each other at certain 
points, e. g. at the ends. If, in addition to this, the connection does not cause 
other limitations of the motion of the bars, we say that the bars are pin- 
connected and the points at which the bars are pinned are called joints. 

A pin-connection can be obtained approximately by joining, for 
example, the ends of the bars by a very short inextensible string. 

Accor ding to the theorem on reduction, the reactions which one bar 
exerts on the other can be replaced by one force R acting at the point of 
contact and a force couple of moment M. 

For simplicity’s sake we shall assume that M = 0. We then say 
that the joint is smooth. 

It should be noted that not always can we assume that a joint is 
smooth; examples of this will be given later (p. 294). 

In the case of a smooth joint, the reaction with which one bar acts 
on the other is a. force acting at the point of contact, i. e. at the joint. In 
particular, if several bars come together at a smooth joint, then the 

19 
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reaction exerted on a certain bar by those remaining will be a force acting 
at the joint (e. g. the reaction R x of the bars 2, 3, 4, on the bar 1, 
shown in Mg. 216). 

Systems of bars. Let ns consider a system of bars connected at their 
ends. If some external force acts at a joint, then it is necessary to specify 

clearly on which bar this force acts. 

If a system of bars is in equilibrium, tbe forces acting on each bar 
must obviously balance the reactions exerted on this bar. 

In Kg. 217 is shown a system of bars in which the external forces Pj, P 2> 
and P<„ areactingon the bar AB. The force P, is acting at the end A of the bar. These 
forces balance the reactions and R 2 ^he ends A and 3 . 

It is often convenient to consider a joint as a separate material 
point (as a separate body) connected with the ends of the bars coming 
together at this joint. In other words, it is assumed that the ends of the 
bars are not connected together directly, but by means of a joint.Under 
this assumption the reactions of the pinned bars are replaced by the re¬ 
actions of the joint on these bars and the forces applied at a joint are 
considered as forces acting on the joint, and not on the bars. The only 
internal forces of a system of bars "will then be the reactions of the joints 
on the bars and those of the bars on the joints. 

In the case of the equilibrium of a system each bar and joint is in 
equilibrium; consequently (p. 286): 

1° external forces acting on an arbitrary bar (not attached at a joint) 

balance the reactions which the joints exert on this bar, 

2 ° external forces acting at any joint whatsoever balance the reactions of 
the bars at this joint. 

Tn Kg. 218 tbe force P 2 with its origin at A balances the reactions S t , S 2 , S s , of 
the bars 1, 2, 3, on the joint A. On the other hand, tbe external forces P lt P s , acting 
on tbe bar AB balance the reactions Tj and T, of the joints A and B on this bar. 

In general, nothing can be said in advance about the directions of the 
reactions of the joints on the bars. The situation is different, however, 
when the external forces are applied only at the joints. 

Let us consider just such a system of bars which remain in equilibrium 
(Fig. 219). Let T 1 and T 2 denote the reactions of the joints A and B on the 
bar connecting these joints. Since no external forces act on the bar, the 
reactions T x and T 2 must balance (this follows from condition 1°). There¬ 
fore the reactions act along the bar and we have T x = — T 2 . 

Hence: if a system of pin-connected bars is in equilibrium, and the 
external forces are applied only at the joints, then the reactions of the joints on 
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the bars are forces directed along the bars ; the reactions which the joints exert 
on the bar connecting them are equal in magnitude and direction, but op¬ 
posite in sense. 

The reactions of the joints A and B cause a stress in the bar which 
may be a tension or a compression (in our case the stress is a tension). By 



the law of action and reaction the bar AB acts on the joint A with a force 
S x — — T x . The force S x is therefore a stress in the bar at the end A. The 
reactions of the bars on the joints are then equal to the Stresses in these 
bars. Mom condition 2°, therefore, we obtain the following theorem: 

The external forces applied at a joint balance the stresses in the bars 
(coining together at this joint). 

In Kg. 219 the stresses S lt S 2 , S 3 , S 4 in the bars 1, 2, 3, 4, balance the force 
P acting at the joint A; therefore P + S x + S 2 + S 3 -f S 4 = 0. 

Example /. Three bars AB, BG, and GD, pin-connected at the points 
B and C, and fixed by means of the joints at the points A and D, 
remain in equilibrium in' a vertical plane under the action of the vertical 
forces F and Q whose origins are E and F. Given are: the force P and the 
points of application E and F. Determine the force Q (Fig. 220). 

The reactions R x and T x act at the points A and B of the bars AB and 
BG, respectively. We bave R x -|- T x = 0; the reactions R x and T x therefore 
act along the bar AB. 

The reaction — T x , the force P, and the reaction T 2 of the bar CD at the 
point 0, act on the bar BG. Since the 
bar BG is in equilibrium, the directions 
of these forces intersect at one point G, 
which we find as the intersection of the 
line AB and of the direction of the force 
P. Having the point G, we can obtain A 
the direction GG of the reaction T 2 . 

Since — T x -f P + T 2 = 0, knowing the 



Fig, 220. 
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directions of the forces T v T a , and the force P, we can determine the forces 
Tj, T 2 from the triangle of forces. 

The reactions — T 2 , R 2 , and the force Q, act on the bar CD. These for¬ 
ces intersect at one point H which we obtain as the point of intersection 
of the directions of the forces —T 2 and Q. Having the point H, we obtain 
the direction of the force R 2 - Since — T 2 -f Q + R 2 = 0, knowing T„. we 
obtain the forces Q and R 2 from the triangle of forces. 

Example 2. Hour bars 1, 2, 3, 4, are pin-connected at A, B, and C, and 
fixed at the joints M and F. The bars are inclined to the horizontal at the 
angles tx, fi, y, and d. Vertical forces P x , P a , and P 3 , act at the joints A, 

B, and C. The force P ± is given. 
Determine the forces P 2 and P 3 as 
well as the reactions R x and R 2 at 
E and F (Fig. 221). 

Since the external forces act 
only at the joints, the stresses in 
the bars at each joint balance the 
external forces acting at this joint. 

At the joint E the stress T, 
in the bar 1 balances the reac¬ 
tion R x : T x + R x = 0. 

At the joint A the stresses —T, in bar 1 and T 2 in bar 2 balance the 
force P x : — T x ~j- T 2 -f P x = 0. Denoting the absolute values of these 
forces by T u 1\, and P u and forming their projections on the horizontal 
and vertical directions, we obtain: 

T 1 cos <x — T 2 cos /? — 0, P x sin x — T 2 sin^S — P x = 0. 

From these equations we calculate T x and T 2 . 

At the joint B for the stress T s in bar 3 we get the relation — T 2 + 
+ T 3 -f P 2 = 0. Forming the projections on the horizontal and vertical 
directions and putting T 3 = ]T 3 j and P 2 = [P 2 |, we obtain: 

T 2 cos /5 — T 3 cos y = 0, 1\ sin /5 -f- T s siny — P 2 — 0. 

Using an analogous notation, we get at the joint C: 

T s cos y — P 4 cos <5 = 0, — T 3 siny + T 4 sin d — P 3 = 0, 
from which we calculate T t and P 3 . 

At the joint P we finally obtain — T 4 + R a = 0 or R a = T 4 . 

Example 3. Decimal balance. A beam AC, supported at O, is con¬ 
nected at the points B and C with the beams DF and QK by means of the 



Pig. 221. 
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rods BD and CO. The beam DF, supported at the point F, rests at the 
point E on the beam QK, supported at K. At the points B, C, G and D 
there are pin-connections (Fig. 222). 

A weight Q, which is to he weighed, is put on the beam DF and ba¬ 
lanced by the weight P placed on a pan hanging from A. The weights of 
the beams and bars are neglected. 

Determine the relation between the 
weights P and Q. 

Let us denote by T lt T 2 , the 
stresses in the bars BD and CG at 
the points B and Q. 

If the beam AC is in equilib¬ 
rium, the sum of the moments of 
the forces acting on it with respect 
to 0 is equal to zero: 

—■ Pa bP i 

where P = |P|, T x = |T X |, P 2 = |T 2 |,and the lengths a, b, and c, are those 
shown in the figure. 

The forces acting on the beam DF are: the stress —T x in the bar BD 
at the point D, the weight Q, and the reaction R at the point F. Forming 
the projections on a vertical direction and taking the moment with 
respect to P, we obtain in the position of equilibrium for the beam DF: 

P x +P — Q = 0, P X <Z—Qe = 0, (9) 

where R = |R|, Q = |Q|, and the lengths d and e are those given in the 
figure. 

The forces acting on the beam QK are: the stress —T 2 in the bar CQ 
at the point G and the reaction —R of the beam DF at the point H. 
Forming the moment of these forces with respect to the point of support 
K, we obtain 

T t (f + g) — Rg= o. (io) 



i + c) P 2 — 0, 


( 8 ) 


From equations (9) we obtain: 



R = Q- 


d — e 

— dT 


whence by equation (10) 

T,= 


Q ■ 


d — e g 
d f + g 


Substituting the values obtained in equation (8) for T 1 and P 2 , we 


obtain 
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p _ n { M — eg) g + (ft + a ) n n 

ad(f+9) ' { ] 

If we assume that bf — eg = 0, whence 

b I o = g / f,' (12) 

then P will be independent of e, i. e. of the position of the weight Q on 
the beam DF. Hence in virtue of (11) and (12) 


Tor b j a = tV we have a decimal balance. 

Example 4. Two bars fixed at the ends A and B and pinned at G are 
collinear. A force P whose origin is at D acts on the bar AG in a direction 
perpendicular to AG (Tig. 223). The system of bars is in equilibrium, 
since the point 0 cannot change its position. 


t -r 



Fig. 223. 


Let us suppose for a moment that the bar AO acts on GB with a force 
T whose initial point is at C. Consequently the bar GB would act on the 
bar AC with a force — T also acting at G. 

Let us denote by and R 2 the reactions at A and B. 

Since the bar OB is in equilibrium, the forces R a and T act along the 
-bar AB. It follows from this that the bar AG cannot be in equilibrium 
because the forces — T,R lt and P, acting on this bar do not balance one 
another, for their total moment with respect to A is equal to the moment 
of the force P with respect to A, which is different from zero. We have thus 
arrived at a contradiction. 

We must therefore assume that the bar AC acts on the bar OB with 
a force equipollent to one force and a force couple of moment different 
from zero. 

§ 16. Frames. A system of rigid bars, pin-connected and forming as 
a whole a rigid body, is called a space frame (or truss). 

Examples of space frames are 1. a system of three bars, pin-connected 
and forming a triangle (Fig. 224a), 2. a system of six bars forming the edges 
of a tetrahedron (Fig. 224b). On the other hand, a system of bars forming 
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the edges of a rectangular parallelepiped and pin-connected at the vertices 
is not a frame because the bars can change their relative positions. 
Joints of a frame are also called nodes. 


Plane frame. If a system of pin-connected rigid bars is eoplanar and 
the bars cannot change their mutual positions in this plane, then such 
a system is called a plane frame. 



Examples of plane frames are represented in Fig. 224a, b, c, e, and f. 

The system of bars in Fig. 224d does not form a frame, even a plane 
frame, because the bars can change their relative positions; they can 
assume e. g. the position indicated by the dotted lines. 

A plane frame does not form a rigid system if we admit motions 
■of the bars in space. For example, if we fix the joints B, 0, B, and E, of 
the frame in Fig. 224e, then we can rotate the bars AE and AB in space 
about EB. In the plane of the frame, the bars AE and AH cannot move. 

If we remove the bar AB in the frame shown in Fig. 224f, then in its 
plane the system of bars continues to remain a rigid system, i. e. a frame. 
Such a bar is called a redundant bar. 

The frame shown in Fig. 224e does not have any redundant bars. 

Analytical method of determining stresses 
in a frame. A plane frame has p bars and 
w joints A ls A a ,..., A w , at which the ex¬ 
ternal forces P v P a ,..., P w are applied. When 
the joint A,- is connected by a bar with the 
joint Aj (Fig. 225), we denote the length of 
this bar by and the number whose ah- 
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solute value is equal to the magnitude of the stress in this rod by ; 
the sign is + or — depending on whether the stress is a tension or a 

compression (p. 289). 

Let us choose an arbitrary coordinate system and denote the co¬ 
ordinates of the joints A 1: A 2 ,..., A v , by x lt y t , as*> yi, x w , y w . From the 
definition of the number 8 {j it follows that for i = 1 , 2, the stress 

in the bar at the joint A t has the projections 


X.y 


da 




Hi V* fj 

-~ZT‘* 


on the coordinate axes. 

Since the external force Pi at the joint A L balances the stresses in the 
bars pinned at this joint (p. 291), 




Xj ' 


ct{4 


■S„ = 0, 


A,+ 2^ 

V j a ij 


Vi 


Si, - o, 


i. e. 



j ® is y 


y Vi —V i 

7 d u 


S ti , 


(1) 


where the summation extends over all indices j for which the joint A t is 
connected by a bar with the joint A t . Since, by hypothesis, there are w 
joints, system (1) consists of 2 m equations. 

Equations (1) serve to determine the stresses Sy when the forces P { 
are given. It may happen, however, that system (1) does not possess 
a solution or there are too few equations to determine the unknowns Sy. 


For instance, in the frame shown in Fig. 224c, p, 298, the bars in contact at 
the joint A-l are collinear and the external force P x acting at this joint does not lie on 
Phis line. The stresses in these bars cannot balance the force P x . The system of 
equations (1) for this frame does not therefore have a solution (p. 294). 

In the frame of Fig. 224f, p. 295, we have 13 bars and 6 vertices. The number 
of unkn own stresses is consequently 13 and the number of equations in system (1) 
is only 2 • 6 = 12. Therefore there are too few equations. 


In equations (1) let us denote the right sides of the first equations by 
Ef, and those of the second by F t . Equations (1) then assume the form: 

P ix = E ( , P iv =Fi. ( 2 ) 

It can be easily verified by calculation that: 

w w w 

X E < = 0, = o, %(B t y, — r t x<) = 0. (3) 

t-= 1 i=l i" 1 

The equalities (3) axe identities, i. e. they hold for all values of 8 tj . 
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The identities (3) can also be derived without calculation in the fol¬ 
lowing manner: 


Let us choose 8 u entirely arbitrarily and determine Pi and P { 
from equations (1). Since these equations express the fact that the stres¬ 
ses at every joint of the bars balance the external forces, the forces so 
determined will be in equilibrium (p. 290). Consequently the external 
forces will he in equilibrium, i. e. the following equalities will hold: 


2A= o. = °» 


i—1 


- Pi^i) = o. 


(4) 


It follows from this, in virtue of (2), that relations (3) must be satis¬ 
fied identically for all values of By. 

Let us now assume that for a certain frame equations (1) have a 
solution fox every system of forces {P J equipollent to zero. Let us further 
assume that the right sides of equations (1) satisfy identically some linear 
relation of the form 


+ a 2 E 2 -f- b x F j -f- b 2 F 2 + ... = 0, (5) 

where cq, a 2 ,... and b 1; b 2 , ... axe certain constants. 

Let the system of forces {PJ be equipollent to zero; equations (1) 
therefore have a solution. By (2) and (5) the forces {PJ must consequently 
satisfy the relation 

+ • • • + a wP «, + KP -f- 6gP^ byyP Ky — 0. (6) 

Hence, if the forces {PJ satisfy equations (4), then they also satisfy 
equation (6). Eolation (6) is therefore dependent on relations (4). It fol¬ 
lows from this that relation (5) depends on relations (3). 

The right sides of equations (1) consequently satisfy only three 
independent relations (3). Hence the system of equations (1) has 2m — 3 
independent equations (while three equations depend on the remaining 
ones). The unknowns must he at least as many as there are independent 
equations, i. e. j^> 2m —• 3. Since there are as many unknowns 8 J as there 
are bars, namely p , 

p 2m — 3. (7) 

When p > 2m — 3, the number of independent equations is less than 
the number of unknowns; hence there exist infinitely many solutions. 
When p = 2m — 3, there are as many unknowns as linearly independent 
equations; consequently the stresses 8 V are uniquely determined. 

A frame is said to be statically determinate if equations (1) determine 
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■uniquely the stresses S i} of the bars for every system of forces {PJ which 
is in equilibrium. Therefore we have proved the theorem 

I. If a frame is statically determinate, then p = 2w 3 (where p 
denotes the number of bars and w the number of joints). 

One can prove the theorem 

II. A statically determinate frame does not possess redundant bars. 
The conditions expressed in theorems I and II are necessary, hut 

not sufficient, in order that a frame be statically determinate {vide 
fig. 224c, p. 295). 

Determination of stresses in a frame (by means of force diagrams). 
We are to determine the stresses in the bars of the frame shown in the 
Fig. 226. Joints are denoted by the letters A, B,G, D, and bars by the. 
numbers 1, 2, 3, 4, 5. The frame is loaded by a vertical force P at the joint 
0 and rests on smooth supports A and B. 

Let us first determine the reactions at A and B. On account of sym¬ 
metry each of the reactions is equal to -— |P. 




The joint A is acted upon by the external force -—- JP and the stresses 
in the bars 1 and 2. Since these forces balance one another, they form 
a closed polygon which we can draw because we know the force — |-P and 
the directions of the stresses. This polygon is shown in Fig. 226 (A); the 
stresses are denoted by the numbers 1 and 2, and the signs before the 
numbers denote whether the stress is a tension (+) or a compression (—). 

The joint 0 is acted upon by the stresses in the bars 2,3, and 4, which 
balance the force P. “Since only two forces are unknown, namely, the 
stresses in the bars 3 and 4, we can draw a force polygon, remembering 
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that the stress in bar 2 at the joint G has a sense opposite to that at the 
joint A. This polygon is shown in Fig. 226 (C). 

No external forces act at the joint D; consequently the stresses 
balance one another. Therefore they form a closed polygon which can be 
drawn (Fig. 226 (D)), remembering that the stresses in bars 1 and 3 at the 
joint D have senses opposite to those at A and G. 

We have determined the stresses in every bar. In order to verify our 
reasoning we can form another polygon for the joint B (Fig. 226 (B)). 

Proceeding in this manner we have drawn each force twice. However 
we can simplify matters by combining all the polygons {A), (B), ( G ), and 
(Z>), as in Fig. 226 (E). 

In Fig. 228 (E) each force appears only once; such a drawing is called 
a Cremona force diagram for the given frame. 

We shall give certain directions for obtaining a Cremona force 
diagram in the following example: 

Fig. 227 represents a frame and Fig. 228 its Cremona force diagram. 
The frame is loaded at the joints G&ndF by forces Pand 2P. At the joints 
A and F it rests on smooth supports. Bars 2,6 , and 10, are horizontal and 
equal in length. Calculating the moment of the external forces with 
respect to E and A, we find that the reactions at A and E are — fP and 
— |P, respectively. 

We now draw the polygon of external forces in the order in which 
they appear on the perimeter of the frame. For instance, going clockwise 
we draw in turn — -fP, — f P, 2P, and P. 

We next construct a polygon for the joint A. Let us note that bar 2 
' connects the joints A and Q at which the external forces — fP and P act. 
In the force diagram the stress in bar 2 is drawn from the origin of the 
force — fP and from the terminus of the force P. The force — f P defines 
the sense of the forces in the polygon for the joint A. We obtain the 
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stresses in the bars 1 and 2 and indicate that bar 1 is in compression ( ) 
while 2 is in tension (+)■ 

Let us now proceed to consider a joint where only two stresses are 
unknown. Such a joint is B. We determine the polygon of stresses in the 
bars 1, 3, and 4. We obtain the sense of the forces because we know 
from the preceding polygon that bar 1 is in compression. 

Let us next consider the joint G at which only two stresses are 
unknown, namely, the stresses in bars 5 and 6. Proceeding as before, we 
consider in turn the joints C, F, D, and E. 

In preparing a Cremona force diagram it is necessary to adhere to the 
following rules: 

1. The external forces in the polygon of forces are drawn on the 
diagram in the order in which they appear on the perimeter of the frame. 

2. If a bar on the perimeter of the frame connects j oints which are the 
origins of the external forces, then the stress in the bar is drawn on the 
diagram of forces from the point at which the terminus of one external 
force meets with the origin of the other. 

Let us note that the Cremona force diagram represented in Pig. 228, 
p. 299, has, besides, the following two properties: 

a) the forces acting at a joint form a closed polygon in the diagram, 

h) if three bars form a triangle, then in the diagram their stresses 
have origin at one point. 

A Cremona force diagram having the above two properties is called 
a reciprocal force diagram. 

This name has reference to the so-called theory of reciprocal figures. 

Let us note that it is not possible to construct a Cremona force 
diagram for every statically determinate frame. 

Determination of stresses by means of sections. Let us suppose that a 
frame is such that it is possible to cut three of its bars whose ori¬ 
gins are not at one joint, in such a manner that the frame is divided into 
two parts. If at least two of the bars cut are not parallel, then it is possible 
to determine the stresses in the bars cut without calculating the stresses 
in the remaining bars. 

Let us denote the bars cut by 1, 2, 3. If one part of the frame is 
removed, e. g. the right part, then the left part will remain in equilibrium 
after the addition of the stresses S l5 S 2 , and S 3 . 

Let the bars 1 and 2 intersect at the point 0 (Pig. 229). Since the left 
part of the frame is in equilibrium, the external forces acting on this part 
balance the stresses S x , S 2 , and S 3 . Denoting by M the moment of the 
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external forces (acting on the left part of the frame) with respect to 0, and 
by i the distance of 0 from the bar 3, we get \M\ = |S 3 |d,i. e. [S 3 j = \M\ / d. 

We choose the sense of the force S 3 such that M and the moment of 
the force S 3 with respect to 0 have opposite signs. The moment M can be 
obtained by determining at first the resultant R (or possibly a resultant 
couple) of the external forces acting on the left part, and next calculating 
the moment of the resultant R (or a resultant couple) with respect to 0. 
We calculate S 2 and S L similarly by forming the moment with respect to 
the point of intersection of bars 1, 3 and 2, 3. 



If bars 1 and 3 were parallel, we would obtain the force S 2 by forming 
the projections of the forces on a line perpendicular to the bars 1 and 3 
(for the projections of the forces S x and S 3 will he zero). 

The method described above of calculating stresses was given by 
J. W. Eittbe. The stresses S 1 , S 2 , andS 3 , can also he determined graphically 
by means of a method given by K. Cdkmann. 

Let the bars 1 and 2 intersect at 0, let the external forces have a 
resultant R, and let R and S 3 intersect at the point A. Let us denote the 
resultant of the forces S 2 and S 2 by T, and the resultant of the forces R and 
S 3 by G. 

Since the forces R, S x , S 2 , and S 3 , are in equilibrium, the forces T and G 
are also in equilibrium. It follows from this that T = — G and that the 
forces T and G are collinear. Since T has its origin at 0, and G at A, the 
forces T and G lie on the line OA. Knowing already the direction of the 
forces T and G, we determine the triangle of forces R, S B , andG. from which 
we obtain the forces S 3 and G. Since T = — G, we can construct the triang¬ 
le of forces S : , S 2 , and T, from which we can get and S 2 (Pig. 230). 

If the resultant R were parallel to the bar 3, the force G would also be 
parallel to 3 and would pass through 0. Since R is the resultant of the 
forces G and — -S s , the problem would then he reduced to the resolution of 
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the force R into two forces G and —S 3 whose positions are given. Such 
a problem was solved by means of a string polygon on p. 253. 

Finally, if the external forces were reduced to a couple R x and R a , we 
should have R x = — R a and theresultant G of the forces R x , R a , and S 3 , would 
be equal to S 8 and would have its origin at 0 . The problem would then be 
reduced to the resolution of the system of forces R x and R a into two forces 
Gand — S 3 whose positions are given (cf. p. 253). 

§ 17. Equilibrium of heavy cables. Chain. A system of rigid pin- 
connected rods is called a chain if only two rods are pinned at each, joint. 
The rods of a chain are also called links. 



Let us assume that a chain consisting of the links A 0 A X , A X A 2 , A 2 A S , 
and A 3 A 4 , pin-connected at the joints A 1; A s , and A it remains in equilib¬ 
rium under the action of the forces P lt P 2 , and P 3 , applied at the joints, and 
the forces and T 4 applied at A g and A., (Fig. 291). The forces T, and T 4 
obviously have the directions of the rods A e A 1 and A s A t (p. 291)’. 

It is easy to show that a chain in equilibrium assumes the form of 
a string polygon of the system of forces P 4 , P 2 and P 3 . 

To show this let us construct a polygon of forces A^A^AlA^ for the 
system P x , P a , P 3 . For the pole 0 let us take the point of intersection of the 
lines drawn from the points A' g , A’ s and parallel to the extreme rods of the 
chain. 

Since the chain is in equilibrium, the sum of the forces is zero: 

Tt + Ti + Pj + Pz + P 3 = 0- 

Since P x + P s + P 3 = ArAa, and OA ih A->0 are parallel to T lt T a , 
from triangle A'oA' 3 0 we obtain: 

T, = OA/o, T 3 =40. 


( 1 ) 
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Let us now consider the joint A v The stress of the link A^Ax at the 
j oint A 4 is T x ; let us denote by T 2 the stress of the link A X A 2 at the j oint A v 
We obviously have 

T x -j- F a -J- P x = 0. (2) 

From the string polygon we obtain OA' 0 + P x + A[0 = 0, whence 
by (1) T x -f- P x + A\0 = 0, and from this by (2) A{0 = T a . The segment 
AiO is therefore parallel to the rod A x A a . 

Similarly, we ascertain that the segments AfO and A‘ % 0 are parallel 
to the rods A a A s and A 3 J. 4 . 

It follows from this that the string polygon drawn from the point 
A x will assume the form of a chain. 


Cable. A rope or a cable (flexible and inextensible) is defined as a ma¬ 
terial line which can be bent arbitrarily without changing its length or 
that of any of its parts. 


A rope can therefore assume the form of an arbitrary curve of the 
same length. A cable can be considered approximately as a chain consisting 
of very many small links. 

Let a heavy cable (flexible and 
inextensible) be suspended from two 
points A and B. Let us assume that the 
density of the cable g = constant. The 
weight of a portion of the cable of length 
s cm is therefore 

Q = sgg = si5, (3) 

where 5 — gg. 



Let us determine the form that the cable will assume under the action 
of its own weight. 

Let us choose a system of coordinates ( x , y, z), giving the z-axis 
a vertical direction and an upward sense; let the a;z-plane be taken 
vertically and passing through the points A and B (Fig. 232). 


The external forces acting on the cable are: the weight, acting at the 
centre of gravity 8 of the cable, and the reactions R x and R 2 at the points 
A and B. If the cable is in equilibrium, these forces balance each other. 
It follows from this that they lie in one vertical plane, namely, the az-pla- 


ne. Consequently: 


*1, = 0- = °' 


(4) 
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Let us cut the cable at an arbitrary point C and remove the part GB. 
In order that the portion AC remain in equilibrium, it is necessary to add 
at the point C the force T which the portion GB exerts on the portion AG. 
The force T is the tension of the cable. 

Since the cable is considered approximately as a chain consisting of 
small links, the force T is tangent to GB. 

Let us denote the length of the arc AG by s. The external forces 
acting on the part AC are: the weight Q' of magnitude sd, acting at the 
centre of gravity S' of the part AG, the reaction R v and the tension T. 
Since the sum of these forces is zero, because the part AG remains in 
equilibrium, forming the projections on the coordinate axes, we obtain: 

T. + S lt = 0 , ^ + ^-^ = 0 , + 0 . (5) 

From ( 4 ) B ly = 0 ; hence T v = 0. Since the tension T is tangent to 
the curve, and O is an arbitrary point of this curve, the tangent at each 
point is parallel to the vertical xz-plane. It follows from this that the curve 
lies in a vertical plane, namely, the xz- plane, because it has in common 
with it the two points A and B. The first of the equations (5) gives 

T x = — B lx = const. ( 6 ) 

Therefore: the horizontal component of the tension of the cable is the 
same at each point of the cable. 

Let us denote by <$ the angle which T makes with the x-axis. We 
therefore have tan <p = TJ T x , -whence by the second of the equations (5) 

tan 93 = (— Ss I R lx ) -)- f^i 2 / ^ij- (7) 

Let us put: 

a— <5 / R lx , a — R 1:s j R lx . ( 8 ) 

If z = f(x) is the equation of the curve, then z' = tan 93 . Hence in 
virtue of (7) and ( 8 ) 

z' = as 4 - *'• (9) 

Equation (9) is the differential equation of the curve whose form the 
cable assumes. Differentiating it, we obtain z" = a is j dx, and since 
ds = ]/l -f a ' 2 dx, it follows that z" = a]/l -f- z' 2 . Let us substitute z' = w. 
Hence a" = dto / dx, whencedw/dx = a]/l 4 - w 2 , i. e. dw)/]/l -|-w 4 = adx. 
Integrating, we obtain Jdwf ]/l + w 2 — fa dx; therefore ln(]/1 + vf- f w) = 
= ax + c, where c is the constant of integration. Consequently 

]/1 + w 2 4 - w.= y 1 4 - z ' 2 -f- z' = e ax+c . 


( 10 ) 
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We have 


1 / (l/l + -j- s') = |/l -j- z' 2 — z' = er {!tx ~ l 

( 11 ) 

From equations (10) and (11) we obtain 


z' = \{e ax +° — R -^- c ^ 

( 12 ) 

ds / dx — [/I 4 - z' 2 = |(, e ax+c 4 - e~ ax ~ c ). 

(13) 

Integrating equations (12) and (13), we obtain 


z = ^ (e aa: + e -f e-«*-=) 4 - c ', 

(14) 

s = ~ {e ax+e — e -f c", 

(15) 


where c' and c" are,certain constants. 

The curve defined by equation (14) is called the catenary. 

Therefore: a cable hangs in the form of a catenary. 

Equations (14) and (15) depend on four constants a, c, c', and c". 
These constants can be determined if we know, for instance, the coordin¬ 
ates x x> %, x 2 , z 2 , of the points A, B and the length l of the cable, because 
from the conditions that z = z x , for x = x 1: and z = z 2 , for x = x 2 , 
we obtain by (14): 




-aXi- 


c ) + C, z a = 


: {@ ax i T® 

2a 


e —ax,—c) 4 . G q (16) 


While from the conditions that s = 0, for x = x v and s —l, for 
x = x 2> we obtain by (15): 

0 = _L ( e «*»+e — e -**-*) + c", l — i (e a ^+ c + e -“>- c ) + c". (17) 

ZiQ> 

It can be shown that equations (16) and (17) define the constants 
a, c, c', and c", uniquely. 

Let us still compute the tension T of the cable at an arbitrary point C 
whose coordinates are x, z. From equations ( 6 ) and ( 8 ) we get 

I'm — b l a. (18) 

Since T z / T x = tan 93 = z', T z = T x z'\ consequently 

T z = Ss' I a. (19) 

Prom equations (18) and (19) we obtain 

t - m +21=41/ t + 7 ! - 4. | -4 

and hence by (14) 


20 


T = 6(z — o') 


( 20 ) 















306 


CHAPTER VI — Statics of a rigid body 


Loaded cable. Let a force P directed vertically downwards be applied 
at a point C of a cable. As we already know, parts GB and AC of the cable 
are catenaries. Let us denote the constants for the curves BC and CA in 
equations (14) arid (15) by %, c X) c ' v c" and « 2 , c 2 , c', c 2 , respectively, and 

the tensions in the parts BC and GA at 
the point G by T x and T 2 (Pig. 233). 

Considering the cable as a chain 
consisting of many small links, and the 
point G as a joint, we have in the po¬ 
sition of equilibrium T x + T 2 -f P = 0. 
Forming projections on the x and z 
axes and putting P = |P|, we obtain: 
T lx + = 0 , T lz + T h -P = 0 . ( 21 ) 

Denoting the right-hand and the left-hand derivatives at G by z[ and 
4, we obtain by (18) and (19): 

Ti x = d J a x , T lss — dz 1 1 a lt = 5 / a 2 , Ts z — — & 2 / ® 2 , 



whence by ( 21 ) 

<5 


a x 




*1 


Hence we get: 

a x = a 2 , 



Pa 2 
6 ' 


( 22 ) 


Knowing the lengths Z x and Z 2 of the arcs BG and 04 we can obtain 
the equations of the curves OiB and AC. In this case it is necessary to 
determine ten constants a lt c ± , c', c", a 2 , c 2 , c 2 , c'' and x (1 , z 0 , where a : 0 and 
are the coordinates of the point 0. To determine these constants for 
CB and AG we have two sets of four equations analogous to (16) and (17), 
and in addition two equations ( 22 ), i. e. ten altogether. 


CHAPTER VII 


KINEMATICS OP A RIGID BODY 

§ I. Displacement and rotation of a body about an axis. According to 
the definition of a rigid body (p. 231), its points do not change their mu¬ 
tual distances during motion. When the point A moved to the point B , the 
vector AB was called the displacement of the point (p. 34). During a 
change of position of a rigid body, the points of this body undergo, in 
general, various displacements. 

We shall first become acquainted with certain theorems from geo¬ 
metry which give the resolution of the displacements of the points of a 
body. These theorems will be helpful to us in determining the velocities 
of these points. 

Parallel displacement or translation. A body is said to undergo a 
parallel displacement or a translation if the displacements of all the 
points of the body during a change of its position are equal. 

The displacement common to all points of the body is called the 
displacement vector or the displacement of the body. 

The position of the body after a displacement is therefore deter¬ 
mined by the initial position and the displacement vector. 

Let us assume that the points A lt B x moved to the points A 2 , .B 2 after 
a translation. Since the displacemen ts of b oth points are equal, 
AfAn, = B x B t . It follows from this that A 1 B 1 = A Z B 2 . 

Therefore: the vectors attached to a body do not change either their sense 
or direction during a translation. 

Conversely, it is easy to prove that if the vectors in a body maintain 
their sense and direction during a displacement of the body, then the displa¬ 
cement is a translation. 

For let us assume that two arbitrary poi nts A v B- L move d t o th e 
points A 2 ,B 2 (Fig. 234). By hypothesis, 4 1 B 1 =4 2 B 2 ;henee4 1 4 2 = i? 1 i} , 2 . 
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AfAn, = B x B t . It follows from this that A 1 B 1 = A 2 B 2 . 
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cement is a translation. 
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The points A Xl 13 X therefore have equal displacements, i. e. the change 
of position of the body is a translation. 

It is easy to see that lines and planes in a body remain parallel to one 
another after a translation. 



Let us suppose that a body has made two successive translations: 
first, from position I to position II, and next, from position II to position 
HI. Let A t , B 1 be two arbitrary points in position I, and A 2 , J5 a and A S1 B a 
their corresponding points in positions II and III (Mg. 235). By hypothesis, 
AjA s = BJh . a nd A %A 3 — B 2 B 3 . Since A t A 3 = A x A 2 -f A, 2 A 3 and 
B x B 3 = B x Bi + B a B a , it follows that A 1 A 3 = B ± B 3 . Consequently we can 
godireetlyfrompositionltoposition III by means of one translation. De¬ 
noting the displacements in passing from I to II, from II to III, and 
from I to III, by u v u„, and u, we obviously obtain 

U = U 1 + “s- 

Therefore: if a body has made several successive translations, then the 
final position can be obtained from the initial position by means of one trans¬ 
lation-, the displacement of the body from the initial position to the final 
position is equal to the sum of the displacements of the separate translations. 

This theorem can be called the law of composition of displacements. 

Since the resultant displacement is the sum of the component dis¬ 
placements, then (in virtue of the commutativity of the sum of vectors) 
the resultant displacement does not depend on the order in which the 
body made the component displacements. 

Rotation about an axis. If two points of a body, e. g. K and M, 
remained fixed during a change of position of the body, then, obviously, 
all the points of the line l passing through K and M will also remain fixed. 
We then say that the body rotated about the. line Z; this line is called the axis 
of rotation. 
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If some plane ZZj in the initial position of the body passes through 
the axis of rotation, then the corresponding plane il 2 in the final position 
will also pass through this axis. 

Let us give the axis l an arbitrary sense. The angle y through which it 
is necessary to rotate the plane (counterclockwise with respect to 
axis l) in order that it fall on and in order that the corresponding 
points coincide is called the angle of rotation. 



The rotation of a body about an axis is determined by giving the 
axis and the angle of rotation. During a rotation the points of a body 
remain in planes perpendicular to the axis of rotation. 

During a rotation every vector A 1 B 1 parallel to the axis of rotation 
falls on a vector A parallel to the vector A X B X . It is easy to prove that 
only vectors parallel to the axis do not change either direction or sense 
during a rotation. » 

Let us note that if a vector A X C\ lies in a plane U perpendicular to 
the axis of rotation, then the angle which this vector makes with the 
corresponding vector A a C a is (relative to the chosen sense of the axis of 
rotation) equal to the angle of rotation (Fig. 236). 

If the body makes several rotations about this same axis l through 
the angles <p x , <p a ,..., then the final displacement is obviously also a 
rotation about the axis l through the angle p = p x + p* + • • • It follows 
from this, in virtue of the commutativity of the sum, that the final 
position does not depend on the order in which the partial rotations of 
the body were made. 

The situation is quite different when the. body makes successive 
rotations about various axes as the example'on p. 314 shows. 
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Example. A rigid body made two successive rotations about two 
parallel lines l andm which are rigidly attached to the body. The rotations 
had opposite senses, but the angles of rotation were equal. Prove that 
the body can he displaced from its initial position to its final position by 
means of a translation. 

Let C be an arbitrary point of the body. Through G let us pass 
a plane IT perpendicular to the given axes of rotation l and to. Let 
L and M denote the corresponding points of intersection and p the angle 
of rotation (Pig. 237). 

During a rotation about the axis l through an angle (p the axis m will 
assume the position of the line to'; let us denote the point of intersection 
of this line with the plane T1 by M'. Next, after a rotation about the 
axis to' through an angle <p the axis l will assume the position of the 
line T; let us denote its point of intersection with the plane IT by L'. 

Finally, let G 1 be the position of the point G after a rotation about the 
line l, and O' the position of the point Q 1 after a rotation about the line to'. 

C. 


Fig. 237. Fig. 238. 




Th e tria ngle LMG assumed ultimately the position L'M’O', while 
LL' = MM' = CO’ (asinFig. 237). Since the displacements of the points 
situated on the axis l (or on) are equal, the above relation indicates 
that the displacements of all the points are equal. It is easy to verify that 

LL' — 2LM sin-lqs. (l) 

§ 2. Displacements of points of a body in plane motion. The motion 
of a plane figure moving in a plane is called a plane motion. 

The position of a figure in plane motion is determined by the position 
of two of its arbitrary points. 

For suppose that there are two possible positions of the figure at 
which the two points A and B would occupy the same positions. Let us 
consider an arbitrary point 0 of the figure which in one position is at G t , 
and in the another at C t (Fig. 238). The triangles ABG X and ABC* are con¬ 
gruent and are situated symmetrically with respect to AB. Therefore 
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they cannot he made to coincide without taking them out of the plane. 
This, however, is contrary to the hypothesis that in the plane motion the 
triangle ABG once occupied the position ABG ls and the second time the 
position ABG 2 - 

Rotation about a point. If a figure lying in the plane IT is rotated 
about a line l perpendicular to this plane, then the figure will continue to 
remain in the plane IT. Such a rotation is called a rotation of the figure 
about a point (the point of intersection of the hue l with the plane IT). 

Theorem. Every figure in plane motion can be displaced from one 
arbitrary position to another by means of one translation and one rotation. 

For let A lt B x be two points of this figure in the first position, and 
A 2 , B 2 the corresponding points in the second position. Let us first trans¬ 
late the figure so that the point Aj falls on A t . After this displacement the 
point B x will fall on a certain point B’ v Let us now rotate the figure about 
A 2 so that B[ falls on B 2 . Since the two points B x coincided with the 
corresponding points A 2 , B 2 after a translation and a rotation, the rem¬ 
aining points will also coincide. Thus, we have displaced the figure from 
one position to another by means of one translation and one rotation, 
q. e. d. 

We shall now prove that the most general displacement of a figure in 
plane motion is either a translation or a rotation. 

I Theorem of Euler. A figure can be displaced from one position to 
another (which it occupies in plane motion) either by means of a translation 
or a rotation. 

Proof. Let A V B 1 be an arbitrary segment of the figure in the initial 
position I, and A,B 2 the same segment in the final position II. 

In the case when the vectors A 1 B 1 and A 2 B 2 are equal, we have 
A x A e = B } B„. Therefore, by a parallel displacement of the figure so that 
the point A 1 falls on A a , the point B x will fall on B % . Since the figure will 
have the points A 2 and B 2 In common with position II after this displa¬ 
cement, it will have all points inyommon. In this case, therefore, it is 
possible to displace the figure from position I to position 13 by means of 
a translation. 

In the case when the vectors A 1 B 1 and -4 s Ii 2 are - ! ' : i ua b let lls 
draw the perpendicular bisectors l x and l 2 of the segments A X A 2 and B x B t . 

Let us assume at first that these bisectors are distinct and intersect 
at the point 0 (Fig. 239). The triangles OA 1 B 1 and 0A 2 B.. are congruent. 
Denote by B[ the point symmetrical to B x with respect to the bisector 
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The triangles OA 1 B 1 and OAJB[ are obviously situated symmetrically 
with respect to l v They are consequently congruent and not superposable 
without taking them out of the plane. Hence if the figure is rotated about 
0 so that the point A t falls on A 2 , then, since the point B x cannot fall on 
B {, the point B x will fall on B 2 . After this rotation the figure will therefore 
have the points A % and B t in common with position II, and consequently 
all the other points in common. 



Pig. 239. 



Pig. 240. 


Next, let us assume that the bisectors of the segments A X A 3 and 
B t B 3 are identical (Fig, 240). In this case the segments A 1 B 1 and A 2 B 3 are 
situated symmetrically with respect to l ± (or Z 2 ); the centre of rotation will 
he the point of intersection of the line A 1 B 1 with l x (or A 3 B 2 with Z 2 ), In 
this case, _ therefore, the displacement of the figure from position I to 
position II can he made by means of a rotations q. e. d. 

Plane motion of a body. If a body can move only in such a. way that 
its points remain constantly in planes parallel to a certain fixed plane II, 
then the body is said to be in plane motion , and the plane IT is called the 
directional plane (cf. the definition and example on p. 272). 

Let us cut a body in plane motion by a plane IT' parallel to the direc¬ 
tional plane II. Let G be the plane section. The position of the plane 
section 0 obviously determines the position of the entire body. Since the 
plane section G must remain constantly in one and the same plane./!', by 
I Theorem of Luler we can displace this figure from the arbitrary position 
it. occupies to another arbitrary position, either by means of a translation, 
or by means of a rotation about a point ly in g in IT. 

It follows from this that a body in plane motion can be displaced from 
one position to another, either by means of a translation, or by means of a 
rotation about an axis perpendicular to the directional plane. 


§ 3. Displacements of the points of a body. If a.rigid body has one 
fixed point, then it can rotate about this point, and if it has two fixed 
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points, it can rotate about an axis passing through these points. 
Giving the position of one or two points of a body is, therefore, not suffici¬ 
ent to determine the positions of all the other points of the body. But we 
have the following 

Theorem I. The position of all the points of a rigid body is determined 
by the position of three of its points , provided the points are not collinear. 

Proof. Let us suppose that there exist two distinct positions of 
the body at which three non-eollinear points A, B,G, would occupy the 
same positions. Let us consider an arbitrary 
point D of this body which in the first position 
is at H 1; and in the second at D 3 . The tetra¬ 
hedrons ABGD 1 and ABCD 2 have a common 
base and correspondingly equal edges (Fig. 241). 

It foliow's from this that they are symmetrically 
placed with respect to the plane ABC. There¬ 
fore they cannot be brought into complete 
coincidence. This is, however, contrary to the 
assumption that the first position of the tetrahed¬ 
ron ABGD is ABCDj and the other one A. BCD 2 . 

Rotation about a point of a boJy. If one point of a body remains 
fixed during a displacement of the body, then the body is said to have 
been rotated about this point. 

II Theorem of Euler. A rotation about a point is equivalent to . a rota¬ 
tion about a line passing through this point. 

Proof. Let us suppose that a body has been rotated about the point 0. 
In the initial position I let us select in the body an arbitrary segment A X B X 
(not passing through 0) and let A 2 B 3 be the corresponding segment in the 
final position II. Let us draw the planes of symmetry iTj and IJ 2 of the 
segments A 1 A 3 and B X B 3 . 

Let us assume at first that TI X and II 2 are distinct and that they 
intersect in the line l (Mg. 242). The line/passes through 0 because l is the 
locus of points equidistant from A x and A 2 , as well as from B x and J3 2 , 
while 0A 1 = OA 2 and ’OB 1 — 0B 2 . Let G be an arbitrary point (different 
from 0) on the hue Z. 

The tetrahedrons OGA 1 B l and OGA 3 B 3 are equal. It is easy to show 
that they are also superposable. The vertices O, G, and 0, C, 
are placed symmetrically with respect to lip hence, if the tetrahedrons 
OQA l B 1 and OCA s S 3 were not superposable, the vertices B x and B t 
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would have to be placed symmetrically with respect to H x , which is im¬ 
possible, since B L and il 2 are placed symmetrically with respect to iJ 2 , and 
il x 4 = iJ 2 . We have proved, therefore, that the tetrahedrons OCA 1 B 1 and 
OCA 2 B 2 are equal and superposable. 

If we now rotate the body about the axis l so that A 1 falls on A ,, 
then the tetrahedron 00 will fall on the tetrahedron OOA 2 B 2 . After 
this rotation the body will therefore have three points in common (namely * 
0, A s and B 2 ) with the body in position II, and consequently all other 
points. We have thus displaced the body from position I to position II 
by means of a rotation about the line l. 



Let us now assume that the segments A t A 2 and B 1 B 2 have a comm on 
plane of symmetry/I (Fig. 243 ). Then the triangles OA 1 B 1 and OAJB^ are 
situated symmetrically with respect to II. The axis of rotation in this case 
will he the line of intersection of the plane OA 1 B 1 (or 0A 2 B 2 ) with the 
plane IT. 

Remark I . From II Theorem of Euler it follows that during a rota¬ 
tion of a body about a point, there exists in the body a certain line having 
the property that its points do not change their position. 

Remark 2. If a body makes two successive rotations about two axes 
passing through one point 0, then the body can be displaced from its 
initial position to its final position by means of one rotation about an axis 
passing through 0, because the point 0 did not change its position. There¬ 
fore the composition of two rotations about an axis passing through 
one point is a rotation about an axis passing through the same point. 

Example. A body made two successive rotations about the axes of 
a fixed coordinate system: first about the 2 -axis and then about the 
rc-axis, both rotations counterclockwise through a right angle. 
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Since the origin 0 of the system remained fixed during both rotations, 
we can displace the body from its initial position to its final position by 
means of one rotation about a certain axis l passing through 0 (Fig. 244). 

Let us consider the point A(0, 0, 1) on the 2 -axis in the initial position. 
After a rotation about this axis the point A did not change its position, 
and after a rotation about the 
r-axis it assumed the position 
A\ 0, 1, 0). 

Let us next consider the 
point 8 ( 0 , 1 , 0 ) on the y-axis 
in the initial position. After a 
rotation about the z-axis the 
point B occupied the position 

JS'(1, 0, 0) on the r-axis, and ‘a 

then during a rotation about Pig. 244. Pig. 245. 

this axis the point B' did not 

change its position any more. The sought for axis l will therefore be the 
intersection of the planes of symmetry of the segments AA' and BB'. 

The plane of symmetry of the segment AA' has the equation y = z, 
and the plane of symmetry of the segment BB' has, the equation x = y. 
The axis l, being the intersection of both planes, consequently has the 
equation 

x = y = z. 

Let ns now suppose that the body had made the same rotations in 
the reverse order, i. e. first about the x-axis, and then about the 2 -axis 
(Fig. 245). The points ri( 0 , 0, 1) and j5(0, 1 , 0) after a rotation about 
the jc-axis will occupy the positions A. 1 (0,1, 0) and J5 X (0, 0,—1), and 
then, after a rotation about the z-axis, they will assume the positions 
A 2 ( 1 , 0, 0)and S 2 (0,0,~1). The planes of symmetry of the segments AA% 
and j BB 2 have the equations x = z and y = — z. The axis about which 
it is necessary to rotate the body in order that it go from its initial position 
to its final position will therefore have the equation 

x = — y = z. 

It follows from this that the final position depends on the order in 
which the rotations were made. 

Chasles’ theorem. A body can be displaced from one arbitrary position 
to another by means of one translation and one rotation about an axis. 

In general, this can be done in infinitely many ways, but the axes 
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of rotation will always be parallel and the angles of rotation epical (if the axes 
have the same sense). 

Proof. Let 0 X be an arbitrary point of the body in the initial position 
I, and 0 2 the corresponding point in the final position II. Let us first trans¬ 
late the body to the position I' so that O x falls on 0 % . If the position I is 
identical with II, then the body has been displaced from the position 
I to the position II by means of one translation, conformably .to the requi¬ 
rements of the theorem. 

Let us assume, therefore, that the position I' is different from II. 
Since the positions II and I', of the body have the point 0 2 in common 
(Pig. 246), it follows that, by II Theorem of Euler, we can displace it from 
the position I' to the position II by means of a rotation about a certain 
axis l passing through the point 0 2 . 




. . In each case we have therefore displaced the body from the position 

I to the position II by means of one translation and one rotation; thus we 
have proved the first part of the theorem. 

Had we chosen a different point O x in the beginning, then in general 
we would have obtained a different translation and a different rotation 
about a different axis. We shall show, however, that in every case the axes 

of rotation would be parallel. _ 

In the position I let us consider in the body an arbitrary vector A X B X 
parallel to the axis of rotation l (Fig. 247). The corresponding vector 
A 2 B 2 in the position II will have the same direction and sense as the 
vector A 1 B 1 . For neither a translation nor a rotation (about a parallel 
axis) changes the direction or sense of a veotor. 

Let us now assume that the body has been displaced from the posi¬ 
tion I to the position II by means of a different translation an d rota tion 
about a different axis V. After this displacement let the vector fall 
on the vector A!iB[ (Fig. 247). Obviously, after a rotation about the 
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new axis l', the vector A[b' x will fall on the vector A*B V Since the dis¬ 
placement changes neither the direction nor sense of the veotor, A[B\ has 
the same sense and direction as the vector AJB X . It follows from this 
that th e veo tor A X B X will also have the same sense and direction as the 
vector A 2 Bi. Hence the axis of rotation l' must be parallel to 'AJB „ i. e. 
to the axis l. 

Finally, we shall show that the angles of rotation about the axes l and 
V are equal, provided that the axes l and V are given the same senses. In 
the position I let us select in the body an arbitrary vector a x perpendicular 
to l and obviously to V at the same time. The angle which vector a x makes 
with the corresponding vector o 2 in the position II relative to the chosen 
sense of the axis is the angle of rotation (p. 309), The angle of rotation is 
therefore in both cases the same, q. e. d. 

Theorem 2. A body can be displaced from one arbitrary position to 
another by means of two successive rotations. 

Proof. Let O x be an arbitrary point of the body in the position I, and 
0 2 the corresponding point of the body in the position II. Let us rotate the 
body through 180° about the axis l x , which is the axis of symmetry of the 
segment 0 X 0 2 . By means of this rotation the point 0 X will fall on the 
point 0 2 . The body -will assume the position II' which has the point 0 2 in 
common with the position II. Consequently we can go from position II' to 
position II by means of a rotation about a certain axis l passing through 
0 2 . In this maimer we have displaced.a body from position I to position II 
by means of two rotations about the lines l x and l, q. e. d. 

Twist. If a body makes a translation and then a rotation about an 
axis parallel to the translation, then the body is said to have made a 
twist. 

In particular, a translation or a rotation is also called a twist. 

Theorem 3. A body can always be displaced from, one arbitrary position 
to another by means of a twist and this can be done in only one way. 

Proof. Let us consider in the body in position I an arbitrary triangle 
A 1 B 1 G 1 lying in the plane H x perpendicular to the possible axes of rotation. 
Let us denote by A gB 2 (7 2 the corresponding triangle and by U 2 the corres¬ 
ponding plane in the position II. The planes II X and I7 2 are therefore 
parallel. Let us now displace the body from position I to position I' by 
giving the body a displacement perpendicular to II x so that the plane II X 
assumes the position of the plane IJ 2 (Fig. 248). By means of this displa- 
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cement the triangle A 1 B 1 C 1 coincides with the triangle A'^ lying in 
the plane il s in which the triangle AJ3 X C 2 also lies. 

We can displace the body from position I' to position II first by 
means of a translation so that A[ falls on A x , and nest by means of a ro¬ 
tation about a line perpendicular to U a and passing through A 2 . It follows 
from this that the triangle remaining constantly in the plane U 2 , 

wih fall on Hence by II Theorem of Euler we can displace the 

triangle A'^B'-fi^ to A^B^G^ by means of a translation or of arotation (about 
a certain point 0 lying in 77 s , i. e. by means of a rotation about an axis l 
perpendicular to 77,at the point 0). By this translation (or rotation) the 
body is displaced from position I' to position II. 

It follows from this that a body is displaced from position I to posi¬ 
tion II either by means of a translation (if the displacement from I' to 
II is a translation), or by means of a translation and of a rotation about 
the axis l parallel to the translation, q. e. d. 

The axis l is'called the axis of twist. 

During a twist the axis of twist slides along itself. Every other line 
changes its position during a twist. It follows from this that a body cannot 
be displaced from position I to position II by means of a twist along any 
other axis V. 




§ 4. Advancing motion and rotation about an axis. Advancing 

motion. If every position that a body assumes during motion can be ob¬ 
tained from the initial position by means of a translation, then the body is 
said to move with an advancing motion. ■ 

From the definition of an advancing motion it foEows that every two 
positions of a body in an advancing motion can be obtained from each 
other by means of a translation. 
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Let A and B be two arbitrary points of a body. In an advancing 
motion the vector AB changes neither its direction nor its sense. There¬ 
fore, if the path of the point A is translated so that the displacement of 
all its points is equal to the vector AB, then the path of the point A wEl 
coincide with the path of the point B (Eig. 249). 

Therefore: in an advancing motion the paths of all points are congm&ni 
and they can cover one another by means of a translation. 

The advancing motion of a body is therefore determined by the 
motion of one of its points and the position of the body at the initial 
moment. For if we know the motion of the point A, for example, then the 
displacement vector of the body from its initial position to its position at 
the time t wEl also be known, because it is equal to the known displace¬ 
ment of the point A. 

Conversely: if the vectors attached to a rigid body do not change their 
direction, then the body moves with an advancing motion. 

Indeed, let us consider a fixed system of coordinates (x, y, z) and two 
points in the body A(x x , y x , z x ) and B(x 2 , y % , z 2 ). By hypothesis, the vector 
AJ3 does not change its direction (that it does not change its length is 
obvious); we shaE show that it also does not change its sense. During the 
motion the projections of the vector AB on the coordinate axes are con¬ 
stant in absolute value. Hence \x 2 — jBjJ, \y t — y x \, and |z 2 — z x \, are 
certain constants. Since x„ — x x is a continuous function of the time t, 
therefore from the fact that |* s — aq] = const, it foEows that — a:, 
is also a constant. Similarly y % — y x = const, and z 2 — z x = const. Con¬ 
sequently the vector AB does not change its sense. 

Therefore, denoting by A, B and A',B' the positions of the given 
points at two arbitrary moments t and t', we obtain AB = A'B', whence 
33? = BB'. The displacements of two arbitrary points are consequently 
equal, and we can displace the body from the position at the moment t to 
the position at the moment f by means of a translation. Hence the motion 
of the body is an advancing motion. 

In a body moving with an advancing motion let us consider two 
arbitrary points A x , A 2 at the moment t and the positions A x , A 2 of these 
points at the moment t + At. Denoting by v x and v 2 the velocities of the 
points A x and A 1: we obtain (p. 35): 
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Since the body moves with an advancing motion, A X A X 
whence v x = v 2 . 
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Therefore: in an advancing motion the velocities of all the points of 
a body at an arbitrary moment t are equal to one another. 

The velocity of an advancing motion at the moment t is called the com¬ 
mon velocity of all the points of a body at this moment. 

Let the body now move in such a way that at each moment t the 
velocities of all the points of the body are equal to one' another. Let 
us select two arbitrary points of the body A(x t , y u z x ) and y 2 , z 2 ). 

Since the velocity of the point A at each moment is always equal 
to the velocity of the point B, 

aq = x b Vi = Vb 2 i = z a> whence xq — a; = 0. 

Consequently x 2 — aq = cq and similarly y t — y x = c 2 , z 2 — z l — c 3 , 
where c 1} c 2 , and c 3 are certain constants. It follows from this that the 
vector AB has constant projections on the coordinate axes, and hence does 
not change either its direction or sense during motion. The motion is 
consequently an advancing motion. 

Therefore: if all the points of a body have equal velocities at each mo¬ 
ment, then the body moves with an advancing motion. 

Rotation about an axis. If a body moves so that all the points on a 
certain line l remain at rest, then we say that the body rotates about the 
axis l (p. 308). 

During a rotation all the points move in circles lying in planes per¬ 
pendicular to the axis of rotation; the centres of these circles lie on the 
axis of rotation. 

The radii joining the points of the body with the centres of the 
circles along which these points move sweep out equal angles in equal 
times. It follows from this that during a rotation about an axis all the 
points have equal angular velocities at each moment. Their common 
angular velocity is called the angular velocity of the rotation about 
the axis. 

From the definition of the angular velocity vector (p. 45), it follows 
that during a rotation of a body about an axis all the points bave the same 
angular velocity vector lying on the axis of rotation. This vector is called 
the angular velocity vector of the rotating body. 

Example I. If the vertices A and I) of a parallelogram ABGD are 
fixed, then the sides AB and DG can rotate about the vertices A and D. 
During these rotations the side BG remains constantly parallel to AD. 
Consequently BG moves with an advancing motion. 
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Example 2. A circle with centre O' and radius r moves with an 
advancing motion and remains constantly tangent to the circle K with 
centre 0 and radius JR. Determine the path of an arbitrary point A 
(vide Dig. 284 on p. 368). 

The centre O' obviously moves along a circle K' with centre 0 and 
radius a — B — r. The path of the point A (dotted in Mg. 284) will con¬ 
sequently be a circle of radius a. The centre 0 X of this circle is obtained 
by giving the centre 0 a displacement 00 x equal to the vector O'A. 

§ 5. Distribution of velocities in a rigid body. When a rigid body 
moves, its points can in general have various velo¬ 
cities at a given moment. 

Relations among the velocities of the points of 
a body. Let us consider in the body two points A ± 
and A 2 whose velocities are v x and v 2 . Let 0 be the 
origin of the coordinate system (Fig. 250). Let us Fig. 250. 

put: __ _ _ 

r x = OA lt r 2 = OA lt r = A X A 2 = r 2 iq. 

Consequently (p. 35, (III)): 

r{ = Vj, q = v 2 , r = ri — r[ = v 2 — v x . (1) 

We have r a = |r| 2 . Since |r| = const., forming the derivative, we 
obtain 2 rr = 0, i. e. rr = 0; hence by (1) r(v 2 — vf) = 0, whence 

rv 55 = rv x . ( 2 ) 

From, the definition of a scalar product it follows that 
rv, = |r| Projj^'Vj and rv 2 = |r| Froj j.t/ 2 - 

Hence by (2) we obtain, after dividing by |r|, 

Projq^Vi = Proj23-/»- 

We have proved, therefore, that in a rigid body the projections of the 
velocities of two points on the segment joining these points are equal. 

We can also say that the components of the velocities of two points 
with respect to the segment joining these points are equal. 

Example I. Let the velocities v v v 2 , v 3 of three non-collinear points 
A, A., A, of a body be given. Let us choose an arbitrary point G, not ly¬ 
ing in the plane A 1 A i A s , and denote its velocity by v (Fig. 251). From the 
point C let us draw the vectors GB ls CB % , GB 3 , equal to the projections 
of the velocities Vj, v 2 , v 3 on the lines A X G, A JJ, A 3 G. 



21 



322 


CHAPTER VII — Kinematics o£ a rigid body 


According to the theorem proved, these vectors will also be the 
projections of the vector v with its origin. C on the lines A^G, A % 0, and 
A S C. If planes perpendicular to these lines are passed through the points 

. B v and B s , then the point of intersection of 

these planes will be the terminus of the vector v. 

In order to determine the velocity of a point 
D lying in the plane A 1 A^A a , we first determine 
the velocity of an arbitrary point C not lying in 
tbe plane A x A t A a , and then the velocity of the 
point G as before (by taking from among the points 
A lt A 2 , A 3 , and 0, three points which are not coin¬ 
plan ar with D). 

Therefore: the velocities of all the points of a rigid body are determined by 
the velocities of three of its non-collinear points. 

Example 2. Veiocities of points of a straight line and a plane. Let us 
give an arbitrary sense to a moving line l and take on it a point 0 whose 
coordinates are x 0 , y 0l z 0 . Denote the angles which the axis l makes with 
the coordinate axes by «, /?, y, and put: 

a = cos a, 6 = cos/?, c = cosy. 

For an arbitrary point A(x, y, z) of the axis l, having the coordinate r 
on this axis, we have: 

x = x 0 + ar, y = y„ + br, z = z 0 + or. (4) 

Denoting the velocity of an arbitrary point A by v and calculating 
the derivative of (4) with respect to time, we obtain (because r = const.): 

V x = X- = Xq + a-T, V v =y = yb + b'r, v z = %• = 25 + ct . ( 5 ) 

From the point A let us draw the vector AA' equal to the velocity v 
of the point A, and denote by f, tj, £, the coordinates of the point A'. 
Since £ = x -f- v z etc., we get in virtue of (4) and (5) the equations 

£ = x a + x- 0 + [a + a-) r, ?? = y 0 + y 0 + (b + &*) r, 

C = «o + *0 + (c + c) r. 

Being equations of the first degree of the parameter r, they are the 
equations of a line. 

Therefore: if velocity vectors are drawn from points lying on a straight 
line, then the ends of these vectors lie on a straight line. 

By making use of this theorem similar theorem for a plane can easily 
be proved. 
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Namely: if velocity vectors are drawn from points lying in a plane, then 
the ends of these vectors He in one. plane. 

Knowing the velocities v x and v a of two points and of the line l, 
the velocity v of an arbitrary point A of this line can be determined in the 
following manner {vide Fig. 252): 

We pass a line m through the ends of the velocity vectors and v a 
drawm from the points A x and A 2 . The end of the velocit]*- vector v drawn 
from A lies on this line. On the line l we determine a point B so that the 
vector AB is equal to the projection of 
Vi (or v 2 ) on the axis l. According to the 
theorem proved on p. 321, AB is the 
projection of v on l. If we pass a plane 
through B and perpendicular to l, then 
the point A’ in which this plane cuts m 
will be the end of the vector v drawn 
from A. 

Instantaneous motion of a rigid body. Let us consider in a rigid body 
an arbitrary point A with coordinates x, y, z at a certain time t and denote 
by v its velocity. Since v depends on the point A, v is a function of the 
coordinates x, y, z at the time t. We can therefore assume that 

v = F(*, y, A- ( 6 ) 

The vector function ( 6 ) defines the velocity at the time t at every 
point of the body. 

The distribution of the velocities in a body at a certain instant is 
called the instantaneous motion of the body. 

The instantaneous motion of a body is consequently determined by 
giving the vector function ( 6 ). 

In an advancing motion all the points have the same velocity. Func¬ 
tion (6) -will therefore assume the form v = const. 

Denoting by to the angular velocity vector, and by 0 an arbitrary 
point on the axis l we have for the point A, in a rotating motion 
about the axis l (ef. formulae ( 2 ) and (III), p. 46): 

v = Mom .4 to or v = OA X to. (I) 

The instantaneous motion of a body at the moment t is called the 
instantaneous advancing motion if all the joints of the body have the same 
velocity. This velocity is called the instantaneous velocity of the advancing 
motion. 
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The instantaneous motion of a body at the moment t is called an 
instantaneous rotation about an axis l if the velocities of the points of the 
body are expressed by formula (7), i. e. if the velocities of the points of 
a body at the moment t are such as if the body were rotating about the 
axis l. The velocity to is called the instantaneous angular velocity vector, 
and the axis l the instantaneous axis of rotation. 

If the instantaneous motion at each instant of time is a rotation 
about a fixed line l, then it is a rotation about the axis l. 

Tor let us choose a fixed coordinate system 0(x, y, s), taking the 
axis l as the 2 -axis. Let A he an arbitrary point of the body whose coord¬ 
inates are x, y, z, and to the instantaneous velocity vector. Then co x = 0 
and co„ = 0. According to formula (7) the projections of the velocity v of 
the point A are: 

v ts — x-= yco z , . = y = — xco z , v z = 2 - = 0 . ( 8 ) 

As 2 - = 0 , z = const. The points therefore move in planes perpen¬ 
dicular to the axis l. From equations ( 8 ) we get xw -f- yy = 0, 
whence after integration \x 2 + \if — const. The points of the body there¬ 
fore move in. planes perpendicular to the axis l at a constant distance 
from l, and hence the body rotates about l. 

§ 6 . Instantaneous plane motion. Let a plane figure move in the 
plane 17. Let us select two arbitrary coordinate systems in this plane: the 
one («, y) fixed, and the other (f, rf) moving with an advancing motion and 
having its origin at an arbitrarily chosen point iff of the given figure 
(Fig. 253). 

The instantaneous motion of the figure with respect to the system 
(f, rf) will then be a rotation about the point iff (i. e. about the axis l per¬ 
pendicular to II at the point M). The relative velocities of the points at 
the moment t will therefore be such as if the figure were rotating about the 
point M with a certain angular velocity co. Consequently we can say that 
the instantaneous relative motion is a rotation about the point M. Since 
the system (f, rf) moves with an advancing mo¬ 
tion, the velocity of transport is the same for 
all points .of the figure (p. 58) and equal to 
the velocity of the point M. Denoting by v 
the absolute velocity of an arbitrary point 
A, by v r the relative velocity of the point A, and 
by Vjthe velocity of transport (i. e. the velocity 
of the point M), we therefore obtain (p. 58). 
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V = V* + V,. (1) 

In view of this we can say that the velocities of the points of the 
figure are such as if the figure were executing two motions simultaneously: 
an advancing motion with the velocity v ( of an arbitrary point M of the 
figure, and a rotation about this point M. 

Therefore: the instantaneous motion of a figure in plane motion is 
composed of an instantaneous advancing motion and an instantaneous 
rotation ; the advancing motion has the velocity of an arbitrary point of the 
figure, and the rotation is about this point. 

In general, the instantaneous motion of a figure can he represented 
in infinitely many ways as the composition of an instantaneous advancing 
motion and an instantaneous rotation, for this depends on the choice of 
the point M. 

In all these representations, however, the instantaneous angular 
velocities are equal. For let us choose in the figure an arbitrary axis k at 
the time t and let k' denote the position of this axis at the time t + At. The 
angle Acp which the axis k' makes with the axis k is equal to the angle 
through which the figure turned about M in the relative motion. It follows 
from this that Acp does not depend on the choice of the point iff, and the 
same is true of co, because co = YxmAcp / At. 

In particular, an instantaneous motion can be an instantaneous 
advancing motion (if the instantaneous angular velocity co is zero) or 
an instantaneous rotation (if the point M has the velocity v t = 0). 

For each point A of the figure the velocity v r (of the instantaneous 
rotation) is perpendicular to the segment MA, where |v r | = MA • co. 
Knowing the sense of the instantaneous rotation, we can therefore deter¬ 
mine the sense of v r and then obtain the velocity v of the point A from 
formula ( 1 ). 

Now let v { 4= 0 and co 4= 0. On a line l perpendicular to v f and passing 
through M let us consider two points O and O' at a distance r from M, 
where r = |v t | j co (Fig. 254). 

The velocities of the instantaneous rotation v r and v r ' of the points 0 
and O' are perpendicular to l and therefore parallel to v t . In addition we 
have |v r | = MO ■ co — rco = |v t ] and similarly |v r '| = |v t |. Since v r and v r ' 
have opposite senses, it follows that for one of the points 0 and O , e. g. 
for O, we have v r = — v t . Consequently the velocity of the point O is 
v = y r + v 4 = 0 . Therefore, if the origin of the system (f, rf) is placed at 
the point O, then the velocity of transport will be zero and hence the in¬ 
stantaneous motion will he an instantaneous rotation about 0. 
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The point 0 is called the instantaneous centre of rotation. 

The velocity v of an arbitrary point A is perpendicular to the seg¬ 
ment OA and has a sense which depends on the sense of the instantaneous 
rotation. Moreover 

|vj = OA • co. (2) 

Therefore: an instantaneous plane motion is either an instantaneous 
advancing ’motion or an instantaneous rotation about the instantaneous centre 
of rotation. 



Determination of the instantaneous centre of rotation. The instan¬ 
taneous centre of rotation obviously has a zero velocity. According to (2) 
every other point has a velocity v 4= 0 (if co =4= 0). Consequently there 
exists only one instantaneous centre of rotation (when <n 4= 0). 

If at an arbitrary point A we draw a perpendicular to the velocity v 
of this point, then the instantaneous centre of rotation will lie on this line 
(Fig. 255). 

The instantaneous centre of rotation can in general be determined 
if the velocity v of one point, e. g. A, is known, as well as the direction 
of the velocity v' of another point A'. Let us draw h and lc' perpendicular 
to vandv' at the points A and A'. The point 0 of intersection of these lines 
is the instantaneous centre of rotation. From formula (2) we obtain 
m = jvj / OA. The sense of the instantaneous rotation is obtained from 
the sense of the velocity v. 

When the lines h and ¥ are parallel, the instantaneous motion is an 
instantaneous advancing motion. 

When the lines k and ¥ coincide, in order to determine the instan¬ 
taneous motion, we must know in addition the velocity v' of the point A'. 
Knowing only the direction of the velocity v', then, is not sufficient. 

When v = v', the instantaneous motion is an advancing motion, 
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However, when v 4= v', the instantaneous motion is an instantaneous 
rotation. Denoting, then, by 0 the instantaneous centre of rotation 
(obviously lying on the lines Jc and k'), we have by (2) |v| = OA ■ co and 
Iv'l = OA' ■ w. Consequently 



If v and v' have the same senses (Fig. 256) and |v| < |v'|, then the point 
0 lies on the prolongation of the segment A'A beyond the point A. We 
then have OA' — OA = A'A, whence by (3) 

OA = A'A • ‘ (4) 

|v | — |wj 

On the other hand, when v and v' have opposite senses (.Fig. 257), 
the point 0 lies on the segment AA'. We then have OA -(- OA' = AA', 
whence by (3) 

OA = AA' • TT-T--T-7T- (5) 

jv| + |v'| 

Example I. A rod AB moves in a plane in such a way that both of 
its ends move constantly along the curves 0 and O'. The velocities v 1 and 
v 2 of the points A and B are tangent to the curves G and O' (Fig. 258). 

Drawing perpendiculars to the tangents at the points A and B, we 
obtain the instantaneous centre of rotation 0 of the rod AB as the point of 
intersection of these perpendiculars. Denoting the instantaneous angular 
velocity by co, we obtain: 

I*,] — OA • co, |v 2 | = OB ■ co and / |v 2 | = OA j OB. 




Example 2. In a crank-mechanism the rod AB moves in such a 
way that its end B is pin-connected with the rod OB fixed at 0, and 
the other endA moves along a line l passing through 0. The rod OB revolves 
about the point 0 with an angular velocity co (Fig. 259). What is the 
velocity of the point A ? 
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The velocity v[ of the point B is perpendicular to OB, and the velocity 
v of the point A has the direction of the line l. Drawing the perpendiculars 
to v' and v, we obtain the instantaneous centre of rotation 0 1 of the rod 
AB. Now, OB ■ co — jv'j = 0 X B - cop consequently m L — OB ■ <o / 0 X B, 
whence 

Ivj = O x A ■ o>j = OjA ■ OB ■ co / OjB. 

Example 3. A system of pin-connected rods AO and OB moves in 
a plane (Tig- 260). The velocities v, and v 2 of the points A and B are 
given. Determine the velocity of the point 0. 

Let us denote by « and f} the angles which the two velocities v x and v 2 
make with the rods OA and OB, by <5 the angle which the velocity v of the 
point O makes with the rod OA, and by <p the angle AOB. 

Since the projections of the velocity v on the rods OA and OB are 
equal to the corresponding projections of and v 2 on these rods, denoting 
the absolute values of these velocities by v, v x and ® 2 , we obtain 

% cos oi = v cos 5, r 2 cos fl = v cos (cp — <5), ‘ ( 6 ) 

whence 

cos (<p — <5) / cos 5 = « 2 cos /S / v 1 cos x\ 
therefore cos cp -j- tand sin <p = v 2 cos § j v x cos a, whence 

tand = (v t cos p — v x cos x cos cp) / v x cos x sin <p. 

Knowing 5, we determine v from equation ( 6 ). 



Example 4. A system of three rods AB, BO, and CD, pin-connected 
and fixed at A and D, lies in a plane (Kg. 261). The rod AB rotates about 
A with an angular velocity co r Determine the angular velocity a > 2 of the 
rod CD about D. 

The points B and 0 move in circle with Centres at A and D; their 
velocities v 4 and v 2 are therefore perpendicular to AB and CD. The instan¬ 
taneous centre of rotation of the rod BC is obtained by drawing perpen¬ 
diculars to v, and v 2 , or by prolonging the segments AB and DC to their 
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point of intersection O. The point 0 is the instantaneous centre of rotation 
of the rod BC. 

Let us denote by co the instantaneous angular velocity of the rod BC. 
Putting % = |v' 1 | and v s = [v 2 |, we therefore obtain: 

= OB ■ a> and » 2 = OC ■ co. ( 7 ) 

The rod AB rotates about A with an angular velocity cup, conse¬ 
quently 

v x = AB ■ oj x and similarly v 2 = CD ■ w 2 . ( 8 ) 

From (7) and (8) we obtain AB ■ co 1 = OB ■ co, i. e. co = AB ■ a> 1 / OB, 
whence by (7) v 2 = AB ■ OC • ccq / OB, and since by ( 8 ) a> 2 = v t f CD, 

AB-OC 
~ OB- CD K>1 * 

Example 5. A system of rods, pin-con¬ 
nected at the joints B, C,D, and E, is given 
(Fig. 262). The rods AB, FD, and EG, can 
rotate about the points A, F, and G, which 
are fixed. The rod GE rotates about G with 
an angular velocity co. Determine the angular 
velocities co' and co" of the rods FD and AB 
about F and A. 

Let us denote the velocities of the points 
E, D, C, B by v Tl v % , v 3 , v 4 , and tbeir absolute 
values by v lt v 2 , v s , v 4 . The points E and D 
move along the circumferences of circles with centres at G and F. The 
velocities of these points are perpendicular to EG and FD. 

Let 0 L be the point of intersection of the perpendiculars to v x and v 2 
(i. e. of the prolongations of the rods GE and DF). The point 0 X will be the 
instantaneous centre of rotation of the rod ED and at the same time of 
the triangle EDO, because the rods ED, DC, and CE, form a rigid system. 

Denoting by co x the instantaneous velocity of rotation about O x , 
whose sense is determined from the sense of v ls we have: 

v-i = O x E ■ ctfjj = 0 X D - coj. (9) 

The sense of v 2 is determined from the sense of the angular velo¬ 
city COj. 

Since v x = GE ■ co, in virtue of (9): 

GE 



0,D ■ GE 







330 


CHAPTER YII — Kinematics of a rigid body 


The rod FD rotates about F with an angular velocity co'; hence 
j> s = FD ■ co', whence cx> = v t j FD. Consequently by (10) 

OJJ ■ GE 


0) 


OJ1-FD 


CO. 


( 11 ) 


The sense of «' is obtained from the sense of v 2 . 

The velocity v 3 of the point G is perpendicular to 0/); we therefore 


have 


v 3 = Ofi ■ m v 


( 12 ) 


The sense of v :t is determined from the sense of tho rotation about O x . 

In order to determine the centre 0 2 of tho instantaneous rotation of 
the rod BC y let us note that the velocity v i of the point B is perpendicular 
to the rod AB. We therefore draw perpendiculars to the velocities v 4 and 
v 8 , i. e. we prolong AB and C0 1 to their intersection at 0 2 . 

Denoting by a> 2 the angular velocity of the instantaneous rotation 
about 0, t> we have: 

v z = OJJ • co 2 , v i — OJS ■ co 2 . (13) 


The sense of the instantaneous rotation is obtained from the sense 
of v s . 

From (13) we get: 

m % — v z 10 2 C, v^OtB-vJOtC. (14) 


The sense of v 4 is obtained from the sense of the rotation about 0 2 . 
Since the rod AB rotates about A with an angular velocity co", 
» 4 = AB ■ m”, whence co" = e 4 / AB. Hence by (14), (12) and (10) we get 

„ 0 2 B - OiC • GE 

“ . AB- 0/7-0!$“' 


The sense of the angular velocity co" is obtained from the sense of v 4 . 



§ 7. Instantaneous space motion. We shall 
first consider a particular case. 

Rotation about a point. Let us suppose that 
a body rotating about a fixed point 0 occupied 
position I at time t and position II at time f + 
+ At- The body can therefore be displaced 
from position I to position II by means of a 
rotation about a certain line V through an angle 
Af (Fig. 263). Let us assume that the line V 
tends to a certain line l when At tends to zero. 
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B<] 


Let us set 


kmdip / At — co. 


(1) 


Let us denote by A an arbitrary point of the body in position I, and 
by A' the corresponding point in position II. Let 8' be the centre of the 
circle along which the point A moves during its rotation about the line V , 
and S the limiting position of the point S' as At 0. Finally, let us denote 
by v the velocity of the point A. We have 


A A' 


consequently 


v = lim : . 
o At 


|v| = lim 

Jt—o 


AA' 


At 


.. %AS'$m\A(ft AS' sin^Acp A<p 

j:“o At^~ ~ IS, TM ‘ ~Zt : ’ 


and since lim(sin|dy / \Aq>) = 1, it follows by (1) that 

A < p -*-0 

jvj = AS-co. (2) 


Let us note that the vector AA' j At is perpendicular to V and makes 
an angle of 90° — J Atp with the segment S'A; the vector v is then in 
the limit perpendicular to l and AS. The velocity of the point A at the 
time t is therefore such as if the body were rotating about the axis l with 
an angular velocity co. Thus we have proved the following theorem: 


The instantaneous motion of a body rotating about a certain point 0 is an 
instantaneous rotation about an axis passing through 0. 

The velocity v of the point A is perpendicular to the plane 17 passing 
through l and A, whence v J_ OA, since OA lies in II. 

Hence: during the rotation of a body about the point O, the velocities of 
the points of the body are perpendicular to the lines connecting these points 
with the point O. 

The axis l of the instantaneous rotation lies in a plane passing through 
the point A and perpendicular to the velocity of the point A. Therefore, 
knowing the directions of the velocities of two points of the body, we 
obtain the instantaneous axis of rotation as the line of intersection of the 
planes passing through these points and perpendicular to the directions 
of the velocities. The instantaneous angular velocity is obtained from 
equation (2). 

Example I. The sphere x 2 ~j- y- + z 2 = 1 rotates about the centre 0. 
The velocity v of the point .4(1, 0, 0) at a certain instant t and the direc¬ 
tion of the velocity w of the point H(0, 1, 0) at the same instant are given. 
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Determine the instantaneous axis of rotation, the angular velocity, and 
the velocity w (at the moment t). 

Since the velocity v is perpendicular to OA , i. e. to the ai-axis, 
v x = 0. Let us denote the cosines of the angles which the velocity w makes 
with, the coordinate axes by a, b, c. We obviously have b = 0, because w is 
perpendicular to OB, i, e. to the y-axis. 

The instantaneous axis of rotation is the intersection of the planes 
passing through 0 as well as through A and B, and perpendicular to the 
velocities v and w. The equations of these planes are the following: 

yv v + s®* = 0 , ax + as = 0 , 

from which 

x _ y _ _z_ 
c(a~v s jv y —1' 

Equations (4) are the equations of the instantaneous axis of rotation. 

Let to denote the instantaneous angular velocity. The projections of 
o> on the coordinate axes are proportional to the direction numbers of the 
axis of rotation, i. e. to the numbers c / a, v z / and — 1 . Denoting by 
X the factor of proportionality we get: 

Xc I CL, COjf - j Vy, Ct) s ;= X, (5) 

In order to determine X we calculate the velocity v by making use 
of the formula v = OA X to. We obtain v x = 0, v v = X, and v z = Xv z / v y , 
whence A = v v , and hence by (5): 

= cv„l a, co„ = v„ m z = — v v . (6) 

Since w = OB x w, we get by (6): 

D = — Vy, io v = 0, ffl,= — cv y J a. 

Instantaneous motion in the general case. Let us place the origin of 
the coordinate system (f, rj, t), moving with an advancing motion, at an 

arbitrary point If of a given body. Since the 
point M is fixed relative to the system ({,?], C), 
the motion of the body relative to the system 
(f, y, £) is a rotation about the point M. The 
instantaneous relative motion will therefore 
be an instantaneous rotation about the axis l 
passing through M (Fig. 264). 

Let A be an arbitrary point of the body. 
Let us denote by v the absolute velocity of 



(3) 

W 


Kg. 564, 
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the point A, by d the velocity of transport, and by v r the relative velo¬ 
city. Consequently 

v=*i + D- (7) 

The velocity of transport v t is equal to the velocity of the point M, 
because the system (f, ??, £) moves with an advancing motion. The velo¬ 
cities of the points of the body are therefore such as if the body were 
executing two motions simultaneously: an advancing motion with the 
velocity v t of an arbitrary point M of the body, and a rotation about a 
certain axis passing through M. 

Hence: an instantaneous motion of a body is composed of an instant¬ 
aneous advancing motion with the velocity of an arbitrary point M of this 
body , and an instantaneous rotation about the instantaneous axis of rotation 
parsing through the point M. 

The instantaneous motion of a body can in general be represented 
in infinitely many ways as the composition of an instantaneous advancing 
motion and an instantaneous rotation, for this depends on the choice 
of the point M. 

We shall show that the instantaneous angular velocity vectors are equal 
for all possible representations (i. e. that the instantaneous axes of rotation are 
parallel and the instantaneous angular velocities are equal). 

Let us suppose that a point M of the body at the time t coincided wdth 
the point M' at the time t -|- At. Relative to the fixed system, the change 
of position of the body in the time At is the composition of the displace¬ 
ment MM' and the rotation through an angle Ap about a certain axis V. 
Relative to the system (£, y, £) the change of position is only a rotation 
about the axis l’ through, the angle Ap, because the system (f, y, f) made 
the displacement MM' in the time At. Consequently the limiting position 
of the axis V is the instantaneous axis of rotation l, and the instantaneous 
angular velocity is to = limdip / At. 

A 1^0 

From the theorem given on p. 316 it follows that had we chosen 
another point M t in the body, then with, similar notations the axis l[ 
would be parallel to V, while Acp^ = Ap. Consequently the instantaneous 
axis of rotation l t passing through is parallel to l, and the instant¬ 
aneous angular velocity oq is equal to co. Therefore the angular velocity 
vectors for M and for M x will be equal. 

Remark. Denoting the instantaneous angular velocity vector by w, 
we obtain by (III), p. 46, v r = MA X to for an arbitrary point A. Hence 

by (7) 


v = V[ i- MA x to. 


(I) 
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Velocity of transport. Let a system of coordinates (f, tj, £) with 
origin M move in space relative to a fixed coordinate system (x, y, z) (Pig. 
265). Thesystem (f, ??, C) (together with the points rigidly attached to it) 
can be considered as a rigid body. The instantaneous motion of the system 
(f, y, £) will therefore be the composition of the instantaneous advancing 

motion with a velocity v 0 of the origin M 
of the system, and the rotation with an in¬ 
stantaneous angular velocity to about an 
instantaneous axis of rotation passing 
through M. The velocity of transport v t of 
an arbitrary point A in motion relative to 
the system (£, i], £) is the velocity the point 
A would possess were it rigidly attached to 
the sjrstem (f, rj, f). Consequently v t is the 
sum of the velocity v 0 and the velocity w 
of the instantaneous rotation. In view of the preceding we have by (1) 



v ( = v 0 -f- MA X to. (8) 

Therefore: the velocity of transport of an arbitrary point is such as if 
this point were rigidly attached to the moving coordinate system, and this 
system executed two simultaneous motions: an advancing motion with a velo¬ 
city of the origin of the, system, and a rotation about an axis passing through 
the origin of the system. 

This theorem was given without proof on p. 62. 

Instantaneous twist. An instantaneous motion of a body is called 
an instantaneous twist or an instantaneous screw motion if the velocity of the 
instantaneous advancing motion is parallel to the instantaneous axis of 
rotation. 

In particular, an instantaneous advancing motion or an instant¬ 
aneous rotation is also called an instantaneous twist. 

The instantaneous axis of twist is called the central axis of the 
instantaneous rotation. 

By means of the theorem given on p. 317, we shall prove the follow¬ 
ing theorem: 

An instantaneous motion of a rigid body can be represented as an 
instantaneous twist and this can be done in only one way. 

Proof. Let us assume that we have displaced the body from position 
I at the instant t to the position II at the instant t + At by means of a 
twist about the axis V (p. 317). Let Zbe the limiting position of the line 


m 


Instantaneous space motion 


335 


Z' as At 0 (Pig. 266). Let us consider an arbitrary point 0 on l at the 
instant t and denote the position of the point 0 at the instant t + At by 
O'. During the displacement of the body from position I to position II by 
means of a twist, the point 0 will occupy the position 0, after the dis¬ 
placement, and then it will go to the position O' after a rotation about 
l' through an angle Af. Denoting by u the velocity of the point 0, 
we therefore have 


lim ~ = lim 

At -*0 A* At -*0 


00 1 + O x O' 
At 


= lim + lim (9) 


Let 8 he the centre of the circle along which the point 0 moved during 
the rotation about the axis V through the angle A<p. Consequently 
\OxO'\ = 2SOj • sm-|Zly, whence 


0,0' 

— lin^^Oj ■ 

sin(frly) 

= lim,S'0 1 • 

sin(-Mip) 


A<p 

At 

At~*Q 

At 


\A<p 


At 


lim 

At^O 

Since lim5’0 1 = 0, and 

Ab-* 0 


lim 


sind-dijp) 


0,0' 

lAf 

^^0 

At 


= 0 . 


Therefore, by (9), u = limOOi, / At. But 00, j| V\ hence becauseZ' tends to l 

At^-0 

as At 0, the velocity u has the direction of the axis Z, which is the in¬ 
stantaneous axis of rotation passing through 0. The instantaneous motion 
is therefore a twist, because the velocity u of the instantaneous advancing 
motion has the direction of the instantaneous axis of rotation l. 


The points lying on the instantaneous axis of 
twist have velocities equal to u, and hence parallel 
to the axis of twist 1 . The points situated outside the 
axis of twist have velocities which are not parallel 
to the axis of twist, for the velocity of such a point 
is the sum of the velocity u and the velocity of rota¬ 
tion w perpendicular to u. Consequently the sum 
u + w is never parallel to u (and hence also to Z), except 
when w = 0, i. e. when the point lies on the axis of 
twist. 

It follows from this that an instantaneous motion can he represented 
as an instantaneous twist in only one w r ay. Bor, if we had represented this 
instantaneous motion as a twist about another axis l 1; then by the theorem 
on p. 333, the lines l and l, would be parallel and in that case the velocities 
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of the points lying on l, would be parallel to l L and l, which is impossible, 
since — as we have just proved — only points situated on the axis l have 
velocities parallel to l- 

Example 2. Let a body move in such a way that its instantaneous 
motion is a twist of constant advancing velocity u and angular velocity 
(a about a fixed axis l. 

Let us choose the z-axis as the instantaneous axis of rotation. Let us 
denote by m and u the components of to and u with respect to the z-axis. 
The velocity v of a point A(x, y, z) of the body is expressed, in virtue of 
(I), p. 333 , by the formula 

v = u -f- OA X to, 

where 0 is the origin of the system. Since co x — 0, co v 0, co z co, <pid 

u x = 0 , u v — 0 , u z = u: 

x- = my, y = — tax, sr = u. (10) 

The last of the equations (10) gives after integration, 

s = ut + c, ( 11 ) 

where c is an arbitrary constant. Differentiating the first of the equations 
(10), we obtain x= coy. Substituting for y the value from the second 
equation, we get the equation x -j- m 2 x = 0 , whose general solution has 
the form 

x = a sin cot + b cos cot, ( 12 ) 

where a and b are arbitrary constants. Since y = x- / co, 

y = a cos cot — b sin cot. (13) 

Let us assume that the point A had the coordinates cc 0 = r, y a = 0 , 
and z„ = 0, at t — 0. Substituting t — 0 in (11)—(13), we get a = 0, 
b = r, and c = 0 , whence: 

x = r cos cot, y= — r sin cot, z = ut. 

The point will therefore move with a screw motion (p. 55) on a 
cylindrical surface whose axis is the z-axis (because x 2 + y 2 = r s ), de¬ 
scribing the so-called helix. If we develop the lateral surface of the cy¬ 
linder, the helix will appear as a straight line. The helix consequently cuts 
all the generatrices at the same angle a. The distance of two neighbouring 
points of a helix on the same generatrix is called the lead of the helix and 
we denote it by h. We therefore have 

tan « = 2rn f h, 


(14) 
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where r is the radius of the base of the cylinder. Since the time for one 
revolution is ‘In, / |co| or h j |u[, 

h = 2at\u\ j |o»|, tan« = r|o>| / |uj. (15) 

Determination of the motion of a body. Let us select in the body an 
arbitrary point O whose coordinates are x 0 , -y 0 , z a with respect to a certain 
fixed coordinate system ( x , y , z). Let ns denote the instantaneous angular 
velocity by co and the velocity of the point 0 by u. A point A of the body 
whose coordinates are x, y, z, has the velocity ((I), p. 333) 

v = u OA X to. (16) 

Since: v z = x\ v y = y, v z = z\ and u x = x w 0 , u y = y a , u z = z*, we get 
from formula (16): 

x- — x- 0 + (y — y a ) co z (z — z 0 ) co v , 

y = Vo T (2 — 2q) Oi x — {x * 0 ) C0 a , • ( 17 ) 

+ (* — *o) Q>v — (y — Vo) <*>*■ 

If the motion of the point 0 and the angular velocity to are given by 
the functions: 

x 0 = /(*)» Vo = 3 o = wit); »). = «(*)» oi v = P(t), co z = y{t), 
then (17) is a system of differential equations in which the unknown 
functions are the functions x = F(t), y — <P(t), and z = W(t), defining the 
motion of the point A. Prom equations (17) we can determine the functions 
F, 0, W, if we know the initial position of the point A, the instantaneous 
angular velocity co, and the motion of the point 0. 

Therefore: the motion of a rigid body is determined by giving the fol¬ 
lowing: 

a) the initial position of the body, 

b) the motion of one of its points, 

c) the instantaneous angular velocity of rotation co at each instant. 

§ 8 . Rolling and sliding. Let a plane curve G, moving in its own 
pUTm n, he in contact at each moment with a certain fixed curve O' lying 
in II (Tig. 267). 

If the instantaneous motion of the curve G is an instantaneous 
rotation about the point of contact 0, then its 
instantaneous motion is called a rolling motion of 
the curve G on O'. 

It follows from this that during a rolling mo¬ 
tion the point of contact has a zero velocity. The 
point of contact is the instantaneous centre of 
rotation. Pi s- 267 ' 
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If the instantaneous motion of the curve G is an advancing motion, 
then its instantaneous motion is called a sliding motion of the curve 
0 on C'. 

The velocity of the advancing motion during sliding is equal to the 
velocity of the point of contact. 

In the general case, the instantaneous motion of the curve 0 can be 
considered as the composition of two motions: a rotation about the point 
of contact 0 , and an advancing motion with a velocity of the point of 
contact. 

Therefore: an instantaneous motion is the composition of a rolling 
motion and of a sliding motion. 

It can be proved that during the rolling of curve G on curve <7, the 
points of contact describe arcs of equal length on both curves (arcs 00' 
and AB jrx the Mg. 267). For example, when a circle rolls along a line l, the 
distance between the points of contact after one complete revolution is 
equal to the circumference of the circle. 

The rolling and sliding of one surface on another is defined ana¬ 
logously. 

Namely, let a surface 27 move in such a way that 'it is con¬ 
stantly tangent to a certain fixed surface 27'. 

If the point of contact has a zero velocity, then we say that the 
instantaneous motion of the surface 27 is a rolling motion on the surface 27'. 

During rolling the instantaneous motion is a rotation about an axis 
passing through the point of eontact. In particular, if the surfaces £ and 
£' are cylinders or cones, tangent along their generatrices, then during 
rolling the instantaneous axis of rotation is the generatrix along which the 
surfaces are in eontact. 

If the instantaneous- motion of the surface £ is an advancing motion, 
we say that the instantaneous motion of the surface £ is a sliding motion 
on the surface £'. 

Curve of instantaneous centres. Let a figure K move in the plane IT. 
At each instant let us consider the instantaneous centre of rotation in the 
plane U. These centres will describe in 17 a certain curve C’, called the 
fixed curve of instantaneous centres. 

At each instant let us now take under consideration on the figure K 
a point which coincides with the instantaneous centre of rotation at the 
given moment. These points will describe on the figure K a certain curve G 
which moves together with the figure. This curve is called the moving curve 
of instantaneous centres. 

In general, the curves of instantaneous centres: the moving curve 
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C and the fixed curve G' are tangent to each other at each instant, and 
their point of contact is the instantaneous centre of rotation. The moving 
curve therefore moves together with the figure K in such a way that 
its instantaneous motion is at each instant a rotation about its point 
of contact with the fixed curve G'. 

Hence: in a plane motion the moving curve of instantaneous centres rolls 
on the fixed curve of instantaneous centres. 

Cone of instantaneous axes. Let a body K rotate about the point 0. 
Let us consider in space an instantaneous axis of rotation at each instant. 
These axes will generate a certain conical surface £' with vertex at 0; it is 
called the fixed cone of instantaneous axes. 

Let us next consider in the body K at each instant that line which 
coincides with the instantaneous axis of rotation at a given instant. The 
surface £ which these lines form is called the moving cone of instant¬ 
aneous axes. 

The surface £ moves together with the body and is in general tangent 
to £'. 

Therefore: during a rotation of a body about a point the moving surf ace 
of instantaneous axes rolls on the fixed surface of instantameous axes. 

Surface of centra! axes. Let a body K move arbitrarily in space. Let 
us consider in space the axis of twist, i. e. the central axis at each instant. 
These axes form a certain surface £', called the fixed surface of central 
axes. 

Let us also consider in the body at each moment a line which co¬ 
incides with the central axis at a given moment. The surface £ generated 
by these axes in the body is called the moving surface of central axes. 

In general, the moving surface of central axes is tangent to the fixed 
surface at each moment along the central axis. The instantaneous motion 
of the moving surface is a twist about the axis of tangeney. 

Example I. A circle K of radius r, whose centre 0 moves with a uni¬ 
form velocity u, rolls along the line l (Mg. 268). Since the point of con¬ 
tact S is the centre of instantaneous rotation, denoting by tu the instan¬ 
taneous angular velocity, we have u = rw (where u — |u|), whence 

to = u j r. (1) 

The point A lying on the diameter SO has a velocity equal in mag¬ 
nitude to 2 to = 2 u; the point A therefore has the velocity 2 u. 

The wheels of a railway carriage have flanges on the inner sides of the rails in 
order to prevent the carriage from derailing. Therefore the lowest point of a railway 
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carriage wheel (in the figure the point B) is below the point of tangency S. Its in¬ 
stantaneous velocity consequently has a sense opposite to the velocity of the train 
{i. e. that of the centre O of the wheel) and is SB • co = u ■ SB / r. 

For example, if a train moves with a velocity of 50 km/h, then at each 
instant there exist points on the wheels of the train having instantaneous velocities 
of 100 km/h (the point A in the figure), and even such that move in a direction 
opposite to that of the train (e. g. the point B). 



On the circle K let us consider a circle K’ with centre 0 and radius 
OC — r'. The circle remains constantly tangent to the line V || l. Since the 
point C is not an instantaneous centre of rotation, this circle does not roll 
on I'. The motion of the wheel K' is a composition of the rolling motion 
and the sliding motion on the line V. The rolling motion takes place with 
an angular velocity co, and the sliding motion has the velocity of the point 
C, i. e. SG ■ co. 

Since the entire wheel E of radius r rolls on l, the segment SS' 
described by the points of contact during one revolution of the wheel is 
equal to the circumference of the wheel, i. e. 2nr. The corresponding 
segment CC for the wheel K is also 2 atr. It is not equal to the circum¬ 
ference 2nr' of the w heel K’ , since the motion of the circle K along the 
line V is not a rolling motion, but a composition of the rolling motion and 
the sliding motion along this line. 

Example 2. A circle (G) of radius r rolls on a fixed circle (O') of ra¬ 
dius 2 r. The circle (0) is within the circle (O') (Fig. 269). Determine the 
paths of the points of circle ( 0 ). 

Let A be an arbitrary point on the circumference of the circle (O). 
Since the point of contact 8 of both circles is an instantaneous centre 
of rotation, the velocity v of the point A is perpendicular to SA, The direc¬ 
tion of the velocity of the point A therefore passes through the point 0 
which lies on the circle (G) and on the diameter passing through 8. Since 
80 = 2 r, 0 is the centre of the circle (O'). The velocity of the point A is 
therefore constantly directed towards the fixed point 0. Consequently the 
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point A moves along the line OA. Hence the points on the circumference of 
the circle (0) move along the diameters of the circle (O'). 

Now let P be an arbitrary point within the circle ( C ). Let us pass an 
arbitrary chord AB through P. The points A and B move along the lines l 
and V passing through 0. Since the segment AB does not change its length, 
by a well-known theorem from analytic geometry the point P describes an 
ellipse. 

Example 3. A cone of revolution rolls on a plane 17 (Fig. 270). The 
instantaneous motion of the cone is therefore an instantaneous rotation 
about a generatrix along which it is tangent to the plane IT. 

The vertex W of the cone always lies on the instantaneous axis of 
rotation. Hence it constantly has a zero velocity, i. e. it remains at rest. 



Let us denote by a the angle between the generatrices and the 
altitude 7i of the cone, by O the centre of the base of the cone, and by 0' 
the projection of O on the plane 17. Since O'O = h sin x = const, the 
point 0 moves in a plane parallel to II. 

The distance of the point 0 from the line l, perpendicular to II at the 
point W, is MO — WO' = h cosoc = const. It follows from this that the 
point O moves in a circle with centre at M in a plane perpendicular to l, 
and hence it rotates about the line l. 

Let co be the angular velocity of the rolling cone, and co' the angular 
velocity of the centre 0 during the rotation about the axis l. Finally, let v 
be the velocity of the point O. We therefore have |vj = O'O - co and 
|v| = M0 ■ co', whence co' = co - O'O j MO = co- O'O / W0', and hence 

a/ — m tan oc. - ( 2 ) 

Example 4. A sphere rolls in a trough formed by two planes (Fig. 271). 

Since the points of contact A and B have a zero velocity, the in¬ 
stantaneous axis of rotation is the line AB. 
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Let us denote by r the radius of the sphere, by « the angle between 
the planes of the trough, by to the angular velocity of the rolling motion, 
and finally by v the velocity of the centre 0 of the sphere. 

The distance of the centre of the sphere from the axis of rotation is 
OM = r sinf x. Putting v = |v| we therefore obtain 

v = rco sinja:. (3) 


Example 5. A segment AB of length d moves in such a way that its 
ends remain constantly on the lines l and m, perpendicular to each other 
and intersecting at the point M (Fig. 272). 



The centre of instantaneous rotation 0 
is obtained by drawing perpendiculars l and 
m at the points A and B. Since MO = AB = d, 
the centres of instantaneous rotation form a 
circle 6" with centre at M and radius d. The 
circle O' is therefore the fixed curve of in¬ 
stantaneous centres. Since the angle A OB is 
equal to at every position of the segment 
AB, the moving curve of instantaneous 
centres will be the circle G of diameter AB 
(cf. example 2). 


§9- Composition of motions of a body. Two simultaneous rotations. 

Let the instantaneous motion of a body K relative to the body K 1 (i. e. 
relative to the coordinate system attached rigidly to the body K x ) be 
a rotation about the axis lj with an angular velocity (a lt and the instant¬ 
aneous motion of the body K t relative to a body K' a rotation about the 
axis Z* with an angular velocity to a . We then say that the body K makes, 
relative to the body K', two simultaneous instantaneous rotations about 
the axes Z, and l t with angular velocities ta 1 and to 2 . 

The instantaneous motion of the body K relative to the body K' is 
called the resultant motion of these two simultaneous rotations; we also 
say that it is equivalent to the system of both rotations. 

Let ns take a system of coordinates (£, r\, £) in the body K lt and 
a system of coordinates [x, y, z) in the body K’ (Fig. 273). Let A be an 
arbitrary point of the body K. The velocity v of point A relative to the 
system (x, y, z) is the sum of its relative velocity v r with respect to the 
system (£, 77, £) and the velocity of transport v t : 


v = y r + v t . 


(1) 
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Since the instantaneous motion of the body K relative to the system 
(f. C) is a rotation about the axis l x with an angular velocity tOj (p. 323) 

v r = Mom^ai!. (2) 

The velocity of transport v t of the point A is obtained by assuming 
that the point A is attached rigidly to the system (f, jj, £)- The system 
(|, q, C) rotates about, the axis Z 2 with an angular velocity to 2 ; hence 

v t = Mom i w s . (3) 

Prom (1), (2) and (3) we obtain 

v = MomjW! + Mom 4 to 2 . (4) 

As it is seen from this formula, the instantaneous velocity of the body 
Zrelative to K' is determined bythe angular velocities WjMidojj. It is not 



Pig. 273. 


necessary to state, in addition, which of them is the velocity of rotation 
of the body Z relative to K x , and which the velocity of rotation of the 
body Z x relative to K'. 

' Let us suppose that the axes l x and Z 2 intersect at the point 0. Let us 
consider the vector to — oj 1 -f o.; with its origin, at 0. We have (p. 17) 

Mom^to = Morocco! -j- ,, (5) 

whence by (4) 

v = Mom^to. (®) 

The instantaneous motion of the body Z relative to K' is conse¬ 
quently an instantaneous rotation about an axis passing through the 
point 0, with an angular velocity equal to the sum of the angular velo¬ 
cities tOj and to 2 of the component rotations. 

Therefore: a system of two simultaneous instantaneous rotations about 
the axes which intersect at the point 0 is equivalent to a rotation about an 
axis passing through 0, with an angular velocity equal to the angular velo¬ 
cities of the component rotations. 

Let us suppose now that the axes Z 1 and Z 2 are parallel, where to x + 

q- io, =j= 0. Then the vectors to ! and to 2 have a resultant vector to = u ! + 

+ to 2 for which the equalities (5) and (6) hold. 
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Therefore: a system of two simultaneous rotations about ’parallel axes, 
with angular velocities whose sum is different from zero, is equivalent to a 
rotation about an axis parallel to the preceding axes] the position of this axis 
and the angular velocity of rotation about it is determined by the resultant of 
the angular velocities of the component rotations. 

Finally, let us suppose that the axes l x and l 2 are parallel, but tn x -f- 
-f to 3 = 0, i. e. that the senses of the rotations are opposite, and the absolute 
values of the angular velocities are equal. In this case the vectors Oj 
and to j form a couple. Since the moment of the couple is a constant vector, 
by (4) all the points of the body K have one and the same velocity equal 
to the moment of the couple cuj, to s . The instantaneous motion of the body 
K relative to the body K' is consequently an advancing motion. 

Therefore: a system of two simultaneous instantaneous rotations about 
parallel axes with angular velocities equal in magnitude , but opposite in 
sense, is equivalent to an instantaneous advancing motion. 

Let us now pass to the general case. Let 0 be an arbitrary point of 
the body K. In virtue of the theorem on reduction (p. 24), the system of 
vectors to x , to 2 is equipollent to a system composed of the vector to = 
= to x -f- to 2 with its originatO and a couple to', — to' of moment equal to 
the moment of the system to x , to 2 with respect to 0. For each point A of 
the body K we therefore have Mom^tOi + Hom^toj, = Mom^to + u, 
where u is the moment of the couple to', —to'. By (4) we then have 

v = Mom^to .j- u. (7) 

Consequently the instantaneous motion of the body K relative to 
K’ is the composition of an advancing motion with a velocity u of the 
point 0 and a rotation with an angular velocity to about an axis passing 
through 0. 

Therefore: a system of two simultaneous instantaneous rotations is 
equivalent to the composition of a rotation about an axis passing through 
an arbitrary point 0 of the body and an advancing motion with a velocity of 
the point 0; the vector of angular velocity of the resultant motion is equal to the 
sum of the vectors of angular velocities of the component rotations. 

Composition of several simultaneous rotations. The results obtained 
can be generalized to the case of several simultaneous rotations. The re¬ 
sultant motion is defined in a manner similar to that for,two rotations. 

We shall therefore say, for instance, that the body K makes simul¬ 
taneous rotations about the axes l ls l t , and Z 3 , with the velocities to Xl to s , and 
relative to a certain body IT', if the body K rotates about the axis l x 
with an angular velocity to x relative to a certain body K x , while K x 
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rotates about the axis Z 2 with an angular velocity <o 2 relative to a certain 
body K 2 , and K % rotates about the axis l z with an angular velocity to 3 
relative to the body 11', 

Similarly, the instantaneous motion of the body K relative to K' is 
defined as the resultant motion of the instantaneous rotations about the 
axes l x . 4s h> angular velocities to x> cj 2> to 3 . 

Let a body K make several simultaneous rotations with the angular 
velocities Uj, to 2 ,... As in the ease of two rotations, one proves that the 
velocitity v of an arbitrary point A of the body K relative to the fixed 
body K' is 

v =.Mom J w 1 + Mom^coj (8) 

The velocity v of the point A is the total moment of the system 
of angular velocity vectors to ls to 2 , ...: 

v = Mom i («i, (9) 

Therefore, if the systems of angular velocities 
to Xl to 2 ,... and ... 

for two systems of simultaneous rotations are equipollent (p. 22), then the 
resultant motions of these rotations are the same. 

This enables us to interpret the theorems of chapter I on systems 
of vectors as theorems on systems of simultaneous rotations. 

The theorem on the reduction of a system of vectors (p. 26f can 
therefore be formulated as follows: 

A system of several simultaneous rotations with angular velocities to 1( 
to 2 , ... is the composition of an advancing motion with a velocity of. an ar¬ 
bitrary point 0 of the body and a, rotation with an, angular velocity to =■ 
= to x -j- to 2 + about an axis passing through 0. 

According to t his interpretation the theorems 1—4 on p. 26 will 
assume the form: 

1. A system, of simultaneous rotations with angular velocities to x , to 2 , ... 
about axes passing through a point 0 is equivalent to one rotation with an 
angular velocity to = to x -|- to 2 + • • ■ about an axis passing through, 0. 

2. A system of simultaneous rotations with angular velocities to x , to 2 ,... 
about parallel axes (about axes lying in one plane 17) is equivalent to a rotation 
about a parallel axis (about an axis lying in the planet 11), when to x + to 2 + 
+ ... =j= 0, and to an advancing motion, when to x + <o 2 + ■ • ■ = 0. 

According to the definition of a parameter of a system of vectors 
(p. 20), the parameter of a system of angular velocities to l5 to 2 ,... is 
expressed as the scalar product K — (to x 4- to 2 + ■ • -) • Mom^toj, to 2 ,...), 
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where A is an arbitrary point of the body. Denoting by to the sum of the 
angular velocities, we have by (9) 

i£=co-v, (10) 

where v is the resultant velocity of the point A. 

From theorem 4, p. 20, it follows that the scalar product to ■ v has 
a constant value. In particular, for K = 0 the system of simultaneous 
rotations is equivalent to a rotation or to an advancing motion (cf. table 
on p. 25). 

As we know, every motion of a body is the composition of an ad¬ 
vancing motion with a velocity u of an arbitrary point 0 of the body and 
of a rotation with an angular velocity to (p. 333). Therefore the instant¬ 
aneous motion can be represented as the composition of a rotation to and 
of a couple to', —to' of moment equal to u. 

Suppose that the motion of the body has been represented in another 
way as the composition of the rotation to, and of the couple of rotations 
co), —to ). Since the systems to, to', —to', andco^ to), —to), are equipollent, 
because they represent the same resolution of the velocities in the body, 
their sums are equal, i. e. to = co x . Thus, we also obtain in this way the 
theorem (proved on p. 333), according to which the instantaneous axes of 
rotation are parallel and the instantaneous angular velocities are equal for 
of all representations of the instantaneous motion. 

Let us notice in this connection that the parameter of the system 
co, co', —w' is K — co - Mom 0 (to', —to') = to • u. Therefore, if co • u — 0, 
then the instantaneous motion is an instantaneous rotation. 

In particular, if co _L u, and hence if the instantaneous axis of rotation 
is perpendicular to the velocity of the advancing motion, then the instant¬ 
aneous motion is equivalent to an instantaneous rotation. 

On p. 27 we proved that every system of vectors is equivalent to a 
wrench. From the definition of a wrench it follows that the instantaneous 
motion of a rigid body is a twist. We have therefore obtained a new proof 
of the theorem given on p. 334. 

Relative motion of- a body. Let the instantaneous motions of the two 
bodies K 1 and K 2 relative to a fixed system of coordinates ( x , y, z) be 
given. We shall deter min e the instantaneous motion of the body K z 
relative to K t , i. e. relative to a moving system of coordinates ( y, f) 
attached rigidly to the body K x . 

Let us denote by co! the instantaneous angular velocity vector of the 
body A’j, and let us represent the advancing motion as the composition 
of a couple of rotations with angular velocities to), —co). Similarly, we 
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shall represent the instantaneous motion of the body K % as the com¬ 
position of the rotation <o 2 and of the couple of rotations to), —co). 

The absolute velocity v a and the velocity of transport v £ of an 
arbitrary point A of the body E 2 are: 

v a = Morocco 2t co), — to)), v t = Mom i (co 1 , co), —to)). 

Since v f = v a — v t ((I), p. 57), 

v r = Monaco 2 , co), —co), —co ls —co), co)). (11) 

The instantaneous motion of the body if 2 relative to the body is 
the composition of six simultaneous rotations. By the theorem on reduc¬ 
tion (p. 24) the system of vectors referred to is equipollent to the vector 
co and the couple co', —co'. The vector co is the instantaneous angular velo¬ 
city of the relative motion, and the moment of the couple co', —co' is equal 
to the velocity of the instantaneous advancing motion. 

Therefore: the instantaneous relative motion of the body K 2 with respect 
to the body K x is obtained by adding the system of angular velocities with 
opposite se?ises, which determine the instantaneous motion of the body A-i, 
to the system of angular velocities, which determine the instantaneous motion 
of the body K t . 

This theorem is usually stated more briefly by saying that the motion 
of the body if, relative to K x is obtained by compounding the instant¬ 
aneous motion of the body If, with the instantaneous motion of the body 
with an opposite sense. 

Example l. A cube makes two simultaneous twists about two skew 
edges. Let u l3 co £ and u 2 , co 2 denote the instantaneous angular velocities 
of the advancing and rotating motions of these twists. We shall deter¬ 
mine the resultant twist. 

Let us choose a system of coordinates in such a way that one of the 
edges (about which the twists take place) lies on the K-axis, and the other 
lies in the yz- plane and is parallel to 
the y-axis (Pig. 274). 

The advancing motions can be re¬ 
placed by the couples of rotations 
* co), —co) and co), —co) of moments tq 
and u 2 . Therefore the instantaneous 
resultant motion is equivalent to the 
composition of six simultaneous rota¬ 
tions: 

co), -<I>), COj, co),—CO 2 , CO 2 - (12) 
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The sum of the system (12) is equal to w — oq + uq; consequently: 

co x = co xj co v — co 2 , co z — Oj (13) 

where w x and tq denote the corresponding projections of the vectors oq 
and WjOn the x and y axes 

In order to determine the moment of the rotations (12) with respect 
to the origin 0 of the system, let us note that the moments of the couples 
cq, —aq and oq, — oq are equal to iq and iq, respectively The moment 
oqis zero because oq lies on thez-axis. The moment to „ is perpendicular to 
the «/z-plane and its projection on the je-axis is aco 2 , where a is the length of 
an edge of the cube. Therefore, denoting the moment of the rotations (12) 
with respect to 0 by u, we obtain: 

u x — «x a® 2 , it v — u t , = 0, ^ (14) 

where % denotes the projection of iq on the a-axis and « 2 the projection 
of u t on the y-axis. Equations (14) obviously represent the projections of 
the velocity of the origin of the system. 

The instantaneous motion is therefore the composition of an advan¬ 
cing motion with a velocity u and a rotation with a velocity to about an 
axis passing through 0. 

According to formula (I), p. 333, the velocity of an arbitrary point 
A{x, y, z) is v = u -f OA X co, whence by (13) and (14) 

v x = iq -j- aa> % — zaq v v = u 2 + zaq, v z — xw 2 — i/aq. (15) 

In order to determine the central axis of twist we must find a point A 
such that its velocity has the direction of the vector co, i. e. so that v — Ato 
for a suitable numerical value of the factor 1. Hence the equations v x — 
= Ac/q, »„ = 2to t , and v % = 0, i. e. v x / oq — v v / co 2 and v s = 0 must he 
satisfied. In view of (15) we therefore obtain the following equations of the 
central axis: 


(iq 4- ao >2 — zcb 2 ) / cox = (tt a -f-zaq) / co s , xa> 2 — yco 1 = 0. (16) 

The velocity of the advancing screw motion is equal to the velocity of 
an arbitrary point of the central axis, e. g. of the point A( 0, 0, z); the value i 
of z is calculated from the first of the equations (16), and then the velocity 
of the point A from formulae (15). We get: 

v x = km u v y = kco t , v z = 0, 

where 

k = [(iq -f a £o a ) ctq -f- iq&q] / («* + eof) = u ■ to / jw[ 2 . 


m 
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Example 2. Steady precession. If a body moves in such a way that 
the instantaneous motion at each instant is the composition of two simul¬ 
taneous rotations about two intersecting axes, of which the first l is fixed 
in space and the other m has a fixed position in the body, while the 
angular velocities uq and cq of these rotations are constant in magnitude, 
then the motion of the body is called steady 'precession. 

Since by hypothesis the axes l and m intersect, the instantaneous 
motion of the body is a rotation with an angular velocity w = oq -f w a 
about an axis p passing through the point of intersection of l and to (Tig. 
275). Let us note that the instantaneous motion of the axis m is an 
instantaneous rotation about the axis l with an 
angular velocity oq (for the rotation of the 
axis m about itself is left unconsidered). Conse¬ 
quently the axis to rotates about the axis l with 
a constant angular velocity oq. The point of 
intersection O of both axes is therefore fixed 
and the angle between the axes 4 Z and to is con¬ 
stant. It follows from this that the vector to, 
and hence also the instantaneous axis of rota¬ 
tion p, make constant angles with the axes l 
and to. 

The axis p describes a cone of revolution E in space. The trace of the 
axis p in the body is also a cone of revolution E . 

Therefore: the ccmes of instantaneous axes of rotation, fixed and moving, 
are cones of revolution with axes l and m. 

The earth’s axis does not maintain a fixed direction in space, but describes 
a cone of revolution about an axis perpendicular to the ecliptic and passing through 
the centre of the earth. The time for a complete circuit of the earth’s axis lasts 
about 26 000 years, and the angle between the earth’s axis and the axis perpendicu¬ 
lar to the ecliptic is 23$°. 

Let us take the centre of the earth as the origin of a system of coordinates 
moving with an advancing motion, and let us give the z-axis a direction perpendic¬ 
ular to the ecliptic. The x and y axes will then lie in the ecliptic. With respert to this 
system of coordinates the earth executes a steady precessional motion. The axis 
fixed in space is the z-axis and the axis fixed in the body is the earth’s axis. 

Example 3. Two circles IC S _ and K 2 , lying in the plane II, rotate about 
their centres with angular velocities oq and oq. Determine the instant¬ 
aneous relative motion of the circle K t with respect to K 1 (Fig. 276). 

Let oq and oq denote the angular velocity vectors, obviously per- 
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pendicular to77 (Fig. 277). The instantaneous motion of the circle K t re¬ 
lative to K 1 is the composition of two simultaneous rotations to 2 and —to 1 . 

jf (I , 2 _ Wl — 0, then the instantaneous relative motion of the circle 

K% is an advancing motion with a velocity u equal to the moment of the 
couple (w 2 ,—Wj). Denoting by d the distance between the centres, we 
have |u| = doq = dco 2 . The velocity u is perpendicular to the line 0 1 0 i 
joining the centres of the circles K x and X 2 . 



w, 


i-u, 


n 


1 W, 


u 


Pig. 277. 


If to 2 —Wj ±0, then the vectors u> a and —to x have a resultant 
to = <o 2 —ojj whose origin is at A lying on the line at the 

point with respect to which the moment of the system to 2 ,—is 
zero. The instantaneous relative motion of the circle K 2 is therefore an 
instantaneous rotation about the point A with an angular velocity w. 

If co 2 and w 2 have opposite senses (as in Tig. 277), then denoting by 
co 13 o) s , and m, the absolute values of the angular velocities, we obtain: 

&) = &>! + co 2 , O x A — 0 X 0 2 ■ a> 2 j (<a 1 + cc 2 ). 

§ E0. Analytic representation of the motion of a rigid body. Instant¬ 
aneous angular velocity. Let us suppose that we are considering the motion 
of a rigid body relative to the system of coordinates (%, y, z). Let us choose 
a system of coordinates (f, y, £) with origin at M and attached rigidly to 
the body. The position of the body relative to the system (x, y, z) will be 
determined if the jiosition of the system {(,?], £) is given, i. e. the co¬ 
ordinates Xq, y 0 , z 0 , of the point M and the angles « 2 , « a , a 3 , /? 2 , /? 3 , 

and y x> y 2 , y 3 , which the axes f, jj, £ make with the axes x, y, z. 

Let A be an arbitrary point of the body. Let us denote its coordinates 
with respect to the moving system by £, rj, £ and with respect to the fixed 
system by x, y, z. 

Knowing the coordinates f, y, £ and the position of the moving 
frame, we can determine the coordinates x, y, z by means of the formulae 
(II), p. 54, If cos otf, cosand cosy;, are denoted by a f! b { , and c ( 
(where i = 1, 2, 3), then these formulae will assume the form: 
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X — x a a J A~ a 2 y + a t C, y = y 0 + b x £ 4 b^ + h 3 £, 

\ z = z„ -f- c x | -j- c 2 1 ] -f c a £. W 

Let v be the velocity of the point A relative to the system (x, y, z). 
Since by hypothesis the system (£, v , £) is attached rigidly to the body, 
the coordinates jj, £ of the point A are constant (independent of the 
time). Differentiating ( 1 ) (and remembering that a x , a t , ..., c 3 are func¬ 
tions of the time t), we obtain: 

v x — x — x 0 4 -f- afcy 4 &$£, 

V v — V = y’o + b\£ + b: 2 y -j- bg£, ( 2 ) 

v s — z = z o 4" c \£ + GjjJj + cjf. 

Prom analytic geometry it is known that: 
af + of + of = 1, 6f + bl + b% = 1, cf + c| + cf = I, (3) 

a i ®2 + Ma + c i °2 = 0, a x a 3 + b x b s + C]C a =0, 

3 ~\~ ^2^3 " 1 ” C 2 C 3 ~ 0 . ^ 

Differentiating equations (3) and (4), we obtain: 

a #i + «a®i + %®s‘ = 0 , Mi + Ms + Ms = o, 

-j- CjCg “H ^3^3 ==: 0 , ' 

"f* ^1^2 + -CjC 2 , 

a i a i + Ma + c x c a = — aqa 8 — Ma — qc 3 , (6) 

® a® a [ 62^3 r c 2 c 3 — — b 2 b 3 — cac 3 . 

Let co denote a vector whose projections on the axes of the system 
((, V, £) are expressed by the formulae: 


m S ®2®3 + f>2&3 + C 2 C 3 , £0, — «#i + bj)\ -j- C 3 Cj, 

f Og = .|' bib:, | - 

Let us form the projections v e , v v , u £ of the velocity v on the axes 
£, V, £', we get Vg = a x v x + b&y + c x v z , whence by substituting the values 
of v x , v y , v z , from formulae (2): 

v l = { a i x Q + + CjZg) + (ajdi -j- + CjCj) | -f 

4" (®i ®2 + bjfiz -f- y + (®x®3 4" 4 c i c 3) f- 

The coefficient of | is equal to zero by (5). The coefficients of r) and £ 
are by (6) and (7) equal to cog and — co n , respectively. Consequently 

v i = («i ®6 + Mo + c i*o) + — <o n t- ( 8 ) 

Por the projections of the velocity u of the point M on the axes 
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x, y, z we get u m = * 5 , = Vb «. = 2 o, and for the projections of this 

velocity on the axes £,*],£ , 

Ug = <%«■* + 6l M K + C l M z ^ a l X 0 + ^1 Vo “T C l z b e ^ e - 

In virtue of ( 8 ), therefore, we obtain for v ( (and similarly for v v , v c ) 
the formulae: 

»!=Wj+n>£»j — co n £, v v — Uy + o)|t ^ 

Vg = u c + co,| — CD pi- 

From formulae (9) it follows that the velocity v is the sum of two 
velocities: v = u + w, of which the first is the velocity of the point if, 
and the other has the projections on the axes £, rj, f: 

Wg = cogt] — a),C, w, = tujC—• mjlj w £ = co v £ co £ rj. ( 10 ) 

Comparing these formulae with formulae (V), p. 46, we see that w 
is the velocity the point A would have if the body were rotating with an 
angular velocity w about an axis passing through M. It follows from this 
that the vector to defined by formulae (7) is the instantaneous angular 
velocity vector. 

Remark. Formulae (7) become simpler if we assume that the co¬ 
ordinate systems (x, y, z) and (£, rj, £) coincide at a given moment t. 
Under this assumption we have x x = = y 3 = 0 , and the remaining 
angles are equal to \rc. Hence a 1 = & 2 — c 3 = 1 , and the remaining 
cosines are zero. Then by (7) and ( 6 ): 

co gco tj — Ug, co £ f*i. (If) 

Since c 3 = cosy 2 , c| = — (siny,) yh = — y.j; consequently co £ = y%. 
Proceeding similarly, we obtain 

0} g CO„ y 2 S CO COy Ag, OJy CO Z 

Therefore: if the axes of a moving system of coordinates coincide at the 
instant t with the axes of a fixed coordinate system, then the projections of the 
instantaneous angular velocity vector on the axes of the moving system are the 
derivatives of the angles <£ rjz, <c £x , and <£ £y. 

Central axis. In order to obtain the central axis it is necessary to 
determine the points whose velocities have the direction of the vector to. 
Therefore, if the point A(£, rj, £) lies on the central axis, then its velocity 
is equal to v = '/.co, where 1 is a certain constant. By substituting in 
equations (9), we consequently obtain the equations of the central axis: 

1(0g — Ug -P COtf -CO,£, ACO n — U v + COj£- COgi, 

Mo s = tt £ + W v £ — Wgij, 


( 12 ) 
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whence 

u e + cof] — __ Uq + fQjy—a) £ g _ % + w v £ — <B|?2 . 

m S co, co £ ^ 

In order to obtain the velocity v of the instantaneous advancing 
motion during a twist, let us multiply both sides of equations (12) by 
co f , <o,, co £ , respectively. Adding them, we obtain 

H(eoj -f- co* + co £ ) = + «,a>, + w. £ co £ = u - co. (14) 

Since v = Aco, putting co = |co| = 1/+ on, + co?, we get by (14) 

u ■ to 


whence 

|v| = |u • eoj / co. (15) 

If u 1 (ii, then u • co = 0, whence by (15) v = 0. 

Therefore: if the velocity of an instantaneous advancing motion is per¬ 
pendicular to the instantaneous axis of rotation, then the instantaneous 
motion is an instantaneous rotation about the central axis. 


Plane motion. Let us suppose that we are considering the motion of 
a figure in the plane II. Let us select a fixed coordinate system (x, y) as 
well as a moving system [£, y) with origin at M and rigidly attached to 
the figure. Denote by x 0 , y a the coordinates of the point M and by <p the 
angle between the axes £ and x. Finally, let A be an arbitrary point of 
the figure having the coordinates x. y with respect to the fixed frame, and 
£, r] with respect to the moving frame. The relations among these co¬ 
ordinates are given by formulae (II), p. 54: 

x = x 0 + £ cos <p — rj&mcp, y = y a + £ sin cp + rj cos <p. (16) 

Let v be the velocity of the point A. Since the point A is attached 
rigidly to the moving system, £ and rj are constants. Differentiating (16), 
we obtain 

v x = ar = Xg — (£ ship + p cos <p) f, ^ 

= V — Mo + (£ cos cp — r] sin?:) f. 

Comparing (17) with formulae (16) and putting 

co = <p‘, (18) 

we get: 

v x = x- a — {y — y 0 ) or, v v = y’ a + (x — * 0 ) ( 19 ) 


Therefore: the velocity v is the sum of two velocities: v = u + w, of 


23 
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which the first is the velocity of the point M, and the other has the pro¬ 
jections: 

w x = —-(y — y 0 )co, w v —(x z Q ) (o ( 20 ) 

on the axes of the fixed system. 

We see from this that w is the velocity the point A would have if 
the figure were rotating about the point M[x Q , yf) with ail angular veloc¬ 
ity co (where the positive sense of the rotation agrees with the positive 
sense of the angle). Consequently w = cp- is the instantaneous angular 
velocity. 

In order to obtain the instantaneous centre of rotation it is necessary 
to determine the point whose velocity v == 0. Denoting the coordinates of 
the instantaneous centre of rotation by x' and y’, we obtain from (4): 


0 = arj — (?/' •— Vo) 0 — Vi + t x ' ~ * 0 ) 

whence 

x’ — x 0 — Vo I m > y' = y0 + x h I co - ( 21 ) 


Euler’s angles. In some considerations it is convenient to define the 
position of the body by means of the so-called Euler’s angles. 

Let a body rotate about the point 0. Let us choose two systems of 
coordinates with a common origin 0: a fixed 
(as, y, z ) and a moving (f, rj, f) attached 
rigidly to the body (Mg. 278). The position 
of the moving system is determined as follows. 

Let w denote the line of intersection of 
the planes xy and f rj. This line is called the 
line of nodes. 

The line w is perpendicular to the axes z 
and f. Let us give the line w such a sense that 
the system of axes (f, z, w) is left-handed, 
, e. agrees with the assumed senses of the systems ( x, y, z) and (f, rj, f). 



Let us denote by # the angle through which it is necessary to rotate 
the z-axis about the w -axis in the positive direction (i. e. from right to 
left), in order that the positive direction of the z-axis coincides with the 
positive direction of the f-axis. Similarly, we denote by cp the angle 
through which it is necessary to rotate the w-axis about the f-axis in the 
positive direction, in order that the positive direction of the w-axis co¬ 
incides with the positive direction of the f-axis. Finally, we denote by y> 
the angle through which it is necessary to rotate the x -axis about the 
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z-axis in the positive direction, in order that the positive directions of the 
x and w -axes coincide. 

The angles #, cp, cp, are called Euler’s angles. 

These angles define the positions of the axes f, rj, f, with the except¬ 
ion of the ease when id = 0 or # = st, for then the position of the w-axis, 
and hence also the angles cp, cp, are undefined. 

However, if & 4 = 0 and & 4 = n, then the angle cp defines the position 
of the w-axis in the *s/-plane. Knowing the position of the iu-axis already, 
we obtain the position of the f-axis by rotating the z-axis through the 
angle & (in the positive direction) about the w-axis. Finally, we obtain the 
f-axis by rotating the zt’-axis about the f-axis in the positive direction 
through the angle cp. 

Euler’s angles vary between the following limits: 

0 < ■& < rt, 0 <( ip <j 2tc, 0 iS ip ^ 27r. 

The instantaneous motion of the system (f, y, f) is a rotation about 
a certain axis. Let u> be its instantaneous angular velocity vector. Let us 
resolve co into three component vectors o„, o m and o £ , in the direction of the 
axes z, w, and f. Consequently 

co = o z -f- o„ + o r . (21) 

Let us denote by o z , o m and Of, the coordinates of the corresponding 
vectors with respect to the axes z, w, and f. Let ns note that if the system 
(f, 7 ], f) rotates about the z-axis, then the angles it and cp do not vary and 
the angle cp is the angle of rotation. Therefore, during a rotation about the 
z-axis the magnitude of the instantaneous angular velocity of the system 
(f, rj, f) is cp-. Since o z is the angular velocity vector for a rotation about 
the z-axis, 

o z = cp- and similarly o w — •&', Of=<p‘. ( 22 ) 

Consequently the derivatives cp-, &■, cp * define the instantaneous 
a ng ular velocity veetouco if we know the position of the system (f, rj, f), 
i. e. the angles cp, it, and cp. 

We shall now derive formulae for the projections of the vector on the 
axes of the system (f, rj, f). 

Let us choose the unit vectors k and r on the axes z and w. Con¬ 
sequently o s = o z k and o M = o„r; hence according to ( 22 ). 

o a = cp-k, o w = ii-r. (23) 

The projection of the vector k on the f-axis is cos#. The vector k 
makes an angle Jjr — & with the f»?-plane; therefore the projection of k 
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on the |)j-plane lias the length sin # and is perpendicular to w (since the 
2 -axis is perpendicular to to). The projection of k makes angles — p and 
vi— & with the axes f and if, hence: 

k £ = sin # sin rp, k , = — sin # cos <p, i c = cos #. (24) 

The projections of the vector r on the axes | and rj are cos <p and sin y 
while the projection on the f-axis is zero. Consequently: 

r ( = cos <p, r v = siny r t = 0. (25) 

By (23) and (24) the projections of the vector o z on the axes |, q, and 
are: y sin# sing?, — ip' sin# cosy, andy cos#, while the projections ofthe 
vector on the axes f, t], and C, are by (23) and (25) equal to #• cos y 
#■ sin y and 0, respectively; finally, the projections of the vector o on the 
axes I, rj, and f, are obviously 0, 0 and y. Prom this we obtain in virtue 
of ( 21 ): 


«£ = #■ cos y -f- y sin # sin y, co, = #' sin y — y sin # cos y, 
tof = y cos# + y. 


(I) 


Determining #•, y, and y, from (I), we obtain: 


#• = co £ cosy + a), siny, y = (® f siny — co v cosy) /sin#, 
y = — (co £ sin y — cosy) cot#. 


(II) 


Kinowing the projections co f , cy, and co t , of the angular velocity w on 
the axes 17 , and f, of the moving system at each instant, we can therefore 
determine #, y, and y>, as a function of time by solving the system of dif¬ 
ferential equations (II). 

Proceeding similarly, we obtain the following formulae for the 
projections of the angular velocity to on the axes x, y,z, of the fixed system: 

ffl, = y sin # sin ip + #■ cos y = y sin # cos yi — #■ sin y , 
co x = y + y cos #, ' 


#• = cos y — a) v sin y y = (co,. sin y co v cos y) / sin #, 
y = co a — (oij. sin y -(- co„ cos y) cot #. 


(IF) 


Euler’s angles in a steady precession. Let us assume that during 
the motion of a body we constantly have: 


#• = 0 , y = const, y = const. (26) 

The instantaneous motion of the body is at each instant, therefore, 
the composition of two simultaneous rotations about the axes z and f 
with angular velocities y and y of constant magnitudes. The 2 -axis has 
a fixed position in space, and the f-axis is rigidly attached to the body. 
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Under these conditions the motion of the body is a steady precession 
(cf. p. 349). 

§ II. Resolution of accelerations. Plane motion. If a plane figure 
rotates about a fixed point M with a variable angular velocity m, then 
each point of the figure moves along the periphery of a circle. The acceler¬ 
ation p of an arbitrary point A of the figure is therefore the sum of the 
normal acceleration p n directed towards M, and the tangential acceler¬ 
ation pi perpendicular to HA. The normal and tangential acceler¬ 
ations are defined by the formulae (I) and (II), p. 45: 

p n = rar, p t = rs, ( 1 ) 

where r = MA, and s = or is the angular acceleration. 




Let x denote the angle which the acceleration p of the point A makes 
with the line MA (Pig- 279). Then 

tan st, = ft l Pn — s I °° 2 - ( 2 ) 

We see from this that « is the same for all points. 

Therefore: in a rotation of a plane figure about a fixed point the 
accelerations of the points of the figure are proportional to their distances 
from the centre of rotation and make equal angles with the line joining these 
points with the centre of rotation. 

Let us assume now that the figure moves in the plane entirely 
arbitrarily (Fig. 280). Let us take an arbitrary point M of the figure as the 
origin of a system of coordinates (£, rj), which moves with an advancing 
motion. The acceleration p of an arbitrary point A of the figure will be the 
sum of the accelerations: relative p r and transport p t . The acceleration of 
transport is equal to the acceleration p 0 of the point H. The relative 
motion of the figure is a rotation about M with a variable angular velocity w. 
We can therefore resolve the relative acceleration p T into the sum of the 
(relative) accelerations: normal p, n and tangential p fj . Consequently 

P = Po + Pr = Po + Pr n + Pr? 


(3) 
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Therefore: in a plane motion the accelerations of the points of a figure 
are the sums of the acceleration of an arbitrary point M of the figure and of the 
accelerations which these points would have during a rotation of the figure 
about the point M {as a fixed point} until an angular velocity (of the instan¬ 
taneous rotation of the figure) at and with an angular acceleration e = or. 

If co =j= 0 or s =|= 0, the relative acceleration p r makes with the line 
MA an angle » defined by formula ( 2 ) and this angle is constant for all 
points of the figure. 

In this case let us pass through the point M a line l making an angle a 
with the direction of the acceleration p 0 of the point M (Tig. 281). The 
relative accelerations of the points lying on the line l will have the direc¬ 
tion of the acceleration p 0 . Since the relative accelerations are proportional 
to the distances from M, we shall find on l a point 0 whose relative accele¬ 
ration will he equal to — p 0 . The acceleration of the point 0 will therefore 
be zero. 

The point 0 is called the centre of instantaneous accelerations. 

On the other hand, if co = 0 and e = 0 , then the accelerations of all 
the points of the figure are equal (namely, equal to the acceleration of the 
point M). 

Therefore: if the accelerations of the points of a figure in plane motion 
are not equal, then there exists a point whose acceleration is equal to zero. 

The accelerations of the points are hence such as if the figure were 
rotating about the instantaneous centre of accelerations (as a fixed point) 
with an angular velocity at and with an angular acceleration e = co-. 

The accelerations of the points of the figure 
are proportional to the distances from the centre 
of instantaneous accelerations and make equal 
angles with the lines joining these points with the 
centre of instantaneous accelerations. 

Motion in space. If a body rotates about a 
fixed point 0 with an instantaneous angular velo¬ 
city to (Tig. 282), then the velocity of an arbitrary 
point A of the body is 

v = r x co, (4) 

where r = OA. Calculating the derivative and denoting the acceleration 
of the point A by p, we obtain 

p — r* x to + r x w. 



[ini 
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Since 0 is by hypothesis a fixed point, r = v; consequently 

ji = v X o) T r X to*. (5) 

If a body rotates about a fixed axis with a constant angular velocity 
co, then to* = 0 , whence by (5) p = v X to. On the other hand, each point 
then has a centripetal acceleration gjio| 2 , where g denotes the distance of 
the point from the axis of rotation. The product v X to is therefore the 
acceleration with which the points of the body would move if the body 
were rotating about a fixed axis with a constant angular velocity co. The 
product r X to* = Mom^to* represents the velocity which the point A 
would have if the body were rotating about a fixed axis with an angular 
velocity to*. In general, the derivative to* has a direction different from. to. 
If to has a fixed direction (i. e. if the axis of rotation is fixed), then to* has 
the direction of to; consequently r x to* has the direction of the velocity v. 
In this case r X to* is the tangential acceleration and v X to the normal 
acceleration. 

Let us now assume that the body moves arbitrarily in space. Then 
the resolution of the accelerations is obtained by taking an arbitrary point 
0 of the body as the origin of the system of coordinates (f, y, ?) moving 
with an advancing motion. The accelerations of the points will be the 
- sums of the acceleration of transport (i. e. of the acceleration of the 
point 0 ) and of the relative acceleration. The relative motion will be a ro¬ 
tation about the point 0. Therefore the relative acceleration of an arbit¬ 
rary point A is expressed according to (5) by the formula 

p r — v r X <a 4- r X to*, ( 6 ) 

where r — OA, and v r denotes the relative velocity of the point A. 

The interpretation of the products v, X co and r X o»* is similar to 
that used in the ease of the rotation of a body about a fixed point. De¬ 
noting the velocity of the point A by v, the acceleration and the velocity 
of the point 0 by p 0 and v„, respectively, we obtain v T = v v o, and 
hence by (6) the acceleration of the point A is 

*> = #>„+ (v — v 0 ) X w +r X to*. 


( 7 ) 
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CHAPTER VHI 

DYNAMICS OF A RIGID BODY 

§ I. Work and kinetic energy. In dynamics, as in statics, we shall 
also frequently assume that a rigid body is a rigid system of material 
points. As a result we shall be able to apply to a rigid body the theorems 
from dynamics concerning a system of material points. 

Dynamical magnitudes. Dynamical magnitudes such as momentum, 
kinetic energy, angular momentum, etc., which we have met in connection 
with systems of material points, are also defined for rigid bodies by 
passing to the limit as was done in defining centres of gravity, sta¬ 
tical moments and moments of inertia, of systems of material points. 
(vide chapt. IV, p. 169). For instance, in order to define the momentum 
of a body, we divide the body into parallelepipeds of volumes Ar 1; Ar 2 ,..., 
and in each one of them we next consider, one at a time, the points 
z i)j A 2 (a; 2j y 3 , 2 2 ), ... Let o lt g 2 , ... denote the densities of the 
body at the chosen points, and v l5 v t> ... the velocities of these points. 
The masses of the parallelepipeds are approximately m 1 = o 2 Ar Jt m, = 
= Sj dr 2 , ... If the body is replaced by a system of materia] points of 
masses m 1} m 2 ,... placed at A 1; A 3 , ... and having velocities vy, v 2 , 
then the momentum of this system will be equal to 

H = Ew,y t - = Azi. (i) 

The limit of this sum as the dimensions of the parallelepipeds tend to 
&ero is called the momentum of the body. 

Denoting by q(x, y, z ) the density, by v(x, y, 2 ) the velocity of a point 
whose coordinates are x , y, z, and by H the momentum of the body, 
we get: 

S * = fffe v x E y = /// 0V v dr, H z = Jff QV, dr, (2) 
n d x> 

where D denotes the region of space occupied by the body. We write the 
preceding formulae in vector form 

H — fffs v dr, 


( 3 ) 


ni] 
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Proceeding similarly, we obtain the formula 

E = iff/ e vS dr (i) 

D 

for the kinetic energy, where v = |v[. 

The angular momentum ((F), p. 199) with respect to the origin of 
the coordinate system has the projections: 

= fffeiV — VA/) dr, K v = fff Q (v z x — v^) dr, (6) 
D , b 

K* = Jff Q(v x y — vje) dr. 

D 

Denoting by r the radius vector OA, where A has the coordinates 
x, y, z, we can write formulae ( 6 ) in the vector form: 

K = f.fk(y X rj dr. (6) 

D 

Work. Let a force P, whose origin is at the point A, act on a rigid 
body, and let v denote the velocity of this point. 

The work of the force P in the time from f to t" is expressed by the 
formula (p. 95) 

L = )(Pv) At. (7) 

i r 

Let us consider an arbitrary point 0 in the body. The instantaneous 
motion of the body can be considered as the composition of an advancing 
motion with a velocity u of the point 0, and a rotation with an angular 
velocity u> about an axis Z passing through 0. The velocity of the point A 
is therefore ((I), p. 333) 

v — u -f- OA x to, (8) 

whence 

Pv= Pu + P(OZ X to). (9) 

From formula (II), p. 13, we have (putting a = P, b — OA, and 
c = co) 

P(OA x to) = to(P x OA). (10) 

Since MonioP = Px OA (p. 16), by (9) and (10) 


whence by (7) 


Pv = Pu -j- to MomoP, 
f t* 

L = fPu it -f- f to Mom 0 P dZ. 

t' t' 


( 11 ) 


If the forces P v P^ ... act on a body, then their work is according 
'to ( 11 ) 
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f t" 

L = f(2P t ) udt-j- f to(SMom 0 Pj) dt. 

t' t' 

Denoting by P the sum of the forces and by M 0 the total moment with 
respect to 0 we get 

L = f(Pu) dt + /(uMo) dt. (I) 

t' t' 

From this formula it follows that equipollent systems of forces do equal 
work. 

In particular, the work done by a system of forces equipollent to zero 
(P = 0, M — 0) is zero. 

Denoting by a. the angle which M 0 makes with the axis l of instant¬ 
aneous rotation, and by a> the component of the vector to with respect to 
the axis l, we have toM 0 = a)]M 0 i cosa. But [M 0 ] cos* is the projection 
of the moment M 0 on the axis l. Consequently |M 0 | cos « is equal to M,, 
j. e. to the total moment of the forces with respect to the instantaneous 
axis of rotation; hence from (I) we get 

(' t" 

L = f(Pu) df -f fcoMz df. (I') 

V t' 

When a body moves with an advancing motion, then to = 0 ; there¬ 
fore by (I) 

L = f(Pii) dt. (12) 

i' 

When a body rotates about a point 0, then u — 0 ; hence by (I') 

t" 

L — fo>Mi dt. (13) 

r 

Formula (13) also holds when a body rotates about a fixed axis l ; we 
obtain it from formula (I') by choosing the point 0 on the axis l. Denoting 
the angle of rotation in this case by <p, we get oo = dp j df, whence 
oj df = dp; hence by (13) 

L = fMi dip, (14) 

where <p' and <p‘ denote the angles at the initial and final positions of the 
body. 

Kinetic energy. As we know (p. 331), the instantaneous motion of 
a body with respect to an arbitrary point 0 of the body is a rotation with 
an instantaneous angular velocity to about an axis passing through 0. Let 
I denote the moment of inertia with respect to the instantaneous axis of 


Work and kinetic energy 


363 


L§ i] 


rotation. The kinetic energy of the relative motion is Therefore by 
Kbnig’s theorem (p. 215) the kinetic energy of the body is expressed by 
the formula 

E i= %mu % + |Ia > 2 + mu(v 0 — u), (II) 

where u denotes the absolute value of the velocity u of the point O, v 0 the 
velocity of the centre of mass, and m the mass of the body. 

Therefore: the kinetic energy of a rigid body is equal to the sum. of: 

1 . the kinetic energy of an advancing motion with a velocity of an 
arbitrary point 0 of the body, 

2 . the kinetic energy of an instantaneous rotation with respect to an 
instantaneous axis passing through the point 0 and 

3 . the scalar product mu(v 0 — u), 

where m denotes the mass of the body, u the velocity of the point 0, and 
v 0 the velocity of the centre of mass. 

If the centre of mass is chosen as the point 0, then u = v 0 : putting 
v 0 = |v 0 |, we consequently get 

E = \ mvl -f- JIw 2 . (II') 

Therefore: the kinetic energy of a rigid body is equal to the sum of the 
kinetic energy of an advancing motion with a velocity of the centre of m.ass and 
of the kinetic energy of an instantaneous rotation with respect to an instant¬ 
aneous axis passing through the. centre of mass. 

If the instantaneous motion is an instantaneous twist about the 
central axis passing through 0, then the vectors o> a nd u are parallel. The 
velocity v 0 of the centre of mass S is then v, = u 4- OS X to. Since v 0 

_ u — OS x co, the vector v„ —- u is perpendicular to co and therefore 

also to u. It follows from this that the scalar product u(v 0 — u) is zero. By 
(II) we consequently have 

E = hmu? + -|Icu 2 . (15) 

Therefore: if the instantaneous motion of a rigid body is represented as 
a twist, then the kinetic energy is the sum of the kinetic energies of the advanc¬ 
ing and rotational motions. 

An instantaneous plane motion is an instantaneous rotation about 
the ins tantaneous centre of rotation with an instantaneous angular velo- 
city. 

The kinetic energy in a plane motion is E = lien-, where I is the 
moment of inertia with respect to the instantaneous centre of rotation, 
and co the instantaneous angular velocity. 
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§ 2. Equations of motion. Motion of the centre of mass. Let w denote 
the mass of the body, -f> 0 the acceleration of the centre of mass, and P the 
s um of the external forces acting on the body. Then (p. 196) 

mp 0 = P. (I) 

Hence, knowing the sum of the external forces, _we can determine 
the motion of the centre of mass of the body. 

Principle of angular momentum. Let K denote the angular momen¬ 
tum, M the total moment of the external forces with respect to a fixed 
point or with respect to the centre of mass. Then (p. 202 ) 

K‘ = M. (II) 

Therefore, knowing the total moment of the forces with respect to 
a fixed point or with respect to the centre of mass, we can determine the 
angular momentum. 

If we calculate the acceleration p 0 of the centre of mass and the 
angular momentu m K from equations (I) and (II), the motion of the 
body will be determined. For having p 0 given, we can determine the 
motion of the centre of mass. And knowing the angular momentum K, we 
can (as we shall show later, p. 394) determine the instantaneous angular 
velocity to. Since the motion of one point and the instantaneous angular 
momentum define the motion of a body (p. 337), equations (I) and (H) 
are sufficient to determine this motion. 

Principle of kinetic energy. Let us consider a rigid body as a rigid 
system of material points. Then by the theorem given on p. 208 the 
internal forces do no work. Consequently, only the external forces do 
work. From the theorem on kinetic energy (p. 216) it follows that the 
increase in kinetic energy of a rigid body is equal to the work of the external 
forces. 

If the external forces possess a potential, then (p. 216) the sum of the 
kinetic and potential energies is constant. 

D'Alembert’s principle. As we know (p. 188), the forces of inertia 
balance the forces acting on the points of a system. Since the internal 
forces have a sum and total moment equal to zero, the forces of inertia 
balance the external forces. 

This principle reduces the investigation of the motion of a rigid body 
to problems of statics. . 

Advancing motion of a body. If the instantaneous motion of a rigid 
body is an advancing motion, then the angular mom entum with respect to 
the centre of mass is zero (p. 200 ). Conversely: 
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If the angular momentum until respect to the centre of mass is zero at 
some instant, then the instantaneous motion■ of a rigid body is an advancing 
motion. 

Proof. Let us assume that the angular momentum K with respect to 
the centre of mass is zero. The instantaneous motion of the rigid body can 
be considered as the composition of an instantaneous advancing motion 
with a velocity of the centre of mass and a rotation with an angular velo¬ 
city w about an axis l passing through the centre of mass. Since K is the 
sum of the angular momenta of the advancing and rotational motions, 
K is equal to the angular momentum of the rotational motion because the 
angular momentum of the advancing motion with respect to the centre of 
mass is zero (p. 200 ). 

Let us denote by K the angular momentum with respect to the in¬ 
stantaneous axis of rotation Z. From formula (7), p. 201, we have K — lap 
where I is the moment of inertia with respect to the axis. 1. Since K is 
the projection of the angular momentum K on the instantaneous axis of 
rotation, K = 0 . Consequently Ico = 0 , whence cu = 0 , q. e. d. 

If a body moves with an advancing motion during a certain interval 
of time, then the angular momentum K with respect to the centre of mass 
is constantly zero during this time. Because of this the derivative K' of 
the angular momentum is also zero. From formula (II). p. 364, it follows 
that M = 0 , which means that the moment of the forces with respect to 
the centre of mass is zero. Hence by theorem 1 , p. 26, the forces have 
a resultant acting at the centre of mass. 

Conversely, if the forces have a resultant acting constantly at the 
centre of mass, then M — 0 ; hence K* = 0 constantly, i. e. K = const. If we 
assume that the instantaneous motion at the initial moment was an 
advancing motion, i. e. that K = 0 at that moment, then K = 0 constant¬ 
ly, which means that the body will move with an advancing motion. 

Therefore: in order that a body move with an advancing motion, it 
is necessary and sufficient that the following conditions be satisfied: 

1 ° the instantaneous motion is an instantaneous advancing motion at 
the initial moment, 

2 ° the forces have a resultant acting at the centre, of mass at each mo¬ 
ment. 

Conditions of equilibrium. The necessary and sufficient conditions 
which must be satisfied by a system of forces in equilibrium follow easily 
from conditions 1° and 2° (of. p. 244). 
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If a body is at rest, then the acceleration p 0 of the centre of mass and 
the angular momentum K are equal to zero; consequently by (I) and (II), 
p. 364, P = 0 and M = 0. 

Converse! V if we assume that the body was at rest at t = t 0 and that 
p — o and M = 0 constantly, then from conditions 1 ° and 2 ° it follows 
that the body will move with an advancing motion. The centre of mass 
will he at rest because p 0 = 0 and the initial velocity v 0 is zero; the whole 
body will consequently be at rest. The system of forces is therefore in 
equilibrium. 

Hence we have proved that the necessary and sufficient condition for 
the equilibrium of forces is the vanishing of the sum and of the, total moment 
of the forces. 

Reactions of bodies in contact. Two rigid bodies I and II, in contact 
at the point A. act on each other with certain forces subject to the law of 
action and reaction. The forces with which body II acts on body I can be 
replaced by one force R with its origin at A and a force couple of mo¬ 
ment M. 

At present we do not possess a general theory for the moment M. 
Only in some particular cases have certain laws been established concern¬ 
ing M. For the force R, however, experiments have yielded rather general 
laws (although approximate), which give sufficiently accurate results in 
practice. 

Let us assume that the bodies have a common tangent plane II at A. 
The component vector N (of the reaction R) perpendicular to II is called 
the normal reaction, and the tangential component T the friction. 

Experiments show that certain relations between N and T obtain. We 
shall consider two eases: 

i c The poins of contact of the two bodies have equal velocities: these 
points therefore have a zero velocity relative to each other. The instant¬ 
aneous motion of one body relative to the other is a rotation about an axis 
passing through the point of contact, it is consequently a relative rolling 
motion. In this case (putting T = |T| and N = |N|), we have 

T£fN, (1) 

where / denotes the coefficient of static friction (cf. p. 268), depending 
only on the nature of the surfaces of two bodies at the point of contact. 

2° The velocities v x and v 2 of the points of contact of the two bodies are 
different. The relative velocity v r of the point of contact of body I with 
respect to body II is v r = v x — v 2 and lies in the tangent plane. (Fig. 
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283). In this case the friction has the direction of the relative velocity 
v r , but an opposite sense. Moreover, we have 

T = yN, (2) 

where ft denotes the so-called coefficient of dynamic friction, depending 
only on the nature of the surfaces of the body and not on the velocities of 
the points. We can therefore assume that y = const during motion as 
long as the bodies are in contact and as long 
as the points of contact have different velo¬ 
cities. 

In general /./, is somewhat smaller than /. 

The laws given in 1° and 2° are appro¬ 
ximate. 

If the friction is zero the surfaces of the 
bodies are said to be smooth. 

The surfaces of bodies are said to be per¬ 
fectly rough if the bodies can move only in such a way that their points of 
contact have equal velocities. The relative motion of one body with respect 
to the other is then a rolling motion. 



Work of the friction. Let R denote the reaction of body II on body I; 
then —R denotes the reaction of body I on body II. Let v, and v s denote 
the velocities of the material points of contact of the bodies. The work 
which the reactions at the point of contact do in the time from t' to t" is 

t’ tf t" 

L = f Rv x df— fRv 2 dt= fR(vi — Vj) dl. 

f t' f 

Since vq — v 2 lies in a tangent plane (or is zero), the normal reactions 
do no work because N(v L — v a ) = 0. The work of the reactions is therefore 
reduced to the work of the forces of friction. Consequently 

L = fT(v x — v a ) d£. 

t' 

When v r = v x — v, 4 = 0, the friction T has in virtue of 2° the direc¬ 
tion of v r , but an opposite sense; hence the scalar product T(y 1 — v 2 ) is 
negative. When v x — v 2 = 0, fhen T(v 1 — v 2 ) = 0. Therefore in both cases 
T(v x -v 2 ) <1 0 , whence L <i 0 . 

When, the motion of the bodies relative to each other is a rolling 
motion, then the work of the friction is zero, and when this motion is a 

’ j 

sliding motion, then the work of the friction is negative and eauses a 
decrease in the kinetic energy of the bodies. 
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Example J. A circular disk falls under the influence of its own weight 
in a vertical plane along a circle E. Determine the motion of the disk. 

Let 0 denote the centre of the circle K and 0 the centre of the disk, 
B and r their radii, m the mass of the disk, I its moment of inertia with 
respect to the centre of mass O', and finally <p the angle between the ver¬ 
tical and the segment 00' (Kg- 284). 

We shall first consider the case when the disk and the circle K are 
smooth, and then when they are perfectly rough. 

1 ° Let us assume that the disk as well as the circle are smooth and 
that at the initial moment £ = 0 the disk was at rest. The forces acting 
on the disk during motion are: the weight Q with its initial point at the 

centre of mass O’ and the reaction N 
whose direction passes through O'. The 
moment of these forces with respect to 
the centre of mass is therefore con¬ 
stantly zero. Since the disk was initially 
at rest, it will move with an advancing 
motion (p. 365), i. e. it will slide along 
the circle K (p. 337). The centre O’ of 
the disk will therefore move along a 
circle with centre at 0 and of radius 
a — R—r. Consequently all the points 
of the disk will move along circles of 
radius a (cf., e. g. the path of the point A shown Fig. 284). 

Denoting by p 0 the acceleration of the centre of mass of the disk, we 
have by the theorem on the motion of the centre of mass (p. 364) 

mp 0 = Q + N. (3) 

Forming the projections on the tangent and normal to the path at the 
point O', we get: 

may = —mg sin 93 , may 2 — N, (4) 

where N = jNj. The first of the equations (4) can be written in the form 

V" = — “Sin<£- (5) 

Cl 

Comparing equation (5) with the equation of the simple pendulum 
<p~ = —— sing? (p. 130), we see that the centre of mass of the disk will 

CL 

execute an oscillatory motion like that of a simple pendulum of length 
l = a. 



Equations of motion 


369 


[§ 2 ] 


2 ° Let us now assume that the disk and circle are perfectly rough. 
The disk will therefore (p. 367) roll along the circle K. 

Let us denote by co the instantaneous angular velocity of the disk. 
The kinetic energy of the disk is ((II'), p. 363) 

E = 

(because ay is the velocity of the centre of mass). If the body is at rest 
at t = 0 and q> = 1 p 0 , then from the principle of the equivalence of work 
and kinetic energy (p. 364) we get 

-j- 1 01 2 = mga{cosp — eosgsc), ( 6 ) 


because the friction (p. 367) and the reaction N do no work. 

The velocity v of the point of contact S is zero. Consequently v = 
= ay —rco = 0 , whence co = ay / r. Substituting in ( 6 ), we therefore get 

iar(m -j -1 j r 2 ) y 2 = mga(oos cp — cos 93 ,,). (7) 


From this we obtain cp- in terms of cp and then co. Differentiating 
equation (7), we get a?[m + I / r 2 ] yy = — mgeup 1 sing?, whence after 
simplifying 


mu 

9?" =-7-r sin <P- 

^ a(m + L j r*) 


( 8 ) 


Comparing equation ( 8 ) with the equation of the simple pendulum 
y = - y sin 93 (p. 130), we see that the centre of the disk will move like 

a pendulum of length l = a(l + I j md). 

Since I = \mr 2 for a homogeneous circle, l = fa. The period of 
oscillation will therefore be longer than that of a pendulum of length a. 


Example 2. A heavy rigid body hangs on a horizontal axis l (Fig. 285) 
aboilt which it can only rotate. The position of the body is determined by 
giving the position of the axis land the angle 93 which the line SG, passing 
through the centre of mass S and cutting the axis l at right angles in the 
point G, makes with the vertical. The axis l 
cuts the vertical axis k in the point 0 and ro¬ 
tates about it with a constant angular velo¬ 
city co. What is the relation between co and 93 
if 93 is constant ? 

We shall solve the problem by d'Alem¬ 
bert's principle (p. 364). The forces of inetia 
balance the acting forces. Consequently the 
24 
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total moment of the forces of inertia and that of the acting forces with 
respect to the axis l is zero. 

At a certain time t let us choose a coordinate system, taking the axis l 
as the ir-axis and the axis k as the 2 -axis. Since f = const, each point of 
the body moves with an angular velocity a> along a horizontal circle (whose 
centre lies on the 2 -axis). The acceleration of each point of the body is 
therefore directed towards the centre of the circle and is no 2 , where r 
denotes the radius of the circle. 

Let us assume that the body is a set of material points. If p t 
denotes the acceleration of the point A t of mass m, and coordinates 
x t , y<, z t , then 

Pi x = — ® 2 > 2^* = — = °- W 

Consequently the forces of inertia of the point A have the pro¬ 
jections: 

— —- m t p iv = — m@ iz = 0 . 

The moment of the forces of inertia with respect to the axis l (i. e. 
the x-axis) is: 

B x = E(— mi<p ty ) z f = a) 2 = co 2 D x , (10) 

where D x denotes the product of inertia with respect to the planes xy 
and xz. 

The centre of gravity S has the coordinates x 0 = Off, y Q = l 0 sin <p, 
z 0 — — Z„ cos <p (where l 0 = SG). The moment of the weight with respect 
to the ar-axis is 

M x = mgl a sin rp, (11) 

where m denotes the mass of the body. 

The moment of the reactions with respect to the a-axis is zero* be¬ 
cause the reactions have their points of application on the 2 -axis. There¬ 
fore B x -f M x — 0 ; hence by (10) and (ll) 

u 2 D x -f- mgl 0 sin <p — 0. (12) 

This equation is the sought for relation and can be satisfied only 
when D e 0 (e. g., when the body is in the quadrant in which y > 0 
and z < 0). 

Example 3. A horizontal rod 0*4 is attached rigidly at the point 0 
on a vertical axis which is fixed at the points X and L (Kg. 286). A ma¬ 
terial point- (a small sphere) B, which is strung on the rod, is capable of 
moving freely along the rod. At the initial moment f = 0 the rod OA 
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revolves about KL with an angular velocity eo 0 , while the point B has 
a zero velocity relative to the rod and is situated at a distance a ; 0 from 0. 
Determine the motion of the rod OA and of the material point B. 

Let I denote the moment of inertia of the rod with respect to the a xis 
KL, m the mass of the point B, w the angular velocity of the rod, and x the 
length of the segment OB. 

Let us assume that there is no friction. The 
external forces acting on the system consisting 
of the axis KL, the rod OA, and the point m, 
are: the reactions at L and K as well as the 
force of gravity. The moment of these forces 
with respect to KL is zero. The angular mo¬ 
mentum of the system with respect to the axis 
KL is therefore constant. The angular momen¬ 
tum of the rod with respect to KL is ho (p.201). 

The velocity v of the point B is the sum of its relative velocity v T with 
respect to the rod and the velocity of transport v t . The relative velocity 
has the component (with respect to OA) v r = ar and the direction OA; its 
moment with respect to KL is therefore zero. The velocity of transport is 
perpendicular to OA, has a horizontal direction, and jtq| = zco. Conse¬ 
quently the moment of momentum of the point B with respect to KL is 
equal to mx-oo. The angular momentum of the entire system is therefore 
Jco + mx 2 a), whence 

(.I + mx 2 ) a) = k = const. (13) 

From the given initial conditions we have & — (/ -f mx%) tu 0 . Let us 
note that the work of the acting forces is zero. Therefore the kinetic 
energy of the system is constant. The kinetic energy of the rod is 
(p. 363) and that of the point B 

\mv 2 = |-m(v; -f- vf ) = m(x - 2 -f a; 2 « 2 ). 

Consequently 

JIco 2 + \m{x- 2 + x 2 oL) = h = const. (14) 

Calculating co from (13) and substituting in (14), we obtain 

k 1 / (I mx *) + mar 2 = 2 Ji. (15) 

Equation (15) defines the relative motion of the point along the rod. 
Knowing x, we determine co from (13). 

If the point reaches A and then leaves the rod, then the rod will 
revolve with a constant angular velocity co' which is obtained from (13) 
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by putting x = QA - ■ l. The velocity of the point at the moment it 
leaves the rod is « a = Pm' % + ar 2 , where ar 2 is obtained from (15) by put¬ 
ting x = l. 

Example 4. A material point M rolls down the hypotenuse of a 
material right-angled triangle ABC (Kg. 287). The triangle lies in a verti¬ 
cal plane and rests on a smooth horizontal line l. Determine the motion 
of the system consisting of the point M and the triangle ABC. 

Let us take the axis l as the ®-axis of the 
coordinate system. Let a and b denote the 
lengths of the legs of the triangle, S the 
centre of its mass, » and ft the projections of 
the segment .4$ on the legs, <p the angle whose 
r vertex is at B, m' the mass of the triangle, m" 
the mass of the point, aq and y x — ft the coor¬ 
dinates of the point S, and aq, y 2 , the coor¬ 
dinates of the material point M. 

Let us assume that the system consisting of the triangle and the 
point M was at rest at t — 0. 

The external forces acting on the system are the reaction of the line l 
as well as the weight of the triangle and that of the point M. These 
forces have a constant vertical direction. Consequently their sum also has 
a constant vertical direction. Korn the principle of centre of mass (p. 364) 
it follows that the centre of mass S’ of the whole system will move along 
a vertical (since the initial velocity was equal to zero). The coordinates of 
the centre of mass S' of the system are: 

x a = (■ m'x l + m”x t ) / m, y 0 = (rri'fi + m"y 2 ) / m, (16) 

where m = m' -f- m ", Hence 

m'x 1 -}- m"aq = c = const. (17) 

The centre of mass S of the triangle moves along the line y = 
therefore its velocity is aq. The kinetic energy ot the triangle ABC is equal 
to Jm'aq 2 , and the kinetic energy of the point If is hn”(xf Vi)- Only 
the weight of the point M does work. Since the weight has the potential 
— m"gy z . from the principle of conservation of total energy we obtain 

Jm'aq 2 -f- &n”(x. 2 2 + y%) -j- = h = const. (18) 

The point B has the abscissa aq ■—- « -f a. Denoting by M' the pro¬ 
jection of M on the a;-axis, we have tan <p — MM ' / M'B, from which 
tan ip = y s j fxj — «. -{- a — aq). Consequently 

Vi —(aq— aq— « -j- a.) tan 9 ? = 0. (19) 
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Korn equations (17)—(19) we can obtain aq, aq,and y a , as fmictions 
of time. 

Equations (17) and (19) are equations of the first degree. We can 
therefore determine from them aq and y 2 as linear functions of aq. We 
obtain 

aq = Aaq + B, y 2 — A'a q + B ', (20) 

where A, B and A ', B' are certain constants. Differentiating and sub¬ 
stituting in (18) we get 

|K + m"{A 2 + A' 2 )] x? + mfg{A'x q + B') = h. 

Calculating the derivative, we obtain 

K + m"(A 2 + A' 2 )] aqaq- + m"gA'x\ = 0, ( 21 ) 

whence, after dividing by x{, 

aq- = const. ( 22 ) 

Therefore the triangle will move with a uniformly accelerated ad¬ 
vancing motion. 

From equations (20) we obtain, knowing aq, 

A’x 2 — Ay % = A'B~ AB'. (23) 

Hence the point M will move along a straight line. 

In virtue of (20) we have aq - = A aq- and;i/g = A’x {-; therefore accord¬ 
ing to ( 22 ) aq- = const and y j- = const. The projections of the accele¬ 
ration of the point M are constants; hence the acceleration of the point M is 
constant. The relative acceleration of the point M with respect to the 
triangle is also constant, because we obtain it by subtracting the accele¬ 
ration of the triangle from the acceleration of the point M. The point M 
will therefore roll down the hypotenuse with a uniformly accelerated 
motion (relative to the hypotenuse). 

Let us also examine whether M does not leave the triangle before 
reaching the point B. 

Let us denote by R the reaction of the triangle on the point M. Since 
the weight Q and the force R act on the point M, forming projections on 
the axes x and y, we obtain: 

m*x$ = M x and m"y'£ = — m"g + R v . 

But aq' = const and = const; hence R x — const and II v — 
= const. Consequently R is constant. The force R is therefore directed 
constantly towards the point M which cannot consequently fall away from, 
the triangle ABC before reaching the point B. 
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§ 3. Rotation about a fixed axis. If a rigid body has a fixed axis l, 
then it can only rotate about this axis. Let us assume that the forces 
P 3J P s ,... act on the body. Let us give the axis l an arbitrary sense and 
denote by I the moment of inertia of the body with respect to l, by M the 
moment of the forces with respect to l, and by a> the angular velocity. 

The angular momentum with respect to the axis l is K = Im ((7), 
p. 201). According to the theorem about angular momentum with respect 
to an axis (p. 202 ) we have K' = M; hence 

lax = M. ( 1 ) 

The angular acceleration is s = or ; therefore 

Is = Jf. (I) 

Let II and IT be two planes passing through the axis l; let U be fixed 
and II' attached rigidly to the body and rotating together with it. Finally, 
let qj denote the angle between the planes 17 and IT'. Then qj' = co and 
or' = e, whence by (I) 

Lp" = if. ( 2 ) 

Differential equation (2) has the same form as the equation mx" = P, 
which defines the motion of a material point along the a;-axis. 

If tho forces P t or the moment M are given as functions of <p, qr, and t 
(i. e. of the position of the body, the angular velocity, and the time), then 
equation ( 2 ) is a differential equation of the second order, and determines 
the motion if q> and qr (i. e. the position and angular velocity of the body) 
are known at the initial moment t — t 0 . 

The kinetic energy of a body rotating about an axis l is E = liar 
(p. 363). Let us denote by co 0 and co the angular velocities at t 0 and t, and 
by L ttt the work of the forces from t 0 to t. Since the forces of reaction 
holding the axis at rest have their points of application on the axis, they 
do no work. From the theorem on the equivalence of work and kinetic 
energy (p. 364) we therefore get 

i/co 3 — U(x>l = . (3) 

The work of the forces is expressed by formula (14), p. 362, 

ht = I M d 9>> W 

•Pa 

where <p 0 and denote the angles of rotation at f 0 and t. If M is a function 
of q> only, we can obtain L ttt from formula (4) as a function of the angle q>. 
Substituting in (3), we obtain a differential equation of the first order. 
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Example I. Atwood's machine. 1 ) At the ends of an inextensible 
(weightless) string, passing over a perfectly rough material pulley, are 
hung two heavy points of masses m 1 and m g . Let r denote the radius 
of the pulley. 

Let us assume that the points move vertically. The paths traversed 
by the points are equal, and therefore the accelerations of the points are 
equal in magnitude, but opposite in sense. 

Let us denote by p the projection of the acceleration of the point 
m ! on the z-axis, directed vertically downwards {vide Fig. 132). The 
pulley is perfectly rough, and consequently the string does not slide 
along it. Therefore, if the pulley rotates through an angle q> (where we 
assume q> > 0 , when the point m 1 falls), then the point mj. will cover a 
distance s — r<p. From this s- — rq>- and hence 


p = re. ( 5 ) 

Let us denote by R x and R z the reactions of the string on the points m* 
and m 2 , and by R x and B t their absolute values. The reactions Rj and R a 
are not equal, because the string does not pass over a smooth body. 

The reactions of the string and the weights act on the points m 1 and 
m... Consequently: 


m^p = — M lt — tn%p — ■ B t . (®) 

The part of the string from the point m 1 to the pulley acts on the pulley 
with a force — R x ; similarly the part of the string from the point m 2 to the 
pulley acts on the pulley with a force —R 2 . The moments of these forces 
with respect to the axis of the pulley are B x r and i? 2 r, where the mo¬ 
ment of the force —fly is positive, as the force — R 1 tends to rotate the 
pulley in the direction assumed previously as positive for the angle q>. 

Therefore, denoting by I the moment of inertia of the pulley with 
respect to its axis, we obtain by (I), p- 374, 

Is = (E, — R,) r. (7) 


From equations (5)—(7) we can determine 
e, p, R u and R s . From equations ( 6 ) we get 
R ± — B 2 = (m x — wi 2 ) g — («ij +m t )p. Substitut¬ 
ing in formula (7), we obtain Is = {m 1 ?%) rg 

— (m 1 + w? 2 ) rp, whence by ( 6 ) 

(% —- ?%) 

E ~ I + (»% -t- m t ) r 2 ' 

Hence we see that s = const; consequently in 



i) of. p. 193, example 4. 
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view of (5) p = const. The points m 1 and m 2 will therefore move with a 
uniformly accelerated motion. 

The acceleration p is obtained from (8) and (5). The reactions and 
H, can be calculated from equations (6). 

Compound pendulum. A compound pendulum is a rigid body rotating 
about a horizontal axis under the influence of the force of gravity. 

Through the centre of mass S of the pendulum (Fig. 288) let us pass 
a vertical plane, perpendicular to the axis and cutting it in the point 0. 
Let q> denote the angle between OS and the vertical; the positive sense 
of rotation is chosen from left to right. Let us finally denote by M the 
moment of the force of gravity, by I the moment of inertia of the pen¬ 
dulum with respect to the axis of rotation, and let d = OS. 

The angular acceleration is equal to e = cp" , and the moment of the 
force of gravity 

M = — mgd sin <p 


(where m denotes the mass of the body), whence by (2), p. 374, I<p" — 
= — mgd sin <p, whence 


<P '* = 



( 9 ) 


Comparing equation (9) with the equation of the simple pendulum 
((I), p. 130): f = —y sin-;:., we see that if the length l of the simple 

pendulum satisfies the condition 

— mgd ! I = — g / 1, (10) 


then the motion of the compound pendulum is the same as that of the 
simple pendulum. From (10) we obtain 

2 = 7/ md. (11) 

Therefore: the motion of a, compound pendulum is the same as the 
motion of a simple pendulum of length l = I / md, where I denotes the 
moment of inertia with respect to the axis of rotation, m the mass of the 
pendulum, and d the distance of the centre of mass from the axis of 
rotation. 

Denoting by K the radius of gyration with respect to the axis of ro¬ 
tation, we have I — mK % . whence by (11) 

2 = K 2 ! d. (12) 


The length l is called the reduced length of the compound pendulum 
with respect to the axis of rotation. 
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Let I 0 denote the moment of inertia, and K 0 the radius of gyration 
with respect to the axis passing through the centre of gravity and parallel 
to the axis of rotation. Then (p. 168) I = I 0 -j- md 2 , whence raA 2 = 
= mK\ -f- md 2 or A 2 = A 2 -j- d-, and hence by (12) 

Z = ^+d. (13) 

On the line OS let us consider the point O' at a distance l from O. 
Since 2 > d by (13), O' will fall beyond the point S. Let ns calculate the 
reduced length V with respect to the axis of rotation passing through O’ 
and parallel to the axis 2 passing through 0. 

Since O'S =2 — d, we have by (13) 

l ' = T~d+ l - d - (14) 

In view of (13) 2 — d — K\ / d; hence after substitution we get 
from (14) 


Comparing with (13), we see that 

2 ' = l. 

The reduced lengths with respect to the axes passing through 0 and 
through O' are consequently equal. 

Therefore, if a body is hung on an axis passing through O' and 
parallel to an axis passing through 0, the period of oscillation in both cases 
is the same (under the same initial angular displacement). 

The point O' is called the centre of oscillation with respect to the 
point 0. 

Determination of the reaction on an 
axis of rotation. Let us assume that the 
axis of rotation l is fixed by means of 
reactions (frictionless) acting on the axis 2. 

Taking an arbitrary point 0 on the axis 2 
as the centre of reduction, we can replace 
the reactions by one force R with its origin 
at 0 and a force couple of moment H. In 
general R and H change during the motion. 

To compute R and H we shall use d’Alem¬ 
bert’s principle. 
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Let us select 0 as the origin of the coordinate system, taking the 
axis l as the z-axis (Fig. 289). Let us divide the body into small pieces 
and replace each of them by a material point of equal mass. In this 
manner we obtain a system of material points tn-i, wi 2 ,... having the 
coordinates x u y ls s t , x 2( y a , z z> ■■ • We shall denote the accelerations of 
the points of the system by p lt p 2 , ■ ■ ■, and the forces acting on these 
points by P x , P a ,... 

The forces of inertia —m.p,- balance the reactions and the forces P f ; 
hence the sum and total moment (with respect to 0 ) are equal to zero. 
Consequently: 

£ P { + R + £(— mtpi) = 0, (15) 

£Mom 0 P,- + H + £Mom 0 (— m t pi) = 0. (16) 

Let the body have an angular velocity co and an angular acceleration 
s at the instant t. Let us consider an arbitrary point m t (af ft y it z<). Let 
us resolve the acceleration p f of this point into a tangential acceleration 
p if and a normal acceleration p in (p. 40). We obviously have p { = p, t + 
4 - p in . The component accelerations are expressed by the formulae p i{ = 
= r,e, and p in — (p. 45), where r t denotes the distance of the point 

from the axis of rotation. Consequently: 

Pi tx = 2/ifi, Pi tji = — 5M. Vi ti = 0; (17) 

Pi n =~x i u)\ Pf Vi n =0- ( 18 ) 

Denoting by m the mass of the body, by » 0 , y 0 , z 0 , the coordinates, 
and by p 0 the acceleration of the centre S of its mass, we obtain from 
formula (III), p. 195, 

2m i p i =?np 0 . (19) 

Equation (15) will therefore assume the form 

£P t + R — mp 0 = 0. (20) 

For the tangential acceleration p 0( and the normal acceleration p 0n 
of the centre of mass S, we have p„ = p 0( + j Therefore by (17) and 
(18) we obtain (putting i = 0 ): 

Po x = y*£ — V 0v =—x (l a — y ls m i , p „ 2 = 0. (21) 

Let us now calculate the moments of the forces of inertia. The force 
of inertia is 

— m-iPt = — 


m xpi i - m ipi n - 


( 22 ) 
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Let us denote by B the moment of the forces of inertia with respect 
to 0. by Bj the moment of the tangential forces of inertia (i. e. the forces 
— m t pi t ), and by B„ the moment of the normal forces of inertia (i. e. the 
forces —m t pt n ). By (22) 

B = B t + B n . 

The projection of B { on the ai-axis is (cf. (2), p. 232) 

Bt x = £(—+ m t p t y t ), 

1 y l z 

whence by (17) 

B tx = e 'Em i x i z i and similarly B tj = e '£m i y i z i , 

B t ^ = — e Sm,(af + yf). 

Proceeding in the same way, we obtain: 

B n , = co 2 B„ v = co- 'Zm i x i z i , B nr _ = 0. 

By dividing the body into smaller and smaller pieces the sums in 
formula (24) tend to the products of inertia D v and D x , as well as to the 
moment of inertia I z with respect to the z-axis (p. 158). In the limit we 
therefore get from (25) and (26): 

B fx = eD s , B tv = e.D x , B t% = — el z , (27) 

B.„ = aB„ y = — coW v , B n% = 0, (28) 

whence, by (23), 

B x = eB v + of-D x , B v = bD x — of-Dy, B z = — el z . (29) 

Forming projections on the coordinate axes, we get from equations 
(20) and (21): 

HP ix + B x — my 0 e + ma- 0 <a ! = 0, 

£i\„ -r By + mx 0 e + myyif- = 0, (II) 

£P fs + B z = 0. 

The forces of reaction have their points of application on the axis l; 
consequently H z = 0. Denoting by M the moment of the forces Pi with 
respect to 0. by (16) and (29) we therefore obtain for the projections on 
the coordinate axes: 

M x ~r B x ~r £ D v co z D x — 0, 

My + Hy + sD x — m*-D v = 0, (III) 

M z — eI z = 0. 


(23) 

(24) 

(25) 

(26) 
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The last of the equations (III) was derived previously from the 
principle of angular momentum (p. 375, formula (I)). From equations (II) 
and (III) we can calculate R and H. 

Let us now assume that the axis is fixed at two points 0 and 0 
Denote the reactions at these points by R' and N, put d 00 , and give 
the 3 -axis the direction 00'. We obtain: 

R x = B' x + W x , R y = R v + = -®* + ■® r *» (30) 

H x = N y d, H v = — N x d, H Z =Q. (31) 

If we determine R and H from (II) and (III), then we can calculate 
from (30) and (31) only the components N x , N v , R’ x , R’ v , and the sum 
N x + K 

Let ns assume that O' is in a frictionless bearing (Fig. 204). Then N 
is perpendicular to the axis of rotation; consequently N e — 0 . 

Therefore, if the point O' is in a Motionless bearing, the reactions 
can be determined. 

Axis of rotation as a central axis of inertia. Under the assumption that 
the centre of gravity lies on the axis of rotation and that the axis of 
rotation is one of the central axes of inertia, we have (p. 164): 

*o = 0, y 0 = 0, D x =0, !>* — 0. 

Hence equations (II) and (III) assume the form: 

S P ix + R m = 0 , SP <# + R y = 0 , + R s = 0 ; (32) 

M m + H m = 0 , M, + H,= 0 , M z —el z = 0 . (33) 

We see from this that under this assumption the reactions do not 
depend on the angular velocity or on the angular acceleration. Therefore 
they are such as if the body were at rest. 

If the forces P l5 P 2 , ... are equal to zero, then from equations (32) 
and (33) we obtain R = 0, H = 0, and 8=0; hence co = const. Since the 
reactions are equipollent to zero, we can assume that the axis l is not 
fixed, i. e. that the axis of rotation is free. 

Conversely, if we assume that no forces act on the body, and there¬ 
fore that P, = 0 , R = 0 , and H = 0, then equations (II) and (III) assume 
t he form; 

— = 0, aj 0 e + = 0, , ■ • 

eD„ -f- = 0, eD x — co z D y = 0, el z =0. 

From the last of the equations (34) e = 0 ; consequently co = const. 
If co = 0 (i. e. when the body is not at rest), we obtain from (34) a ; 0 = 0 , 
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y 0 = 0, and B y = 0 , 1) v = 0. The g-axis (i. e. the axis of rotation) is there¬ 
fore the central axis of inertia. 

Hence we have derived the following property of the central axes 
of inertia: 

If a free rigid body on which no forces act rotates about a fixed axis, 
then this axis is one of the central axes of inertia. s. 


Example 2, A heavy rectangular door OABC (Fig. 290) (where OA and 
O B have a vertically upward sense) can rotate about the vertical axis OA 
which is fixed at the points 0 1 and 0 2 of the side OA, where 00 1 — 
= 0 2 A — d. At the instant { = 0 the door is at rest and a force P of 
constant absolute value P, perpendicular to the door and applied cons¬ 
tantly at the centre D of the side BO, begins to act. Determine the reac¬ 
tions at the points 0 : and 0 2 at the moment t. 

Let us denote the mass of the door by m and the moment of inertia 
with respect to the axis OA by I. Let OA — a and OC = b. Let us assume 
that the force P revolves the door from right to left with respect to the 
axis of rotation, which is directed upwards. 


The moment of the force P with respect 
to the axis of rotation is constant and equal 
to bP. Consequently Is = bP, whence s = 

= bP f I. H the door is homogeneous, then 
by ( 8 ), p. 180 ,1 — Hence 

e = 3P / mb. (35) 

The angular acceleration e = const; 
consequently 

. w = st = 3 Pt f mb. 

The door will therefore rotate with a uniformly accelerated motion. 

We shall now determine the reactions. At the instant t let us take 0 as 
the origin of the coordinate system, giving the axes 3 and x the directions 
OA and OG. Let us denote by R' the reaction at O u by N the reaction at 
0 % , finally by R the sum. and by H the moment, of the reactions with res¬ 
pect to 0. Assuming that there is a bearing at 0 2 (p. 278), we obtain: 

R. = K + By = K + Ny, R, = K; (37) 

H x =R' y d + N v (a — d), H v =—R’J — N x (a — d), E z — 0. (38) 

From equations (II) and (III), p. 379, we obtain R and H, and then 
we calculate R' and N from (37) and (38). 



(36) 
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acting forces Are the weight Q and. the force P. The coordinates of 
the centre of mass S of the door are: a; 0 = \b, y 0 — 0, z 0 -Ja, and 
those of the initial point of the force P :x = b,y = 0,z = \a. Since the 
door lies in the 2 ie-plane, D x = 0. The product of inertia I) v is (p. 17o) 

6 a b 

I) v = ff qxs dx da = f%@a*x dx = i a 2 b-g, 
oo o 

where q denotes the density. Since abg = m,D y = i mab. From equations 
(II) and (III), p. 379, we obtain: 

R x -I- mbw 2 = 0 , — P + R v + \mbs = 0 , — mg + R z = 0 ; ( 39 ) 
— \aP + E x + 1 Mis = 0 , — \mbg + H y — | mahm* = 0 . ( 40 ) 

From equations (39) and (40) we calculate R and H by means 'of (35) 
and (36), and then we determine the reactions R! and N from equations 
(37) and (38). 

Example 3. A heavy rod AO hangs from a horizontal axis and can 
only rotate in a vertical plane about its end 0. The rod is released freely 
from a horizontal position. What is the reaction at O when the rod makes 
an angle q> with the vertical ? 

Let us denote by R the reaction at 0, by Q the weight of the rod, by 
m the mass of the body, and by p 0 the acceleration oi the centre of mass S 
of the rod (Fig. 291). 

From the theorem on the motion of the centre of mass it follows that 

m Po = R + Q (41) 

From this equation one can determine ft if p 0 is known. Let us put 
l — OS and denote hy a and e the angular velocity and the angular 
acceleration of the rod, respectively; then the accelerations: tangential 
p 0i and normal are: 

p 0t = If, and p 9n = lar. 

The angular acceleration is obtained from the equation Ie = M. 

Since the moment of the force of gravity with 
respect to 0 is equal to mgl sin <p, 

e = mgl sin tp f I, (42) 

where I denotes the moment of inertia of the 
rod with respect to 0. 

The angular velocity co is calculated by 
appealing to the principle of equivalence of 
work and kinetic energy (p. 364). The increase 
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in kinetic energy of the rod is equal to the work of the force of gravity. The 
kinetic energy of the rod is E — -J/ft) 2 , and the work of the weight L = 
= mgl cos <p, because the level of the centre of mass was lowered hy 
Ti = l cos 95 . Initially the kinetic energy was equal to zero. Therefore 
Iof- = mgl cos <p, whence 

co 8 = 2 mgl cos 93 / I. (43) 

Let us take the direction OS as the positive direction of the x-axis of 
the coordinate system ( x , y). Forming the projections on the axes x and 2 /, 
we obtain from equations (41): 

— mlar = mg cos <p + R x , — mh — — mg sin <p + R v . 

From (42) and (43) we therefore get: 

R x = — mg cos ^[l + 2ml 2 /1], R v = mg sm<p[l — ml 2 / I]. 

If the rod is homogeneous, then its length is equal to a = 21, and the 
moment of inertia I — iml 2 (p. 179). Consequently: 

R x = — | mg cos g>, R v = \mg sin q>, 

whence 

|R| = \mgj 1 + 99 cos s <p. 

The maximum value of ]R| therefore occurs for cp = 0 and is 

\R\ = I mg. 

Centre of percussion. Let us assume that the axis of rotation z is 
a principal axis of inertia at the point 0 and that the centre of mass lies in 
the 2 / 2 -plane (where y a >0) at a certain instant # 0 (Fig. 292). Consequently: 

£0 = 0 , j/o > 0, D x = 0 , D v = 0 . (44) 

Equations (II) and (III), p. 379, then assume the form: 

SP ij; + R* — my n e = 0, SP ly + R v + my 0 a 2 = 0, 

HP iz + R z = 0 , 

M x -j- H x = 0, if, + .ff, = 0, M„ — eI t = 0. (46) 

Let us assume that the force P, with its point of application at A 
whose coordinates are x , y, z (Fig. 292), suddenly began to act at the 
instant f 0 . As a result of the action of the force P, the reaction R and the 
moment H changed to R -j- R' and H -j- H'; the acceleration e assumed 
the value s + s'; the angular velocity, equal to a> at the instant t 0 , did 
not undergo a sudden change. At the instant when the force P begins 
to act, equations (II) and (III) assume (in view of (44)) the form; 
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P x + S P ix + B X + R' x — nvgjfi + e) = 0, 

P y + XP iy +B„+Ry+ my.oi = 0, (47) 

P z + SP is + R z + R' t = 0, 

M. ,j. -j- M x H x + S x — 0, 

M ; + M v + H „ + p; = o, (48) 

if; + Jf.—(«+ o *. = °. 

where M' denotes the moment of the force P with respect to 0. Comparing 
equations (45) and (46) with (47) and (48), we get: 

P x +R’ s — my 0 s' = 0, Pj, + P' = 0, P* +B Z = 0, 
M' x +H' s = 0, P/; + P; = 0, Jfi —s'/,=0. 



From equations (49) we can determine 
R' and H'. 

Let us assume that P has the direction 
of the x-axis and lies in the x?/-plane. 
Then: 


z = 0, P» = 0, 

K = °> K = °> 


p s = o, 


( 50 ) 


From (49) we obtain: 

H' = 0, (51) 

s' = P x y Il z . (52) 


From (49), (50) and (52) we get: 

K = P m (myy» I h - 1), K = o, p; = o. (53) 

On the y-axis let ns consider a point 0, whose ordinate l is defined by 
the formula 

1=1*! my 0 - ( 54 ^ 

If the direction of the force P passes through O l5 then y = l and hence 
by (53) R x = 0, R' y = 0, and R[ = 0, whence 

R = 0. (55) 


The point O x is called the centre of percussion. 

The centre of percussion lies on the line of intersection of the plane 
II 1 passing through the axis of rotation and the centre of mass, with the 
plane Z7 2 perpendicular to the axis of rotation at the point O. The centre 
of percussion lies in II 1 on the same side of the axis of rotation as the 
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centre of mass. The distance of the centre of percussion from the axis of 
rotation is defined by formula (54). 

If a body is acted upon suddenly by a force whose direction passes 
through the centre of percussion and is perpendicular to the plane passing 
through the axis of rotation and the centre of mass, then the reactions 
supporting the axis of rotation do not change suddenly (the axis does 
not quiver). 

By (53) and (54) we have 

K = P x {y/l- 1). • (56) 

Hence if y > l, then R' and P have the same senses, and if 
y < l, then R and P have opposite senses. 

Let ns assume that in a compound pendulum a certain plane I7 a , per¬ 
pendicular to the axis, passes through the centre of mass S and is a central 
plane. Consequently the axis of rotation is a principal axis of inertia with 
respect to the point 0 in which the axis pierces the plane J7 2 . The line OS is 
the intersection of the plane I7 2 with the plane I7 X , passing through the 
axis of rotation and the centre of mass. The centre of percussion hence lies 
on the line OS at a distance l from O, defined by formula (54), where 
obviously y 0 — OS. Therefore putting OS — d and I, = I, we get l = 
= 11 mi. Comparing with formula (11), p. 376, we see that the centre of 
percussion coincides with the centre of oscillation. 

Let us assume that the pendulum is at rest and that the axis of 
the pendulum lies on two smooth horizontal rods. The plane H 1 (passing 
through the axis and the centre of mass) is therefore vertical. 

If the pendul um is struck at the centre of percussion in a horizontal 
direction perpendicular to JI Xt then the axis will not quiver. 

If it is struck above the centre of percussion, then by (56) a reaction 
having a sense opposite to that of striking is necessary to maintain the 
axis at rest. Since this reaction cannot appear (because the rods on which 
the axis lies are smooth and cannot therefore induce a horizontal reaction), 
the axis will move in the direction of striking. 

On the other hand, it the pendulum is struck below the centre of 
percussion, then the axis will move in the direction opposite to that of 
striking. 

§ 4. Plane motion. Plane motion of a plane figure. Let a material 
figure move in the plane II and let the acting forces P 1: P 2 ,. ■ also lie in 
this plane (Fig. 293). Let us denote by p 0 the acceleration of the centre 
25 
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of mass S of the figure, by m the mass, and by P the sum of the forces. 
Then according to (I), p. 364, 

mp 0 = P. (I) 

Let us further denote by a> the instantaneous angular velocity and 
by J 0 the moment of inertia with respect to the centre of mass. The 
instantaneous motion of the figure can be considered as the composition 
of an advancing motion with a velocity of the centre of mass and a ro¬ 
tating motion with a velocity m about the centre of mass. Since the 
angular momentum of an advancing motion with respect to the centre 
of mass is zero (p. 200 ), the angular momentum K of the instantaneous 
motion with respect to the centre of mass is equal to the angular momen¬ 
tum of the rotating motion. By formula (7), p. 201, we therefore have 

K = la, (1) 

y whence K' — Is, where s = w. Denoting 

by M the moment of the forces with respect 
to the centre of mass, we obtain from (II), 
p. 364, 

Is = if. (II) 

Fig. 293. * Equations (I) and (II) define the 

motion of the material figure in the plane. 

Let us consider a fixed line l in the figure, and denote by cp the angle 
between l and the ar-axis, measured clockwise (Eig. 293). The coordinates 
y a , of the centre of mass and the angle <p define the position of the 
figure. 

Forming projections on the coordinate axes, we obtain from equa¬ 
tion (I): 

mz'o = F x, = p v (I') 

Since cp- — m and cp" = e, by (II) 

If = if. (II') 

From equations (I') and (II') we can determine x a . y 0 , and cp. 

Place motion of a body. Let a body move with a plane motion, i. e. 
let its points move in planes parallel to a certain fixed plane II, called the 
directional plane (p. 312). Let us resolve the forces {P £ } acting on the body 
into the components {P-} parallel to II and into the components {P,-} 
perpendicular to U (Fig. 294). Since the centre of gravity S moves in a 
plane parallel to H, its acceleration p 0 lies in the plane II. By the principle 
of the motion of the centre of mass we have 



Plane motion 


387 


M 


mp 0 = SP< = sp; + S Pi 


and hence after forming projections on the directional plane 


mpo = 


( 2 ) 


Denoting by l the axis perpendicular to IT and passing constantly 
through the center of gravity, by I the moment of inertia, and by K the 
angular momentum with respect to the axis l, we obtain (p. 364) E m = 
= SMom I P < . But the moment of the forces P" with respect to I is zero, 
because Pf || 1 ; consequently 


K’ — EMom;P £ . (3) 

The instantaneous axis of rotation in a 
plane motion is perpendicular to the direc¬ 
tional plane; the axis Z is therefore an instant¬ 
aneous axis of rotation. Since it passes con¬ 
stantly through the centre of mass, K = led 
((7), p. 201), from which K‘ — I or = Ie 
and by (3) 

Is = SMonijPj. (4) 



In the plane II let us consider an arbitrary plane figure F attached 
rigidly to the body: this can be, for example, a section of the body made 
by the plane II or the projection of the body on this plane. The motion 
of the figure F obviously determines the motion of the body. Let us form 
the projections of the forces {P ( j- and the centre of gravity S on the plane 
II. Equations ( 2 ) and (4) define the plane motion of the figure F under the 
assumption that: 

1. the mass of the figure F is equal to the mass of the entire body, 

2 . the centre of gravity of the figure F is the projection of the centre 
of mass of the body, 

3. the moment of inertia of the figure F with respect to S' is equal to 
the moment of inertia I of the body with respect to the axis l (Fig. 294). 

It follows from this that the plane motion of a body wall be deter¬ 
mined if we give the projections of the forces on the directional plane, the 
mass of the body, the projection of its centre of gravity and the moment 
of inertia of the body with respect to a line passing through the centre of 
mass and perpendicular to the directional plane. 
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Example I. A heavy rod AB slides down in a vertical plane with its 
ends resting on two smooth planes: horizontal and vertical (floor and wall). 
Hence the forces acting on the rod are: the weight at the centre of the rod 
and the reactions N , R, perpendicular to the planes. The components N 
and It of the reactions with respect to the axes x 
and y are non-negative (as in (Fig. 295). 

Let us denote by x„, y 0 , the coordinates of the 
centre of mass 8 of the body, by y the angle which 
the rod makes with the coordinate axes, by I 0 the 
moment of inertia with respect to the centre of 
mass, and by 2d the length of. the rod. 

From equations (I') and (IF), p. 386, we obtain: 

mx-Q = N, my’o =—mg + JR, I 0 y = d{N sin p—B cosy). (5) 

In addition to the above equations the following relations hold: 

a ; 0 = cos y, y 0 = d sin y. (5') 

From equations (5) and (5') we can obtain a differential equation 
deter minin g cp as a function of the time t. We shall obtain this equation 
by applying the principle of equivalence of work and kinetic energj r . 

The forces R and N do no work; only the force of gravity does work. 
Let us note that the velocities of the points A and B have the directions 
of the axes y and x. Consequently the instantaneous centre of rotation 0 
is the point of intersection of the lines perpendicular to the axes x and y 
at the points B and A (p. 326). The moment of inertia with respect to O is 
(cf. (I), p. 159) 

I = /„ + md\ (6) 

and hence I has a constant value. The kinetic energy E is therefore 
expressed by the formula E = la? = \Bf 2 . 

If <p = y 0 initially, then the work of the force of gravity is L = 
= mgd(sin y 0 — sin cp). Consequently, under the assumption that y = 0 
initially, we obtain 

-II(f 2 = mgd {sin y 0 — sin cp). (7) 

The solution of equation (7) requires a knowledge of the theory of 
elliptic functions, nevertheless, we can determine the reactions N and R 
without solving the equation if we know cp. With this in view, differentia¬ 
ting equation (7), we obtain fyy = — mgdcp * cos cp, whence 

ly = —mgd cos cp. 



(8) 
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By (5') we have after differentiating: 

z‘ 0 ' = — dep 2 cosy — dy siny, y ' a * = — dy ' 2 siny -f- dy cos y. (9) 

From equations (5) we obtain: 

N = my, JR = rnyp -J- mg. (10) 

From equations (7) and ( 8 ) we can determine y and y. From 
equations (9) we then obtain y and y a \ whence by (10) we get the re¬ 
actions R and N. 

Let us calculate the value of the reaction N = jNj. In virtue of (7), 
( 8 ), and (9), 

, 2 mml(siny„ — siny) , 7 . mgd cos® 

x'o = — d cos cp —A-A - Y - - + i Bm y 

hence by ( 10 ) 

, T m?qd 2 cosy „ . ,,,, 

N — mxo =—- j -— (3 sm y — 2siny Q ). (11) 

Since N must be a non-negative number, 

3 sin y — 2 sin y 0 2> 0. (12) 

The point A will therefore slide down along the vertical wall as long 
as the angle y satisfies the inequality ( 12 ). The moment the angle y 
reaches the value y x satisfying the equation 

3 siny! — 2siny 0 =0, (13) 

the point A will stop sliding along the vertical wall,, since the reaction N 
would then have to become negative, i. e. the wall would have to attract 
the point A. At that moment, therefore, the rod will fall away from the 
vertical wall. 

Let h 0 denote the initial height of the point A, and h x the height of 
this point at the moment it falls away from the vertical wall. Since 
Ji 0 = 2d sin y 0 and h x = 2d sin cp,, it follows by (13) that 

K = iK (14) 

Consequently the point A will fall away at | of its initial height. After 
falling away from the wall the motion of the rod will be defined by 
equations ( 5 ) under the assumption that N = 0 and y 0 = d sin cp. 

Example 2. A cylinder of revolution moves down a perfectly rough 
in clin ed plane; it will therefore roll. The instantaneous motion of the 
cylinder will hence be a rotation about a generatrix along which the 
cylinder is in contact with the plane. Let us assume that this generatrix 
is horizontal. 
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The friction does no work because the points of application of the 
friction (i. e. the points of contact of the cylinder and the plane) have 
a zero velocity (p. 210 ). The only force doing work is the weight of the 
cylinder. 

Let us denote by I the moment of inertia of the cylinder with respect 
to the generatrix, and by co the angular velocity of rolling at the instant t. 
The kinetic energy is consequently 



E = (15) 

Further, let to denote the mass of the cylin¬ 
der, h the height of the centre of mass at the in¬ 
stant i, and h <, its height at the instant t 0 (Fig. 
296). The work of the force of gravity from t 0 to t 
is therefore 

L = TOg(A 0 — h). (16) 


Assuming that the initial angular velocity was co 0 at the instant f 0 , we 
obtain from (15) and (16) by the principle of the equivalence of work and 
kinetic energy 

ilm 1 — iZ&)o = m d( h o — h)> (17) 

from which we can determine co. 

Finally, let s denote the path traversed by the centre of mass from 
the initial instant t 0 to the instant t. Let us assume that the centre of mass 
lies on the axis of the cylinder, and let x he the angle made by the inclined 
plane with the horizontal. Then 

h B — h = 8sixux. (18) 

Since the velocity of the centre of mass S at the instant t is v = s w = 
— rco (where r is the radius of the cylinder), and at the initial instant t 0 
it was v 0 = S 6 — reo 0 > by (17) and. (18) we obtain 

Is ' 2 j 2 r 2 — Is 5 2 / 2 r* = mgs sin x, (19) 

whence, differentiating with respect to t, we get Is's" /r a = mgs' sin «. 
Consequently 

<p = s - — mgr 2 sinot / 1. ( 20 ) 

The centre of mass will therefore fall with a uniformly accelerated 
motion. 

The moment of inertia of a solid cylinder (of constant density) with 
respect to a generatrix is (p. 183, formula (23)) I — Hence by ( 20 ) 
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p = ig siiiK. The centre of mass will therefore fall with an acceleration 
smaller than that for a free point, for which p = g since (p. 122 ). 

The moment of inertia of a hollow cylinder (e. g. of apipe) with respect 
to the axis is mr a , and with respect to a generatrix it is I = 2mr a . Hence 
by ( 6 ) V — iff sin a. A solid cylinder will therefore fall faster than a hollow 
one. 

If the initial velocity was co 0 = 0, then the centre of mass traverses 
a path s in the time 

t — ]/ 2 s I p = }' 2 si j mgr 2 sinx. ( 21 ) 

Formula (21) can be used to determine the moment of inertia I 
experimentally. 

Let us denote by T the sum of the frictional forces, by N the sum of 
the normal reactions, by Q the weight, and by p (as above) the accele¬ 
ration of the centre of mass of the cylinder. From the theorem on the 
motion of the centre of mass we have mp = T -f- N + Q. Since p, N, and Q, 
are perpendicular to the axis of the cylinder, T is also perpendicular to the 
axis of the cylinder. Forming projections on the inclined plane and on the 
normal to the inclined plane (and putting T = |T[ and N = |N j), we obtain: 

mp = — T -j- mg sina, 0 = N ■— mg cosx, 
whence by ( 20 ): 

T — mg sin»(l — mr 2 / I), A T = mg cos«. 


Example 3. A circle moves in a vertical plane U, always remaining 
tang ent to a horizontal line l (Fig. 297). At t = 0 the instantaneous 
motion of the circle was a rotation about the centre of the circle with 
an angular velocity co 0 . Determine the motion of the circle taking friction 
into consideration. 

Let us take the line l as the a;-axis and give to the y-axis a sense 
vertically upwards. Let us assume that the centre of the circle $ is at the 
same time the centre of mass. Let us denote by r, to, and I, the radius, the 
mass, and the moment of inertia, of the circle with 
respect to S, by x 0> y 0 , the coordinates of the 
centre of the circle, by co and e the angular velo¬ 
city and the angular acceleration of the centre 
S, finally by T and N the components (with 
respect to the axes x and y) of the friction T and 
of the normal reaction N, acting at the point of 
tangencyA. From equations (I) and (II), p. 386, 
we get: 



Fig. 297. 
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mx „ = T, my e * = N — mg, Is = — Tr. (22) 

Sine© y 0 — r constantly, y 0 ' = 0, whence by (22) 

N = mg. (23) 

Let v be the component (with respect to the ai-axis) of the velocity v 
of the point A. Since the instantaneous motion of the circle at the time t is 
a composition of the advancing motion of the centre of mass with a velo¬ 
city Xg and a rotation about the centre of mass with an angular velocity co, 

v = x‘ 0 — rco, (24) 

whence by differentiation 

v = Xg — re. (25) 

By (22) we have ay = T j m and s = — Tr j I, from which by sub¬ 
stitution in equation (25) 

v = (1 / m r % j I) T. (26) 

If v 4= 0, then T has a sense opposite to that of v (p. 367); conse¬ 
quently vT <L 0; whereas if v = 0, then vT = 0. Hence we always have 
vT <1 0. Therefore, multiplying both sides of the equation (26) by v, we 
obtain w = (1 f m -\-r* } I) Tv, consequently 

to- 0. (27) 

But 2w is the derivative of v 2 ; hence by (27) the derivative of v 2 is 
not positive, and consequently t> 2 is a non-increasing function. If, therefore, 
at a certain instant t 1 the value of v reaches 0, then from this instant on 
v = 0 constantly, i. e. from this instant on the circle will roll along the 
line l. 

Let us first examine the motion of the circle from the time t = 0 to 
t — 4- Li this interval of time n 4=0; hence T — yN, where y denotes the 
coefficient of friction (p. 367). Taking the sense of the rotation as in the 
figure, we have T > 0; hence according to (23) T — jxmg, whence by 
substitution in (22) 

= m s = — ymrg / I. (28) 

Integrating equations (28) and making use of the conditions Xq = 0 
and a> = ca g at t — 0, we obtain: 

x' a = figt, a — © 0 — ymgrt j I (29) 

By (24) we have 

v = figt( 1 + mr- /I) — rco Q ; 

hence v — 0 occurs at the instant 


(30) 
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_ rco Q _ 

1 Ml+tn^/iy [ } 

Since, as we have shown, we shall have v = 0 constantly from the 
moment 4 on, v = 0, and consequently for t j> 4 in virtue of (26) T — 0 
constantly, or by (22) x 0 = 0 and s = 0. 

Therefore for t > 4 the circle will roll with a constant angular 
velocity co 1 and the centre of mass will move with a uniform motion with 
a velocity v 0 = rco x . 

From formulae (29) and (31) we get 

=<»<>/ (1 + mxr*- J I). (32) 

From the instant 4 on the kinetic energy is E t = const. Since E x is 
.equal to the sum of the kinetic energies of the advancing motion with the 
velocity of the centre of mass v 0 = rco 1 and of the rotational motion, 

14 = \m,r 2 co\ + ilml = JZ©® / (1 -f- mr 2 j I). (33) 

E a = \Im 0 at t = 0; consequently 

E 1 = E 0 f{l + mr*fl). (34) 

§ S. Angular momentum. Let 0 be an arbitrary point of a moving 
body. The instantaneous motion of the body is the composition, of an 
instantaneous advancing motion with a velocity u of the point.. 0 and a 
rotation with an angular velocity to about an axis passing through 0. 

Let us divide the body into small pieces and replace each of them by 
a material point of the same mass. We shall obtain a system of points 
A x , ..., of masses m 1 , m 3 , ... At a given moment t let us choose an 
arbitrary system of coordinates (|, r), £) whose origin is at O. Let us denote 
the coordinates of the points A x , _4 2 , ..., by t] x , ( 4 , ; 2 , i] 2 , C 2 > - 

The velocity of the point A t can he represented in the form (Fig. 298) 

Vi = u A w i; (1) 

where w { is the velocity of the instantaneous 
rotation. By (V), p. 46, we have 

'^iCOy, Wlyj .gV 

lV iC = ZiCOy - 7](0 £ . 

Let Kf he the moment with respect to O of 
the momentum wiy* of the point A u i. e. K,- = 

= Mom 0 (m,-v t ). By (II), p. 18, the projection 
of Ei on the |-axis is K ig = — Vttflt), 

whence by (1) and (2) 
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K ig — + CfCt> f — fjOJf) £< — («c + 

i. e. 

' Z i£ = «, £ OTi(Cf + 4) — 0>n m ^' ~~ + u n m 4i — u C m iVi- 

Since the angular momentum with respect to the point 0 is K = HK { , 

K g = cu £ Smi(?f + 4) — co v 'Sm i £ i rj i -—■ ®t 

— m £ 'Em pi t . 

As the body is subdivided into smaller and smaller pieces the sums 
appearing in the last formula will tend respectively to: 

I s , D ( , D v mC o, mt] 0 , 

where in denotes the mass of the body, and £ 0 , y 0 , £ 0 , the coordinates of the 
centre of mass. We therefore obtain (after carrying out a similar calcula¬ 
tion for the projections K n and K c ): 

K g = <w £ /j — — m cD’i + m (£o u n — Vo u z), 

Ky = co,I, — — a)j+ m(i Q u g — (I) 

Kg — cogig — + m(rj 0 Ug —■ 

Angular momentum with respect to the centre of mass of a body or 
with respect to its fixed point. If 0 is the centre of mass, then £„ = 0, 
s ?0 =0, to = 0. On the other hand, if 0 is fixed, then u i — 0, m, = 0, 
Ur — 0. In both cases we have by (I): 

K g — fi>jl £ — oo n Dg — <®cAji 

K, = — a> c D e — <u £ D c , • (II) 

= ®£^t — “A — ®r°J- 

In particular, if the axes of the coordinate system are principal axes 
of inertia at the point 0, then D g — 0, D,, = 0, Dg = 0, and consequently: 

K g = oy gl £ , (111) 

Prom formulae (III) it follows that we can determine the angular 
momentum if we know the instantaneous angular velocity and conversely. 

The directions of the angular momentum and the angular velocity are 
in general different. The scalar product K • to is by (III) 

K ■ ta — K^cog + Ky(u n + = C> 

consequently if w ±0, then Kia >0. 

Therefore: the angular momentum forms an acute angle with the angular 
velocity vector. 

We shall now prove the following 
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Theorem . If the angular momentum K or the angular velocity vector cn 
have the direction of one of the 'principal axes of inertia , then the angular 
momentum and the angular velocity have the same direction and conversely. 

Proof. Let us take as the f-axis that principal axis of inertia whose 
direction is the direction of the angular momentum K. Then K v = 0 and 
= 0, whence by (III) a> v — 0 and cog = 0. Therefore the vector to has 
the direction of the f-axis, i. e. of the angular momentum 

The proof is carried out in a similar manner if to has the direction of 
one of the principal axes of inertia. 

Conversely, if K and to have the same direction, we take this direction 
as the direction of the l-axis. Then w ( = 0 and mg = 0, as well as K v = 0 
and Kg = 0, whence by (II) K ( = I i a> £ , 0 = — anDj, and 0 = —- aqZ> ? , 
and hence I>,~ = 0, D,, = 0. The f-axis is therefore a principal axis of 
inertia, q. e. d. 

If the point 0 is a spherical point, i. e. if I £ = I v = / f , then, denoting 
the moments of inertia by I, we have by (III) K £ — Im { , K, f = Im n , 
Kg = Ia)g, whence 

K = lut. (3) 


Therefore: if the centre of mass (or a fixed point of a body) is a spherical 
point, then the angular momentum constantly has the direction and sense of 
the angular velocity. 


Derivative of the angular momentum. Let K be the angular momen¬ 
tum of a body with respect to an arbitrary point 0 of this body and let 
(x, y, z) be a fixed system of coordinates with its origin at O', and (£, ij, £) 
an arbitrary moving system of coordinates with its origin at O (Pig. 299). 
Let us denote by u the velocity of the point O, and by to' the instan¬ 
taneous angular velocity of the system (£, y, £). Let us draw a vector 
OA = K from the point O. Putting O'O— r and O'A = p, we obtain 
p = r + K, whence K = p — r. Calculating the derivative, we obtain 
K' = p- — r. But r = u, and p- is equal to the absolute velocity v a of 
the point A with respect to the fixed system 
O'ix, y, z). Consequently 


K* 


( 4 ) 


Let v r he the relative velocity of the point 
A with respect to the system (f, p, £), and v ; 
the velocity of transport. Hence (p. 57) 

v a = v r + V t> ( 5 ) 

whence by (4) 
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K' = v, + (v t — U). (0) 

Tn the system (£, rj, £) the point A has the coordinates Z g, K v Z t . 
Consequently 

«r £ = K \> % = K % = K ? ' ' < ? ) 

The instantaneous motion of the system {£, rj, C) is the composition 
of an advancing motion with a velocity u of the point 0 and a rotation 
with an ins tantaneous angular velocity w' about an axis passing through 0. 

Hence (p. 62) _ 

v t = u + OA X w' = u+ K x w'. (8) 

Taking 

w=Kx w' (9) 

we therefore obtain by (8) and (6) 

fC — v r + w. (1°) 

From (9) we get: 

wg — — Zjto', w, = Kgco' s — Kccog, w z = Zjco^ an- (11) 

Let us denote the projections of the vector K on the axes S,r], and f, 
by (K m ) s , ( K‘) v and ( K') c . From (10) in virtue of (7) and (11) we obtain: 

(K') £ = XI + E v oj' £ — Z, : co', (K‘), = Z, + Kgco f — Kgco c , /jm 
(K‘)j = K £ + Kg<x> v Z,a> f . 

Formulae (IV) determine the projections of the derivative of the 
angular momentum K' with respect to 0 on the axes £, rj, £ of the moving 
system in terms 1° of the projections K g, K v , K g, of the angular momentum 
K on these axes, 2 D of the derivatives Zj, K' n , Zj, of the projections K ( , 
K^, Kg, and 3° of the projections a>' s , m' n , coj, of the instantaneous velocity 
of the system (f, j j, £) —but not of the body! — on the axes of this system. 

One should note the difference between the symbols (K‘)f and K'g. The value 
of the first symbol is obtained by first calculating the derivative and then forming 
the projection on the £-axis; whereas the value of the second symbol is obtained, 
conversely, by projecting first the vector K on the f-axis and then calculating 
the derivative of the projection. As formula (XV) indicates, in general (K )g 4= Z j. 

Let us assume that 0 is a fixed point or the centre of mass and that 
the axes £, rj, £ constantly have the directions of the principal axes of 
inertia of the body at the point- 0. In this case the instantaneous an¬ 
gular velocity w of the body is equal to the instantaneous angular velo¬ 
city of the coordinate system (£, rj, £): 

w = w'. 


( 12 ) 
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Since by (III), p. 394, 

Zg IgCOg, Z^ IyCQy, Kg — IgiOg, (13) 

as I £ , I,, Ij, are fixed, we get: 

Z ?; IyO}^, Kg -- - I gtOg, ( 14 ) 

Substituting the values from (12)—(14) in (IV), we obtain: 

( K ’)f = I i m l + (I, — Ic) m v mg, (K*), = I v m' n + (7 C — I g ) m ( mg, 

(K)g = Igco'g + (I s — I v )cogc» r 

Formulae (V) refer to a system of coordinates whose origin is the 
centre of mass or a fixed point of a body and whose axes constantly have 
the directions of the principal axes of inertia. 

§ 6. Euler’s equations. We shall now consider the motion a body 
acted on by forces executes if it has one fixed point 0, and is therefore 
only capable of rotating about this point. For it is to this case that we can 
reduce the investigation of the motion of a rigid body under the influence 
of forces in the most general case. 

Let K be the angular momentum and M the total moment of the for¬ 
ces with respect to 0. Then according to the principle of angular momen¬ 
tum (II), p. 364, 

K’ = M. ( 1 ) 

Let us note that M does not depend on a force applied at 0, because 
its moment with respect to 0 is zero. 

Let us choose two coordinate systems having the origin 0: a fixed 
system ( x , y, z) and a moving system (£, rj, £) whose axes are the principal 
axes of inertia with respect to 0. Let A, B, G, denote the moments of 
inertia of the body with respect to the principal axes of inertia (i. e. to 
the axes £, rj, £), and let to denote the instantaneous angular velocity of 
the body. By (1) aud (V) we get: 

Acog -}- (Z — G ) (QyOjg == AL g, 

Bm' n 4- (C — A) (jjgco g = AL, t , (I) 

Cm* 4~ {A — Z) cogojy = ELg. 

Equations (I) are called Euler’s equations. 

Equations (I) serve to determine o> £) co v , mg, as functions of the time t. 
Knowing mg, co v , m £ , we can define the position of the moving system 
(f, rj, £) and hence also the position of the body by means of Euler’s 
angles #, <p, ip (p. 354), calculated from the differential equations (II), 
p. 356. In this manner, by means of Euler’s equations (I) and equations 
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(II), p. 356, we can determine the motion of the body. The solution of 
these equations presents many difficulties and not always can it be car¬ 
ried out. However, we shall meet with some cases in which these solutions 
can be obtained. The most important of these is the case when no forces 
except the reaction at the point 0 act on the body . 

Tf we know the motion of the body, then we can calculate the re¬ 
action R applied at 0. For let us denote by P the sum of the acting forces, 
by m the mass of the body, and by po the acceleration of the centre of 
mass. By the theorem on the motion of the centre of mass ((I), p. 364), we 
hence have mp 0 — P + R, whence 

R = mp 0 — P. (2) 

Remark 1. Euler’s equations (I) also hold when the point 0 is not 
a fixed point, but the centre of mass of the body, for then the theorem 
concerning the angular momentum K' — M (p. 364) holds, and the for¬ 
mulae (H), p. 356, are true for any point 0. 

Remark 2. Making use of formulae (IV), p. 396, we can give 
equations which are more general than Euler’s equations. 

Let 0 be a fixed pointor the centre of mass, and (f, r], f) an arbitrary 
system of coordinates with origin at 0 and having an instantaneous an¬ 
gular velocity to'. Since K' — M, by formulae (IV), p. 396, we obtain: 

S' t + K,a,' e — E e ^ = M {) 

K; + Ks4-K e m c = M v , (II) 

K- c + K^~K v0) ' e ^M c . 

Motion of an unconstrained rigid body. Let us take the centre of mass 8 of 
a body as the origin of the coordinate system ( x , y, z), moving with an 
advancing motion relative to an inertial frame. The motion of the body in 
space will be defined if we determine the motion of the centre of mass 
jS and the motion of the body relative to 8, i. e. relative to the system ( x , 

y, A- 

The motion of the centre of mass can be obtained from equations 
(I), p. 364. 

On the other hand, in order to determine the motion of the body 
relative to the system (x , y, s), we can assume that this system is at rest 
(p. 135) and that in addition to the forces acting on the body, only the 
forces of transport act on it (because the forces of Coriolis are zero (p. 136)). 
The acceleration of transport is equal to the acceleration p a of the centre 
of mass and is common to all the points of the body (p. 60). If we consider 
the body as a system of material points m 1} m 2 ,..., then the forces of 
transport are — m,p 0t — m 2 f> 0 , ... The forces of transport are therefore 


m 
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proportional to the masses and have the same directions as well as senses. 
Consequently (p. 239) the forces of transport have a resultant R whose 
origin is at the centre of mass: 

R = — mi p 0 — m s p 0 —... = — mp 0 , 

where m denotes the mass of the body. Denoting the sum of the acting 
forces by P, we obtain from the theorem on the motion of the centre of 
mass mp a = P, whence R = — P. 

Since the centre of mass 8 is fixed relative to the system (a;, y, z), and 
the force of transport has its origin at 8, the motion of the body relative to 
the centre of mass (and consequently also relative to the system (*, y, z)) is 
such as if the centre of mass were fixed and the body were acted uym by the 
same forces. 

The motion of a body relative to the centre of mass is therefore in¬ 
dependent of the motion of the centre of mass itself and we can determine 
it by means of Euler’s equations. 

We see from this that the investigation of the motion of a body in 
the most general ease does indeed reduce to the investigation of the 
motion of the centre of mass and the rotation of the body about a fixed 
point. 

§ 7. Rotation of a body about a point under the action of no forces. 

Let us assume that no forces act on a rigid body having a fixed point O. 
In this case the moment of the forces is M — 0; hence Euler’s equations 
(I), p. 397, assume the form: 

Aa>: + (B — G ) co,os e = 0, + (0 — A) a c co s — 0, 

Ca)j + (A B) =0. ' 

Equations (I') also hold under the assumption alone that M = 0 
constantly, i. e. that the forces acting on the body have a resultant whose 
direction constantly passes through the point O. It follows from this that 
equations (I') also apply to the motion of a heavy rigid body having a 
fixed centre of gravity when no forces other than gravity act on the 
body. 

The solution of equations (I') in the general case requires a knowledge 
of the theory of elliptic functions. Here we shall give the solutions of those 
equations only in the cases when the ellipsoid of inertia with respect to O 
is a sphere or an ellipsoid of revolution, i. e. when all three or at least two 
of the numbers A, B, 0, are equal. 

At present we shall deduce certain general propositions from equa¬ 
tions (I'). 
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Angular momentum and kinetic energy. Since M — 0, from the 
theorem concerning angular momentum it follows.that the angular mo¬ 
mentum K is a constant vector. 

Since JK|* = K] + K 2 n + by (III), p. 394, we get, putting I s = 
= A, I, = B, and I c = C, 

|K|* = A*(4 + B 2 w; + C 2 a> 2 = const. (1) 

Let us multiply both sides of Euler’s equations by o> £ , ox v , ox^, and add. 
We obtain -j- Bcofcoy + Co);o;<£ = 0, which can be written in the 

form ^ H-dcol + Bu>n 4"' Oco}) = 0, whence 

Am 2 + + Cft) t = COnst ‘ ( 2 ) 

In order to give equation (2) a meaning, let us consider the angles 
«, Pi 7, which to makes with the axes £, rj, f. We therefore have co £ = 
= Jcoj cos a, co n = |to| cos/5, ca c — jto| cosy, whence 

+ Bax i* + Oai\ = (A cos% + B cos 3 /! + 0 cos 2 y) jco| 2 . (3) 

Let I be the moment of inertia of a body with respect to the instant¬ 
aneous axis of rotation. In virtue of formula (I), p. 162, I = A cos 2 « + 
-f B cos 2 /? + 0 cosV, and consequently by (3) the left side of (2) is equal 
to /jtoj 2 . Now,since the kinetic energy of the body is E — | 2 (p. 364), 

2 E = Aa>\ + Bw? + <7«f = const. (4) 

From this it is apparent, that equation (2) expresses the-fact that 
the kinetic energy of the body is constant. 

By (III), p. 394, we further have Kco — Am | -j- Bo:, 2 -)- C'a>j, whence, 
by (4), Kco = const. Since K«o — jKj Proj K w and according to (1) jK| = 
= const, Proj K w = const. 

Therefore: the projection of the instantaneous angular velocity on-the 
direction of the angular momentum is constant. 

Let us suppose that the direction of the angular momentum at f == 0 
was the same as the direction of the instantaneous angular velocity. There¬ 
fore K and to had (p. 394) the direction of one of the principal axes of iner¬ 
tia, e. g. the C-axis. Consequently at t — 0: 

co £ =0, = 0 and a> £ = a>“, (5) 

where ax° denotes the projection of w on the £-axis at t = 0. 

Euler’s equations (I') are differential equations of the first order. 
From the theory of differential equations it is known that there exists 
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only one solution satisfying the conditions (6) at t = 0. This unique solu¬ 
tion is 

— const = 0, = const = 0, o>£ = const = to®, 

because it satisfies the conditions (5)forf = 0, and, as it is easily verified., 
Euler’s equations (I'). The vector co therefore has a constant magnitude 
and it always has the direction of the principal axis of inertia f; con¬ 
sequently (p. 394) co likewise has the direction of the angular momentum K. 
And, since the angular momentum K maintains a constant direction in 
space, the direction of the vector co is also constant. 

Therefore: if the instantaneous angular velocity initially has the. di¬ 
rection of a principal axis of inertia, then (under the assumption that the 
moment of the forces with respect to a fixed point is zero) the motion of the 
body is a rotation about a fixed axis with a constant angular velocity. 

Rotation about a spherical point. Let us assume that the point 0 is 
a spherical point, i. e. that A — B = G. Euler’s equations (I') then assume 
the form m\ = 0 , co' v = 0, = 0, i. e. 

o> £ = Ci, co,j = c 2 , = c 3 . (II') 

It follows from this that the angular velocity is constant in magni¬ 
tude. The pointOisby hypothesis a sphericalpoint; therefore by (3), p.395 
(putting I — A), we have K = Aux, and consequently the instantaneous 
axis of rotation has the direction of the angular momentum; and because 
K is a constant vector, the instantaneous axis of rotation has a constant 
direction in space. In view of this the body rotates about a fixed axis with 
a constant angular velocity. 

Therefore: if the point 0 is a spherical point (i. e. if A = B — O), then 
the motion of a body under the action of forces whose moment with respect to O 
is zero, is a rotation about a fixed axis with a constant angular velocity. 


Rotation about a point whose ellipsoid of inertia is an ellipsoid of 
revolution. Let us assume that A = B, i. e. that the ellipsoid of inertia 
with respect to the point is one of revolution. This case occurs if the body 
possesses e. g. an axis of symmetry passing through O. Euler’s equations 
(I') then assume the form: 


CO| 


O 


qct), = 0, 


■ C 


cohost =0, o>j = 0. (II") 


f6) 


26 


The third of the equations (II") gives 
cu e = c = const. 
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From equation (4), putting A = B, we obtain 
A(<4 + 09®) + Oa>\ = const; 

hence in virtue of (6) we have 

m\ + to® = cf = const. (V) 

Since ]wj s = cog + cof + (of, by (®) und (/) 

]u>| 2 = c 2 -f o? = const. (8) 

Hence: the instantaneous angular vebcity is constant in magnitude. 

Let ug set 

AzzR m . = h. (9) 

A 1 

Since m z = const in view of (6), A = const and the first two 
equations (II') assume the form: 

coj + hm n = 0 , — hco e = 0 . ( 10 ) 

Let h 4 = 0. Differentiating the first of the equations (10), we get 
m - +to-=0ora>; = - cog j h, whence by substituting in the second of 
the equations (10) we obtain after multiplying by h 

a' t ‘ + h 2 a>£ — 0 . ( 11 ) 

The general solution of equation (11) has the form 

oig = a sin ht + b cos lit, (12) 

where a and b are arbitrary constants. The first of the equations (10) gives 
w, = — or. j A, whence by (12) 

o>, = —a cos ht + b sin ht. (13) 

Equations (6), (12), and (13), represent the general solution of 
Euler’s equations (II") also when A = 0. The solution contains three arbi¬ 
trary constants a, b , c, which are determined from the initial conditions. 

Determination of Euler’s angles. We shall now consider the deter¬ 
mination of Euler’s angles by means of equations (6), (12), and (13), and 
equations (II), p. 356. 

Sinee the angular momentum K is a constant vector, we can take the 
direction of the angular momentum as the direction of the z-axis. The 
projection of the angular momentum on the f-axis is JTj = jJCj cos it. On 
the other hand (putting = C) we have by (III), p. 394, Kr = Cmf, 
therefore JfCj cos# = Ga>^, whence 

cos# = (7cof / ]K| 


(14) 
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Since |K| = const and coj = const, 


# = # 0 = const. (15) 

If # 0 = 0 or # 0 = n, then the angular momentum K constantly has 
the direction of the axis of inertia £; consequently accor ding to the 
theorem given on p. 395 the instantaneous angular velocity has the direc¬ 
tion of the angular momentum. Similarly, if # 0 = %n, then by (14) a £ = 0 ; 
hence ((III), p- 394) = Heoj, K v = Aco v , K £ = 0 , whence K = iw; 

therefore the angular momentum has the direction of the instantaneous 
angular velocity. From the theorem given on p. 395 we conclude, 
therefore, that if # 0 = 0 or n or then the motion of a body is a rotation 
about a fixed axis with a constant angular velocity. 

Let us now assume that # 0 4 = 0 , # 0 4 = n, and # 0 4= \tz. Sinee # = 
= #0 = const, the f-axis describes a cone of revolution whose axis is the 
z-axis. Substituting the values co s and co, from equations ( 12 ) and (13) 
in equations (II), p. 356, we obtain (because #• = 0 ): 

a sin(A7 — 93 ) -}- b eos(7jf — <p) = 0, (16) 

yj- = [a cos(M — cp) — b sin(A7 — 93 )] / sin# 0 , (17) 

cp‘ = cof — [ft cos {ht — cp) — b sin(7j# — 93 )] cos#„. (18) 

Were a = 0 and 6 = 0, then by ( 12 ) and (13) we should have coj = 0 
and oj v = 0 ; hence to would have the direction of the axis of inertia and 
consequently of the angular momentum K (in virtue of the theorem on 
p. 395). The £-axis would therefore have the direction of the z-axis and # 0 
would he zero or 71 , contrary to hypothesis. One of the numbers a and 6 
is therefore different from zero, whence by (16) ht — cp = const. 

Let 93 = q> 0 for 7=0. Consequently ht — 93 = — 93 0 , i. e. 

V = ht -f- 93 0 . (19) 

Substituting this value of 93 in (17) and (18), we get: 

ip" = (ft COS 930 + 6 snupo) / sin# 0 , ( 20 ) 

h — ojf- —(ft aos<p 0 + 6 suup,,) cot# 0 . ( 21 ) 

Since # 0 4= 0 , # 0 4= si, and # 0 4= from ( 21 ) we obtain a cos cp a + 
+ 6 sin 99 0 = (co£— h) tan# 0 , whence by ( 20 ) 

yr = (coj — A)/cos# 0 . (22) 


Substituting in equations (19) and ( 22 ) the value of h from equation 
(9), we obtain together with equation (15): 


r = 


A — C 


O 


A cos # 0 


#■ = 0 . 


(23) 
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integrating equations (23) and assuming that <p = <p 0 , ip = ip 0! and 
# = # 0 , for t = 0, we get: 

“><*+?<» y ,== A^¥ 0 oict + n ’ & = K (24) 

Since according to (6) co £ = const, from (23) it follows that <p = 
= const and ip' = const. 

Consequently: the motion of a body is the composition of two rotations, 
one of which is about the fixed axis t, in the body, and the other about the 
fixed axis z in space. The angular velocity of both rotations is constant. 

Such a motion was called a steady precession (p. 356). The relation 
between the two angular velocities is according to (23) 

f l y>- = (A — C) cos / C. (25) 

We have therefore proved the 

Theorem, If the ellipsoid of inertia at the point 0 is an ellipsoid of 
revolution, then the motion of the body is either a rotation about a fixed axis 
with a constant angular velocity or it is a steady precession. 


Rotation of a body about a point in the general case. We shall now 
make certain remarks concerning a body which rotates about a point 0, 
under the assumption that the moment of the forces with respect to the 
point O is zero. 

Let us retain the notations used up to the present. The axes y, £, 
have the directions of the principal axes of inertia at the point 0, and 
lienee the equation of the ellipsoid of inertia with respect to 0 has in 
the system (f, y, £) the form (formula (8), p. 164) A£ 2 -j- Brf + Gt 2 = c 2 , 
where c is an arbitrary constant. Since the kinetic energy E is constant, we 

can assume c 2 = 2 E. Hence the ellipsoid of 
inertia will have the equation 

A& +By 2 + Cf 2 = 2 E. (26) 

Let us denote by G the terminus of 
the angular velocity vector w (Fig. 300).. 
The point G consequently has the coordi¬ 
nates coj, (o v and «j £ . By formula (4), p. 
400, the coordinates of the point G satisfy 
equation (26). It follows from this that the 
terminus of the vector w lies on the ellipsoid 
of inertia (26). 
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The equation of the plane 17, tangent to the ellipsoid (26) at the 
point G, has the form 

Aco^ -f- Bvcgy + Cw^ = IE. (27) 

Since by (HI), p. 394, the angular momentum K has the projections 
Eg = Aw s , K n = Bm n , and TTj = Choj, on the axes y, £, the angular 
momentum K is perpendicular to the plane II. The distance of the plane 
77from the point O is d = 2 EjjA^oyf -f- IPco^ + consequently by 

(1), p. 400, 

d = 2E / \K\ — const. (28) 

The distance of the plane II from the point O is therefore constant. 
Moreover, since the plane II is constantly perpendicular to the fixed 
vector K, 77 is a fixed plane in space. 

The ellipsoid of inertia is constantly tangent to the plane 77. The 
instantaneous motion of the body is an instantaneous rotation with an 
angular velocity to, while G is the terminus of the vector to, and conse¬ 
quently the velocity of the point G is zero. It follows from this that the 
ellipsoid of inertia rolls on the plane 77. 

We shall now consider the question, what positions can the vector to 
assume in the body, i. e. what curve does the point G describe on the 
ellipsoid of inertia. 

Let us denote the coordinates of the point G by £, y, £. Consequently 
£ = coj, y = a>y, and £ — o> £ . Hence by (1), p. 400, we have 

A 2 e~ + Bhf + G 2 G = K\ (29) 

where K = |Kj, The coordinates of the point G also satisfy equation (26) 
of the ellipsoid of inertia. Multiplying both sides of equation (26) by K-, 
and of equation (29) by 2E, and subtracting, we obtain 

{AK 2 — 2EA 2 ) + (BE* — 2 EB 2 ) y 2 + (GK 2 — 2 EC 2 ) £ a = 0. (30) 

Equation (30) is the equation of a cone with its vertex at O. The 
point G therefore describes a curve which is the intersection of the ellip¬ 
soid of inertia (26) and the cone (30). These curves are closed and (in gene¬ 
ral) of the fourth degree. In particular, the cone (30) is a cone of revolution 
when, e. g. A = B (or A = 0 or B — C). If A, B, and C, are different, 
the'eone can degenerate into two planes. 

The angular velocities traced in the body form the cone (30). Con¬ 
sequently the cone defined by equation (30) is the moving cone of in¬ 
stantaneous angular velocities (p. 339). 

If we trace the positions of the point G on the fixed plane 77, then we 
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shall obtain a certain curve. The cone for which this curve is the directrix, 
and 0 the vertex, is the fixed cone of instantaneous angular velocities 
(p. 339). 


§ 8. Rotation of a heavy body about a point. We shall now consider 
the motion of a heavy body in which an arbitrary point 0 other than the 
centre of gravity is fixed. 

Such a motion is executed, for example, by a top rotating about an axis one 
of Whose ends rests on a sufficiently rough floor, so that the sliding of the end of 
the axis on the floor is impossible. 


For simplicity’s sake, let us assume that the body has an axis of 
symmetry passing through 0 (Fig. 301). The centre of mass *S obviously 

lies on this axis. Let us take the axis of sym¬ 
metry as the £-axis of the moving coordi¬ 
nate system and give it a sense towards the 
centre of mass S. Let us put OS = l. Let the 
z-axis of the fixed coordinate system have a 
sense vertically upwards. The weight of the 
body Q therefore has the direction of the 
z-axis. Denoting by k the unit vector lying 
on the z-axis, and by m the mass of the 
body, we have Q = — mgk. Forming the 
projections on the axes f, rj, f, we obtain by 
(24), p. 356: 

Q £ = — mg sin# simp, Q 1 = mg sin# cosy, Qc — — mg cos#. 



Since Q has its origin at the centre of mass S whose coordinates in the 
system (£, ij, f) are 0, 0, l, denoting by M the moment of the weight Q 
with respect to 0, we get: 

M s = mgl sin# cosy, M ? = tngl sin# simp, M z = 0. 


As vl = B, Euler’s equations (I), p. 397, assume the form: 

Ao>i + {A — G) = mgl sin# cosy, 

Ao)y — (A — 0) = mgl sin# siny, (1) 

Goal = 0 . 

If we express co v o>~ t in equations (1) in terms of Euler’s angles 
according to formulae (I), p. 356, we obtain a system of differential 
equations of the second order, where the unknowns will be #, y, and ip, 
as functions of the time. 

System (1) can be reduced to a system of differential equations of 
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the first order in a simple way. We get one equation from the third 
equation of system (1). Integrating this equation, we obtain Cca^ = const; 
hence 

= r = const. (2) 

Two other equations of the first order are obtained from the prin¬ 
ciple of conservation of energy (for the weight possesses a potential) and 
from the principle of angular momentum, according to which the angular 
momentum with respect to the fixed axis z is in this case constant, be¬ 
cause the moment of the weight with respect to this axis is zero (for the 
weight has the direction of the z-axis). 

The centre of mass has the coordinate z = l cos#; therefore the 
potential of the weight is V = •— mgz = — mgl cos#. 

The kinetic energy of the body ((4), p. 400) is 

E = + a>%) + Coo fl, 

and from the principle of conservation of energy we have E — V — const; 
consequently 

A(a\ + co®) + Cwj + 2 mgl cos# = h = const. (3) 

Denoting by K the angular momentum with respect to O, we have 
((ITT) p. 394) K s = Ao>g, K v = Am,, and K i = Cw e . The z-axis makes 
with the axes £, 7], and f, angles whose cosines are kg, k v , and (because k 
is the unit vector having the sense and the direction of the z-axis). Therefore 
the projection of the angular momentum K on the z-axis is K z = Kgkg- f- 
-j- K v k v + Kgh c . Substituting into this formula the values k g ,k v fc e ,from 
formulae (24), p. 356, and remembering that K z = const, because the 
moment of the weight with respect to the vertical axis z is zero, we obtain 

K s = A[(o g sin# siny •— sin# cosy) + Gcog cos# = const. (4) 

Let us now express the projections coj, co n> cog, in formulae (2)—(4) in 
terms of Euler’s angles according to formulae (I), p. 356. We obtain: 


y cos# -J- y* = r, # -2 + y 2 sin 2 # -j- a cos# = b, 


where 


y sin 2 # * cos# = P, 
2 mgl / A, 


(5) 


a = Or j A, 


( 6 ) 


b = (h — GA) l A, 
p = K z j A, 

The third of the equations (5) gives y = (/5 — « cos#) / sin 2 #. 
Substituting this value of y into the second of the equations (5) and 
multiplying by sin 2 #, we get 

#- 2 sin 2 # + (p — oc cos#) 2 — (b — a cos#) sin 2 #. 


(?) 
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Let us substitute 

n = cos# or u' = ■— •9" sin# (8) 

into (7), and then into the first and third of the equations (5). 

We obtain: 

u - 2 = (b — ffiw)(l — u % ) — [p — sw) 2 , (9) 

r = (/? — *«)/(]. — u% (10) 

<p- = r — {p — xu) u/(I— m 2 ). (11) 

From (9) we can determine u, i. e. cos &, andthen from (10) and (11) 
the angles ip and q>. 

Let us denote the right side of equation (9) by f{u). Assuming that 
P — .x 4= 0 and p + a 4= 0 we have: 

/(+ 1 ) < 0 , /(— 1 ) < 0 . ( 12 ) 
and in addition, since a > 0, by (6) 

lim/(M) =-j-oo. (13) 

tt-H- co 

If & 0 was the value of the angle -9 for t = 0, and u 0 = cos & 0 , then 
by (9) 

/K) = «i 2 ^ 0. ' (14) 

From relations (12)—(14) it follows that the equation f(u) = 0 has 
three real roots, two of which, namely, u x and u t , lie between — 1 and + 1, 
and the third m 3 > 1. In a particular case we can have % = u z (a double 
root). 

Let us assume that u x < u,. Since u = cos & must lie between — 1 and 
+ 1, and moreover f(u) 0 (by (9)), then u x <Lu <Lu z or 

Ml <Icos# <Lu t . (15) 

Therefore: during motion the angle ■9 varies between the limits •9 1 and # 2 , 
where cob9 1 = u 1 and cos# 2 =m 2 . Since l cos# denotes the height of the 
centre of mass above the horizontal xy-plane, the centre of mass oscillates 
between two horizontal planes z — l cos and z = l cos # 2 . • 

The numerator of the right member of equation (10) is zero only for 
u — p / x. Therefore, if |p j a] > 1, then the sign of ip- is constant, because 
|aj 1- If is obvious that if 

«!<£/«< w 2 , (16) 

then ip- changes its sign. It is easy to show that inequality (16) is equi¬ 
valent to the inequalities: 

J/i /a < 1. p [ « <6 /a. 


(17) 
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For if (16) holds, then ]/S / *| < 1 and moreover 

KP /«) = (6 — ap /«)(! — p 2 f x 3 ) > 0; (18) 

hence 6 — a/S / « > 0, whence p f a <b j a (because a > 0 by (6)). Con¬ 
versely, if the inequalities (17) hold, then according to (18) /(/? / x) > 0; 
hence either inequality (16) or inequality p J a > u 3 holds. However, the 
latter is impossible, since f[b j a) = — (p — x b / af < 0; hence b j a < 
< u s> and consequently p j x < u s by (17). 

§ 9. Motion of a sphere on a plane. Let a heavy sphere of con¬ 
stant density move along a horizontal plane II (example: the motion of 
a sphere along a billiard table). Let us consider friction and assume that 
the reaction of the plane reduces to one force acting at the point of tan- 
geney S (Fig. 302). Let us denote by R and T the absolute values of the 
reactions: normal R and tangent (friction) T, and by y. the coefficient 
of friction. Consequently 

T = gR. (1) 

If the point of tangency S of the sphere 
With the plane!! has a velocity different from 
zero, then the friction T has the direction of 
this velocity, hut an opposite sense (p. 367). 

Let us take the plane II as the a:y-plane of 
the coordinate system ( x , y, z) and give the 
z-axis a sense vertically upwards. Denoting 
by p 0 the acceleration of the centre of mass O(x 0 , y a , z 0 ) of the sphere, by m 
the mass of the sphere, and by Q its weight, we have 

™f>o = Q + R + T. (2) 

Forming projections on the coordinate axes, we get: 

mx- 0 - = T e , my-Q = T v , mz- Q - = —mg+R. (3) 

Since z a = const = r (where r denotes the radius of the sphere), 
stj = 0, and consequently R = mg, and by (1), under the assumption that 
S has a velocity different from zero, 

T — gang. (4) 

Let K be the angular momentum with respect to the centre O of the 
sphere, n> the instantaneous angular velocity, and A the moment of 
inertia with respect to a diameter. Since, by hypothesis the sphere is 
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homogeneous, its centre 0 is a spherical point. Consequently (by (3), 
p. 395) K = Am, whence 

fC = 4w. (5) 

The moment M of the forces with respect to the point 0 reduces to 
the moment of the force T. Consequently: 

M x = —rT v , M w =rT„ M, = 0. (6) 

Since K' = M, we get from (5): 

Aco' = — rT„ Aw y = rT' x , Am; = 0. (7) 

Ihom the last equation we obtain 

a> z = const. (8) 

Let u denote the velocity of the point of tangency S. The instant¬ 
aneous motion of the sphere is the composition of an advancing motion 
with a velocity v # of the center of mass 0 and of a rotation about an 

axis passing through 0 with an angular velocity to. Therefore u = -j- 

+ OiSl X to, whence: 

u x = ar„ -f rm v , = % — rco x , u, = 0. (9) 

Calculating the derivatives with respect to time, we obtain: 

u i = x o + % — Vo — ra 'i> u x = °> ( 10 ) 

whence by (3) and (7): 

u x = (1 Itn + A 1A)T X , w-=(l /m+*lA)T„ u; = 0. (11) 

Multiplying both sides of the first of the equations (11) by «„ and 
both sides of the second by u y , and adding, we obtain: 

u z u x + u v u* v = (1 jm + A 1 1 A){T x u x + T v u v ). (12) 

If u =- 0. then T has the direction of u, but an apposite sense. Con¬ 
sequently Tu <[ 0 constantly, i. e. T x u x -f T v u v < 0, from which by (12) 
u x u x + Uytiy <f 0. Since u x u x -j- «„«* = Jd [u\ -j- u y ) / d£, it follows that 
|up = a® + is a non-increasing function. Therefore, if u = 0 at a certain 
moment, then from this moment on u = 0 constantly. 

Let us assume that, during a certain interval of time, u was different 
from zero and the friction T had the direction of u (but an opposite sense); 
we can therefore assume that T = au, where l < 0 (while A depends on 
the time). Hence Xu,. = T and Xu v = T,., whence by (11) 

= 0 . 


(13) 
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IVom equation (13) it follows that u has a constant direction: for 
putting u = |u| and denoting by cp the angle between u and the te-axis, 
we get u x u cos 9 ?, u v = u sin tp, u x = w cos <p — wp- sin <p, and u= 
= u- sin 93 -f wp- cos 95 ; hence u x u; — u x u v = , whence by (13) u\ = 

= 0 , and since v? 4 = 0 , 93 - = 0 , i. e. <p = const. 

How, since T has the direction of the velocity u, the direction of 
the friction T is also constant. Under the assumption that the coefficient 
of friction p is constant (p. 367) we obtain by ( 4 ) T — const. 

Therefore: during the entire time in which u 4 0, T = const. 

Since the motion of a material point under the influence of a constant 
force takes place along a parabola (p. 82), the centre of mass of the sphere 
describes a -parabola (whose axis is parallel to the direction of T) during the 
entire time in which u 4 = 0 (i. e. in which the point of tangency of the sphere 
with the plane U has a velocity different from zero). 

Let us assume that at t = 0: 

*0 = 0 , y a = 0 , z 0 = r, x- = a, y- = 6 , z - = 0 , (14) 

a>x= cu°, co v = co°, co z = (o° z . 

Hence by (9) the initial velocity u 0 of the point of contact S has the 
projections: 

u° = a + rtDy, w® — b — m% u\ — 0. (15) 

Let us assume that u 0 4 = 0 and give to the y-axis a direction an d 
sense of the velocity u 0 . Therefore by (15) there will be the following 
relations among the given initial values: 

u t = a + ra>° = 0, u° = b — rw° x > 0. (16) 

Now, because u and T have the same directions, hut opposite senses, 
T x =0, T v = — umg, (17) 

After integration and consideration of the initial conditions, we 
obtain from equations (3) and (7): 

x o = a t> 2/o == ibid 2 “b bt, z 0 — r, (18) 

= pmgrt/A -f m v = co°, m z = m\. (19) 

Substituting the values from (18) and (19) in equations (9), we 
obtain in view of (16): 

u x = 0, u y = (b — rco°) — (1 + mA [ A) gtp, = 0, (20) 

Since b — > 0 it follows by (16), that after the time 

_ 6 — rco° x 

1 ~ (1 + mr 3 / A) yg 


( 21 ) 
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u x = 0 , m„ = 0 , and u z =0, i.e. u = 0 ; and after the time t l3 u = 0 con¬ 
stantly. Hence by (11) jP* = 0 and T v = 0 , i. e. T = 0 constantly. Prom 
equations (3) and (7) we obtain then: 

= 0 , y 0 - = 0, si' = 0, = 0, <o; = 0, 'a; = 0. 

Therefore: from the time fj, v 0 = const, and co = const, constantly, 
i. e. the centre of the sphere will move with a uniform motion along a straight 
line from the time t. x on, while the instantaneous angular velocity of the sphere 
vnll be constant. 

§ 10. Foucault’s gyroscope. TMs is the name we give to a heavy body 
having an axis of symmetry a»nd suspended at the centre of mass (the so- 
-culled Cardan’s suspension). 

Since the force of gravity acts at the center of mass, in the case when 
no other forces act on the body, the motion of a gyroscope reduces to 
a rotation of the body about the centre of mass under the action of no 
forces. 

If the body is set spinning about the centre of mass and initially 
the axis of symmetry is the instantaneous axis of rotation, then the axis 
of symmetry will maintain a constant direction in space. This follows 
from the theorem given on p. 401 and from the observation that the axis 
of symmetry is a central axis of inertia of the body. 

It is true that the axis of symmetry will move relative to the earth, 
however, this will only be an apparent motion (induced by the rotation 
of the earth): for if the axis of symmetry is directed towards some fixed 
star, then the axis will point to it constantly. 

We shall consider here the cases in which the axis of symmetry is 
not free, but is confined either to a meridional plane or to a horizontal 
plane. 

Motion of the axis of symmetry in a meridional plane. Let it be possible 
for a body (suspended at the centre of mass) to move only in a meridional 
plane passing through a given point on the earth. We can assume that 
the forces (reactions) holding the axis in the meridional plane are per¬ 
pendicular to this plane and have their points of application on the axis 
of symmetry. 

Let us denote by u, the angular velocity vector of the earth and set: 

«h=|“i|. (1) 

Let us take the centre of mass O of the body as the origin of the co¬ 
ordinate system ( x , y } z), giving the z-axis the direction and sense of the 
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angular velocity of the earth, and the anaxis a horizontal direction with 
a sense towards the east (Fig. 303). 

The yz- plane will consequently be a meridional plane, and at a given 
place the 2 -axis will make an angle of 90° — q> with the vertical, where cp 
denotes the latitude of this place. 

In addition, let us select a second coor¬ 
dinate system (£,}/, £) whose origin is at 0, 
taking the axis of symmetry of the body as 
the t-axis, and the £-axis as the f-axis. The 
plane pC will therefore be identical with the 
meridional plane yz. The position of the 
system (£, p, £) is defined by the angle ■& 
which the axes £ and z make with each other 
(where the angle ■& is defined as the angle 
through which it is necessary to rotate the 
z-axis from right to left with respect to the a-axis, in order that the positive 
directions of the axes 2 and £ coincide with each other). 

Let cn ' be the instantaneous angular velocity of the system (f, p, £) 
with respect to an inertial frame, which we take to be a frame attached 
to the sun and the fixed stars. It is easy to see that w' is the resultant of 
the instantaneous angular velocity co 2 of the system (£, p, £) relative to 
(x, y, z) and of the angular velocity 0 ^ of the system (x, y, 2 ) relative to 
the inertial frame. Consequently 

w' = ojj + w a . (2) 

Since the vector 10 x has by hypothesis the direction and sense of the 
z-axis, its projections on. the axes of the system (£, p, £) are in virtue 

oi (i): 

tu l£ = 0, ta x =— a> 1 sin#, Oj. = oq cos#. (3) 

The system (S,p, £) rotates about the £-axis relative to the system 
( 1 x , y, z). Since the angle of rotation is #, the instantaneous angular velo¬ 
city has the direction of the l-axis and its component with respect to the 
£-axis is &'. Consequently: 

CO =■*?'. CO a = 0, co 2f = 0. W 

In virtue of (2) — (4) : 

o' — -Qp oj' = — cox sin#, cuj = cox cos#. (5) 

Let w denote the instantaneous angular velocity of a body relative 
to the iner tial frame. The vector w can be considered as the composition of 



Fig. 303. 
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the instantaneous angular velocity w 3 of the body relative to the system 
(£ 7 ] ; £) and the velocity w' of the system (g, ij, £) relative to the inertial 
frame. Therefore w == w 8 -f to'. Since the motion of the body relative to 
(g, t], f) is a rotation about the £-axis, it follows that co 3 £ = 0 and o> 3? = 0 , 

whence: 

<og = co, = = “sj + m i . 

(in addition, since co 1 is very small, by (5) co' t is also small; hence for all 
practical purposes a> £ = a> 3{ ). Putting co z = to, we obtain by (5) and ( 6 ): 

m i = #- } to, = — m ± sin#, co c = cu. ( 7 ) 

The axes I, rj, £, are the central axes of inertia of the body, because f; 
is the axis of symmetry and 0 the centre of mass. Denoting the angular 
momentum with respect to 0 by K, the moments of inertia with respect to 
| and rj by A, and the moment of inertia -with respect to £ by C, we 
obtain by (III), p. 394, and (7): 

K £ =Afr, K 1 = —Am 1 sin#, X e = Cm, ( 8 ) 

whence after differentiation: 

K e — A&", K' v = ,4a)!#- cos#, K t = C<x>\ (9) 

The moment of the weight with respect to 0 is zero. The moment of 
the forces holding the axis of symmetry of the body in the plane of the 
meridian is zero with respect to the axes g and £, because these forces have 
their points of application on the f-axis and are parallel to the f-axis. 
Therefore, denoting by M the moment of the forces with respect to the 
centre of mass 0, we obtain: 

M s = 0, M ( = 0. (10) 

To determine the motion of the body we apply equations (II), p. 398. 
Prom these equations, after substituting in them the values from (5), ( 8 ), 
(9), (10), and after reducing, we obtain: 

Ad" ■— Acof sin# cos# + Cco(o 1 sin# = 0 , 

— 2 Acoi&’ cos# -f- Deo# - = M v Cm• = 0. 


In virtue of the last equation co = const. Dropping the term con¬ 
taining ajf from the first of the equations (I), because it is very small, 
we obtain 


#•■ = 


Cmm-L 

~~ir 


sin #. 


( 11 ) 


Since co — const, we can give the f-axis a sense such that to > 0 
constantly, i. e. such that the rotation of the body relative to the axis of 
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symmetry £ is from right to left. Under this assumption / A > 0 . 

Equation (11) therefore has the form of the differential equation for the 
simple pendulum, (p. 130, formula (I)). The positions of equlibrium oc¬ 
cur for # = 0 and # = -n. 

The axis of symmetry of the body will therefore oscillate about the 
a-axis, i. e. about a line parallel to the axis of the earth. The axis of the 
body can be at rest only f or # = 0 or f or # = n, i. e. only when it is parallel 
to the axis of the earth. Therefore, determining the position of equilibrium 
of the axis of the body, we obtain the direction of the axis of the earth. 
Since the axis of the earth makes an angle of 90° — rp with the vertical 
at a given place, we can in this manner obtain the latitude ip of the given 
place. 

It can be shown that ■& = 0 is the position of stable equilibrium, and 
# = n that of unstable equilibrium. Hence the £-axis tends to assume a 
position such that its direction and sense agree with the direction of the 
axis of the earth and the sense of the vector Wj. Prom formula (3), p. 
130, it follows that the period of oscillation of the axis of the body 
(when the initial angle # 0 is small and #q = 0 ) is 

T — 2.v]/ri / Ccoco 1 . (12) 

The period of oscillation is large because oj 1 is small (ca 0.00007 
sec -1 ). However, we can decrease it by increasing co, i. e. by spinning the 
body faster about its own axis of symmetry. 

Motion of the axis in a horizontal plane. Let us now assume that the 
axis of symmetry of a body can move only in a horizontal plane. We can 
therefore assume that the reactions holding the axis horizontally have 
their points of application on this axis and have a vertical direction. 

Let us choose two systems of coordinates ( x, y, z) and (£, rj, £) whose 
common origin is at the center of mass 0 of the body (Fig 304). Let us give 
the y-axis a sense vertically upwards, the a-axis a 
sense towards the east, and the 2 -axis towards the 
north. Let ns take the axis of symmetry of the 
body as the £-axis and the y-axis as the »j-axis. 

Therefore the f£ plane will be constantly hori¬ 
zontal. The position of the system (f, rj, £) is de¬ 
fined by the angle # between the axes £ and z 
(where # is defined as the angle through which it 
is necessary to rotate the 2 -axis about the y-axis 
from right to left, in order that the positive direc¬ 
tions of the axes £ and 2 coincide with each other). 
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The instat&nenous angular velocity of the system (%, y, z) with 
respect to the inertial frame is equal to Wj. (i. e. to the angular velocity 
of the earth). The vector oq hes in the yz plane and makes an angle of 
90° — <p with the y -axis (where 93 denotes the latitude of the given place). 
Let m 1 = [tiijj. The projections of <a 1 on the axes rj, £, are therefore: 

ot> lc = m x cosy Sin &, Gq = c% sin <p, eo lf = aq cos cp cos #. (13) 

The instantaneous angular velocity w 2 of the system (f, rj, f)with 
respect to the system ( x, y , z) is equal to &’ and has the direction of the 
?/-axis, because (f, y, 1") rotates about y relative to ( x , y, z). Consequently, 
the instantaneous angular velocity u>' of the system (f, rj, f) with respect 
to the inertial frame is the composition of the angular velocity cn a and the 
angular velocity to 1; whence by (13): 

a>' ( = oq cos <p sin $, o' = #' + flq sin 93 , w' ( = oq cos tp cos #. (14) 

Let o) denote the instantaneous angular velocity of a body relative 
to the inertial frame. Since the instantaneous motion of the body relative 
to the system (f, y, £) is an instantaneous rotation about the t-axis, the 
projections of the instantaneous angular velocity w 3 of the body rela¬ 
tive to the system t) on the axes of this system are: <w S£ = 0 , a> 3 ^ = 0 . 

Since co = w' -j- to 3 , we obtain by (14) (putting = co): 

o)| = eq cos <p sin &, m, ; — # -f- «q sin cp, co £ = co. (15) 

Denoting the angular momentum with respect to 0 by K, the mo¬ 
ments of inertia with respect to the axes | and y by A, and with respect 
to f by C, we obtain by (III), p. 394, and (15): 

= Aca 1 cos ip sin#, Ky = A(A -j- oq sin 93 ), = Oca, (16) 

whence by differentiation: 

K' s —Am cos <p cos#, K' n = Aft" , K\ — Cca •. (17) 

As the reactions holding the axis of the body in the horizontal plane 
have their points of application on the f-axis of the body and are per¬ 
pendicular to |£, denoting by M the moment of the acting forces, we 
obtain: 

M v = 0 , if f m 0 . (18) 

From formulae (II), p. 398, we obtain after substituting the values 
from (17), (16), (14), and (18): 

Amyd-' cos 99 cos # -j- A (#* -j- ccq sin 9 ?) eq cos 9 0 cos d - 

— Cco(-&- -J- aq sin q>) — Mg, (II) 

_4#- -j- Gam 1 cos cp sin & — Amf cos^cp cos ■& sin # = 0 , Gey = 0 . 
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In virtue of the last of the equations (II) o> = const. Dropping 
the term cof in the second of these equations, because it is very small, 
we get 


= 


Oman cos 93 
A 


sin #. 


(19) 


Let us give the f-axis a sense so that co > 0. Then 
Ocom 1 cos 93 / A > 0 

and equation (19) assumes the form of the equation of the simple pen¬ 
dulum ((I), p. 130). The positions of equilibrium occur for $=0 and # — 31 . 

The axis of symmetry of the body will therefore oscillate about the 
z-axis, i. e. about a horizontal axis running from south to north. The axis 
of the body can be at rest only for # = 0 or # = sr, L e. only when it 
lies in a meridional plane. Consequently, determining the position of 
equilibrium of the axis of a body, we obtain the direction of the meridian: 
the body can therefore be used as a compass. 

Let ns still note that, as before, § = 0 corresponds to stable equi¬ 
librium, and & — it to unstable equilibrium. 

The period of oscillation is obtained from formula (3), p. 130: 

T = 2 itjA j Gma>± cos cp. ( 20 ) 

It will be smallest on the equator (i. e. for <p = 0). On the pole, 
however (i. e. for 93 = 90°), every position will be a position of equilibrium, 
as follows from formula (19). For when cp = 90°, $" = 0; as one comes 
closer to the pole T -s-co. 

The results obtained found confirmation in. experiments which proves the 
earth’s rotation about an axis. Such experiments were first performed by 
L. Foucault. 
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. CHAPTER IX 

PRINCIPLE OF VIRTUAL WORK 

§ I. Holonomo-scleronomic systems. In the case of the equilibrium 
of a constrained system of material points or of rigid bodies, in which 
friction does not appear, the constraints are independent of the time and 
usually depend on the fact that only certain positions of the system are 
possible and others impossible. 

Examples are: a material point constrained to remain on a fixed curve or 
surface, a system of two material points connected by a rigid massless wire, a rigid 
body having a fixed point or axis, a system of rigid bodies tangent to one another 
or joint-connected, etc. 

The constraints of a system can he induced in various ways: e. g. by 
means of rigid bodies, supports, etc. It turns out, however, that in the 
case when there is no friction, the conditions of equilibrium of the acting 
forces do not depend on the origin of the constraints, hut only on what 
positions are possible. Moreover, if it is a matter of investigating the 
equilibrium of a system, then it is sufficient to know only those positions 
compatible with the constraints which are near the position investigated. 

We shall first consider the manner in which it is possible to represent 
the position of a system compatible with the constraints. We shah first 
study this matter by means of examples. 


BILATERAL CONSTRAINTS 

Example I. Let us assume that a material point is constrained to 
remain on a certain surface 8 . The constraints can be defined hv giving the 
equation of this surface, for example, in the form 

F[x, y, z) = 0 . ( 1 ) 

Only those positions of the point will be possible in which the co¬ 
ordinates x, y, z, satisfy equation ( 1 ). To investigate the equilibrium of 


[§l] 


Holonomo-seleronomie systems 


419 


the point at some position A(x, y, z) it is sufficient if ( 1 ) is the equation 
of an element of the surface on which this point lies. 

Example 2. Let us assume that a material point is constrained to 
remain on the curve 0 whose equations are: 

F i(F> y > 2) = 0, F 2 (x, y, z) = 0; ( 2 ) 

then the coordinates of the point must satisfy the equations ( 2 ). To exa¬ 
mine the conditions for the equilibrium of the point it is s uffi cient if the 
equations (2) represent only an arc of the curve G within which the ma¬ 
terial point lies. 

Example 3. If a system consisting of two points A x and A s is a rigid 
system (i. e. the distance of the points A x A t = const. = d), then the co¬ 
ordinates %, y x , %, and x 2 , y 2 , z 2 , of these points must satisfy the equation 

(aq — x 2 f + (y x — y 2 f -f {sq — z % f — d 2 = 0. (3) 

If in addition, for example, the sum of the distances of the points 
from the origin 0 of the coordinate system is constant and equal to h, 
then the coordinates of the points must also satisfy the equation 

V** + yl + 4 + U + yl + zl — h= 0 . (4) 

Example 4. If a system composed of n points: 

A i( x i, Hi, 2i). 4 s (* a , Vi, Z%), A n {x n , y n , z n ) 

is a rigid system (i. e. such that the mutual distances of its points are con¬ 
stant), then the coordinates of each pair of points A h A,- must satisfy the 
equation 

(®i — xff + {yt — ytf + (Zi — zff — = 0, (5) 

where r (j = A t Aj. There are as many equations (5) as there are pairs of 
points, i. e. n(n — 1 ). 

In examples 1—4 the constraints were expressed by equations of the 
form 

F(x x , y x , z v x 2 , y 2l z 2 , x n , y n , z n ) = 0, (6) 

where F is a function defined in a certain region of the variables aq, . ,.,z n 
and is independent of the time t. 

The constraints represented by equations ( 6 ) are called Jiolonomic 
bilateral constraints independent of the time. 
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UNILATERAL CONSTRAINTS 

Example 5. A point is to remain within the sphere ar + y 2, + 

_j_ _j .2 = 0 or on its surface (as e. g. a material point attached to an in- 

extensible string of length r and suspended from the origin of the system). 
Hence the coordinates of the point must satisfy the inequality 

£2 yi + — r 2 <1 0, (7) 

which states that the distance of the material point from the origin of 
the coordinate system is not greater than r. 

Examples. Two material points A v> A t are connected by an in- 
extensible string of length A passing through the origin 0 of the coordinate 
system. Consequently + OA 2 <f.h. The coordinates of the points 
therefore satisfy the inequality 

l/xi -j- 2 /i + z i + V *2 + 1/2 + 22 — A <1 0. ( 8 ) 

In examples 5 and 6 it was possible to express the constraints by 
inequalities of the form 

(A(+i, y j. Z}, z 2 , ..., x n . y nj z n ) 0. (9) 

Constr ain ts defined by inequalities of the form (9) are called holono- 
mic unilateral constraints independent of the time. 

Remark. If the constraints are given by the inequality 
F{x .. y 2 j z%, ..., x ni y n , z n ) ^ 0, 

then putting W = — 0, we obtain the form (9) after changing the sign. 

The position of a system in which the relation (9) assumes the form of 
an equality (i. e. in which 0 = 0 ) is called a boundary position. 

In e xam ples 5 and 6 the boundary position occurs when the string is 
in tension. 

The constraints of a system can consist simultaneously of bilateral 
and unilateral constraints of the form ( 6 ) and (9). For example, if a ma¬ 
terial point is constrained to remain on the upper half of the sphere 
ar 5 j / 2 -+- s a — r 2 = 0 , then the coordinates of the point must satisfy the 
relations: 

** + y 2 + z 2 — r s = 0 , z 2 > 0 (or — z 0 ). ( 10 ) 

A system whose constraints can be represented by means of relations 
of the form ( 6 ) or (9) is called a holonomo-scleronomie system. We say that 
the relations ( 6 ) and (9) represent the constraints in a finite form. 
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In this chapter we shall deal exclusively with holonomo-scleronomie 
systems. 


Degrees of freedom of a system. When we investigate the equi- 
Kbrium of a system, we assume in general that for positions close to those 
investigated, the bilateral constraints consist in the fact that the co¬ 
ordinates of the points of the system must satisfy the equations: 


Ihi z l> •*+ Vn z z> ■ ■ ■> Uni %n) — 0) 


dd Ah> y i) z i> y ..., y n , z n )—- 0, 


( 11 ) 


which we write compactly as 


F A x i, = 0 (j = 1, 2, ..., to). (I) 

In general, we assume that the functions F, are continuous and have 
continuous partial derivatives of the first and second order in a certain 
region of the values x lt ..., z„, defining the given position of the system. 

Moreover, we assume that these functions are independent in this 
region, i. e. that no one of them is a function of those remaining. 

We shall finally assume that m. < 3 n. For were m = 3?i, then the 
system of equations (I) would have in general only one solution and hence 
only one position of the body would he possible. On the other hand, 
were m > 3 n, then the system of equations (I) would not have in general 
any solution, since the number of unknowns would be smaller than 
the number of equations. 

The number h = 3 n —-m is called the number of degrees of freedom. 

Knowing k variables from among the variables x ls ..., z B ,we can cal¬ 
culate from equations (I) the remaining variables: their number is 
3 n — k = m. 

If a system is free, then m = 0. i. e. k = 3n. In particular, a free ma¬ 
terial point therefore has three degrees of freedom. We can then choose all 
three of its coordinates arbitrarily. 

On the other hand, if a point is constrained to remain on a surface 
(as in example 1 ), then its coordinates have to satisfy only the equation 
(1). Consequently m = 1, i. e. k = 3 • 1— 1 = 2. The point constrained to 
the surface therefore has two degrees of freedom. Then one of its co¬ 
ordinates depends on the remaining two. 

Finally, if the point is constrained to a curve (as in example 2), then 
its coordinates must satisfy the two equations (2). Consequently k = 
= 3 • J — 2 = 1 and the point has only one degree of freedom: knowing 
one of its coordinates, we can determine the remaining two. 






422 


CHAPTER XX — Principle of virtual work 


A rigid, system of two points (example 3) lias 3-2 1 5 degrees of 

freedom. Nevertheless, if this system is to satisfy both equations (3) and 
(4), then A=3-2 — 2 = 4. 

Generally, let a rigid system consist of n material points (as in 
example 4 ). The coordinates of these points must satisfy \n{n — 1 ) equa¬ 
tions (5). However, these equations are not independent of each other tor 
n > 3. 

Let us note that the position of a rigid system is determined by giving 
the position of three of its non-collinear points (e. g. A u A ls A 3 ), (p. 313). 
Hence, knowing the coordinates x x , y t , z lt x 2> y z , z 2 , and x 3 , y 3 , z s , of the 
points A 1} A 2 , A s , we shad be able to calculate the coordinates of the 
points A it A s , from equations (5). 

Among the coordinates of the points A lt A s . A 3 , there are three equa¬ 
tions of the form (5), expressing the fact that the distances A 1 A 2< A X A 3 , 
and A t A a , are constant magnitudes. From these equations we can in 
general determine three unknown coordinates, if we know the six re¬ 
maining ones. We see, therefore, that if we know a certain six of the 3«, 
coordinates x lt z n , we can calculate the remaining ones from the equa¬ 
tions (5). Consequently the number of degrees of freedom is 1c = 6 . 

Therefore: a rigid system of points has six degrees of freedom. 

The number of independent equations is m = 3ra — lc\ hence 
m — dn — 6 . From among \n{n — 1 ) equations (5) there are therefore 
only 3 n — 6 independent ones. 

§ 2. Virtual displacements. Point on a surface. Let us assume that 
a material point is to remain constantly on a certain surface S and that 
it is at the point A of this surface. 

Let us displace the point from position A to position B. The displa¬ 
cement AB is said to be -possible if B also lies on the surface S. In the cont¬ 
rary case the displacement AB is called an impossible displacement. 

If a material point at A is given a velocity v, then this velocity is said 
to be possible or compatible with the constraints when the point can possess 
it while moving on the surface. In the contrary case this velocity is said to 
be impossible or incompatible with the constraints. 

It is easy to see that every vector tangent to a surface at the point A 
represents a possible velocity. Conversely, possible velocities are tangent 
to the surface. 

An important role is played by displacements proportional to pos¬ 
sible velocities, i. e. those that can be represented by vectors equal to 
possible velocity vectors. 
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Displacements proportional to velocities possible at the point A 
are called virtual displacements at this point. 

A virtual displacement therefore has a direction tangent to the sur¬ 
face, but an arbitrary sense and magnitude. In general, virtual displace¬ 
ments are not possible displacements. However, they are possible dis¬ 
placements when the surface 8 is a plane, for instance. 

Let the surface 8 have the equation 


F{x, V, z) = o. 


( 1 ) 


If a material point is at the point A of the surface S, then its coordin¬ 
ates x, y, z, satisfy equation (1). Let us suppose that the material point 
moves on the surface S in anentirely arbitrary manner. Equation (1) is 
therefore satisfied constantly. Differentiating (1) with respect to the time 
f, we obtain 


a F dF a F 


Z" 


= 0 . 


( 2 ) 


Denoting by v the velocity of the point, we have v x — x\ v y = y, 
v, = z-; consequently 


a F dF , dF 

_ va+ _ vv+ _ vz ^ 0 . 


(3) 


Hence we see that the possible velocities must satisfy equation (3). 
The partial derivatives appearing in this equation are proportional to the 
direction numbers of the normal to thq surface at the point A. Equation 
(3) therefore expresses the fact that the velocity v is perpendicular to the 
normal, i. e. that it lies in the tangent plane. 

Conversely, if some velocity satisfies equation (3), then it is a possible 
velocity. 

Let us denote by Ss an arbitrary displacement of the point A, and by 
8x, Sy, 8z, the projections of tins displacement on the coordinate axes 
(Fig. 305). According to the definition, the virtual displacement is pro¬ 
portional to a possible velocity v. The displacement 8s = v will conse¬ 
quently be a virtual displacement. 


In virtue of (3) the projections of the virtual 
displacement therefore satisfy the equation 


dF 

dx 


dx -j- 


dF 

by 


Sy - 


dF 

dz 


6z 


0 . 


( 4 ) 


Conversely, if the projections of some vector ds 
satisfy equation (4), then ds is a virtual displacement. 
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We can therefor© say that a virtual displacement is a vector whose, pro¬ 
jections satisfy equation (4). 

Example /. A point is constrained to lie on the sphere a® + + 

+ # _ r* = 0. Let A(x, y, z) he an arbitrary point on this sphere. The 
virtual displacements at 'the point A satisfy the equation 

2 x dx + 2y 6y + 2 z 6z = 0 , whence x dx + y 8y + z dz = 0 . 


Assuming e. g. that a 4= 0, we obtain 

&z = — (* dx + y &y) l *> ( 6 ) 

Choosing arbitrary 8x, dy, and tailing the value dz from (5), we get 
a set of numbers dx, by, dz, representing the projections of the virtual 
displacement at the point A. 

Point on a curve. Suppose that a material point is constrained to 
remain on a fixed curve L deiined by the equations: 



Fig. 306. 


F x {x, y, z) = 0, F 2 (x, y, z) = 0. ( 6 ) 

If the material point is at the point A, then the 
coordinates x, y, z, of this point satisfy equations ( 6 ). 
It is easy to see that the material point can have 
only those velocities whose directions are tangent to the 
curve L at the point A (Fig. 306). By definition, there¬ 
fore, the virtual displacements have directions tangent 
to the curve, hut arbitrary senses and lengths. 


If the point moves along the curve L, equations ( 6 ) are satisfied con¬ 
stantly. Differentiating them, we get: 


dx 


dij 


v + '-Zrr +^' = 0 , 


aFj, 
dz 


dF 2 , dF 2 .dF 2 ... 

w’ + !„’* +&r z = l> - (7) 


Denoting by ds the virtual displacement, and by dx, by, dz, its pro¬ 
jections, we can assume according to the definition ds = v, whence dx = 
= v x = ar, etc. Hence in virtue of (7): 


S h.s x + d ll 

dx + a y 




0, d -^dx+^Sy+^8z=0. ( 8 ) 


dj\ 

dz 


Conversely, if some displacement 8s satisfies equations ( 8 ), then it is 
a virtual displacement. 


Example 2. A point is constrained to a curve defined by equations: 

+ f + z s — r 2 = 0, a 2 -f 2 y°- — a = 0. (9) 
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Let the point A(x, y, z) lie on this line. The virtual displacement ds at 
the point A therefore satisfies the equations: 

x dx -j- y by -j- z dz = 0 , 2x dx -j- 4y by — dz — 0 . ( 10 ) 

If £ =f 0 and y 4 = 0, then we get from (10): 

8x = — (1 + 4 z) dz / 2x, by = (1 + 2 z) 8z / 2 i/. 

Hence, selecting dz arbitrarily and then determining dx, by, from the 
last equations, we obtain a set of numbers dx, by, dz, defining the virtual 
displacement at A. 

On the other hand, if x = 0 , for example, then because z j> 0 (which 
follows from the second of the equations (9)), we obtain by (10) by = 0 
and dz = 0. In this case the virtual displacement will consequently ha ve 
the projections dx, 0, 0, where dx is an arbitrary number. Therefore: the 
virtual displacement has the direction of the a;-axis. 

Holonomo-scleronomic systems. Let us now define virtual displace¬ 
ments in the general case. 

Let there be given a holonomo-scleronomic system of n material 
points A x , A 2 , ..., A„. 

The system of vectors A x ff x , A?B,, ..., A n B„ (representing the 
displacements of the individual points), is called briefly a displacement of 
the system. A displacement of the system of points A v A s ,..., A „ is said to 
he possible, if the final positions B x , B 2 ,B„ are compatible with the 
constraints. In the contrary case the displacement of the system is said to 
be impossible. 

Let us give a system of points in the position A u A 2 , ..., 4, the 
arbitrary velocities v x , vq, ..., v n . A system of these velocities is said to be 
a system of possible velocities if the points can have these velocities and mo¬ 
ve compatible with the constraints. In the contrary case the system of 
velocities is said to he impossible. 

A virtual displacement of a system of material points in a certain posi¬ 
tion is said to he a displacement in which the separate points experience 
displacements proportional to the system of possible velocities. 

Therefore, if vq, v 2 ,..., v„, is a system of possible velocities, then the 
virtual displacement of a system is obtained by giving the points of the 
system the displacements: 

6s x — vq, ds% == v 2 , •. ds ,, v n . (11) 

Let us note that if a system is free, then every displacement of the 
system is a virtual displacement, because every system of velocities is a 
possible system. 
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We shall now consider the determination of the virtual displacements. 
We shall first discuss the case of bilateral constraints and then that of the 
unilateral constraints. 

Bilateral constraints. Let us assume that the constraints are defined 
by the equations: 

F,(aq, = 0 (j =1,2 ,..., to), ( 12 ) 


which must he satisfied by the coordinates y lt z v x 2 , y^,z 2! . 

Vn: z n, of the points of the system. Let us give the system an arbitrary 
motion compatible with the constraints. Differentiating equations (12), 


we get: 


3% 


xi + 


(j= l,2,...,m). (13) 


Deno ting by v lf v a ,.. v n the velocities of the points of the system we 
therefore obtain v, x = aq, . •., v„* = z‘, whence 


8F f 

dx± 


dFj 

■ + sN = 0 


(j = 1,2,..., to). (14) 


Consequently every possible system of velocities must satisfy equa¬ 
tions (14). Conversely, it is possible to show that if a system of velocities 
satisfies equations (14), then it is a possible system of velocities. 

Let us assume that the displacement of a system, in which the 
displacements of the successive points ..., ds ns is a virtual displa¬ 
cement. The velocities vq,..., defined by equations ( 11 ) therefore form 
a possible system of velocities, in view of which the equations (14) are 
satisfied. Denoting the projections of the displacements bydaq, ..., dz B , 
respectively, we obtain from (14) 


sf, , , ap. 


(J= 1,2,..., to) (15) 


or, written differently, 



dF s 


fyi + 


a Ft 
dz ( 



= 0 


(? = 1,2,..., TO). (I) 


Therefore: every set of numbers <5aq, Sz n , defining a virtual dis¬ 
placement of a system of points, satisfies the system of equations (I). 
Conversely, every set of numbers daq,..., 5z n , satisfying the system of 
equations (I), defines a virtual displacement. 

Making use of this fact, we can give the following definition of virtual 
displacements (equivalent to the preceding): 
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M virtual displacement of a system whose constraints are given by 
equations ( 12 ) is one in which every displacement daq,..., 5z n , satisfies equa¬ 
tions (I). 

The system of equations (I) (or (15)) is a system of m equations with 
3 n unknowns daq, ..., 6z n . 

We usually assume that equations (I) are independent of one 
another. Because of this we can choose arbitrarily k = in —m unknowns 
from among the unknowns daq, dz„, and we can calculate those remai¬ 
ning from equations (I). 

If the set of numbers daq,.. 8z n , satisfies equations (I), then the set 
of numbers —daq,...,—dz„, obviously satisfies equations (I) also. 

A virtual displacement of a system of points is said to be reversible, if 
upon changing in it the senses of the displacements of all its points 
we again obtain a virtual displacement of the system. 

We see, therefore, that in the case of bilateral constraints the virtual 
displacements are reversible. 


Remark I. The differential of the function Fj(x q, ..., z n ) is 


! + -+IS =1, (£* + £<*+S4 


<ti \ 3 x t 


3 |ft 


dz t 


We see from this that the left side of equation (I) is obtained by 
forming the differential of the function F s formally and then writing 
daq, ..., 6z n . instead of daq, ..., dz„. 


Remark 2. Let F(aq, ..., x n ) be a given function defined in a certain 
region of the variables aq, ..., z n , and continuous together with its partial 
derivatives in this region. Let ns choose an arbitrary set of values of the 
variables aq, ..., z„, and denote by daq, ..., 8 z„ the arbitrary increments of 
these variables. 

We do not denote here the increments by the symbols Ax lt Az n , because 
■when, the variables aq, ..., z n , are functions of the time t the symbols Ax v Az„ 
usually denote the increments of those variables in the time At. The symbols 

<5*i.<5z„, serve to indicate, instead, that the increments are entirely arbitrary and 

have nothing in common with the increments of the independent variables on 
which aq, ..., z„, depend (in this instance on the time f). 


By Taylor’s theorem we have: 

F(aq + daq, ..., z„ + dz n ) — F(aq, ..., z„ 


3F 

daq 


<5*! 


dV 


dz„ 


dz„ -j- B , 


(16) 
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where the remainder R can be written in the form 

M = e(|&i| + |<5z„|), (17) 

where s depends on < 5 aq,.. 8z n and tends to zero together with 3aq, ..., 8z n . 


Let us put 


3F 3F „ 


i. e. 


dv 


SF -|(s; to ' + S> 


3F A i 

<w<l- 

OZi 


(18) 


By (16) we have 

F(aq + 0*i, Sz„) — F(aq, .. ., z n ) = 3V + R- (19) 

If the number |&jq| + ■■■ + |0a„| is sufficiently small, then [e| is 
also a small number, and consequently by (17) |Bj is evanescent as com¬ 
pared with |&tq| + ... -f- [& 8 „|. In this case, therefore, SV represents 
approximately the increment of the function F. We express this usually 
by saying that <5P T denotes the increment of the function F corresponding 
to the “infinitesimal' increments &tq, ..., 8z n , of the variables aq, ..., z„, 
or that for ‘'infinitesimal' increments we have 


F(aq + Sx u ..., z„ + 8z n ) — F(aq, ..z n ) = SV. (20) 

The preceding statement is not altogether exact, but it is conve¬ 
nient. W© give it because physicists use it frequently. 

By (18) equations (I), p. 426, defining the virtual displacements, can 
be written in the form 


3F j =0 (j = 1, 2,..., m). (21) 

In a position of a system compatible with the constraints we have 
Fj =0 (j — 1 , 2 ,.. ., m). Hence by (21) we have F. ; + 8F j =0 (j = 
— I, 2, .. m) for the virtual displacements. In virtue of (20) we can then 
say that after an “inifinitesimal" virtual displacement the system is 
likewise in a position compatible with the constraints. This gives rise to 
the definition of a virtual displacement as an “infinitesimal displacement 
compatible with the constraints". This definition (not exact, but rather 
intuitive) is to be understood in the above given sense. 

Example 3. A system consisting of two material points A u A 2 , bas 
to maintain the constant distance A X A 2 = r. The coordinates aq, jq, z L , and 
**, ifxi z i> °f these points consequently satisfy the equation 

( x i — aq) 2 + {y x — y t )i -f (z x — z 2 f — r 2 = 0. 


( 22 ) 
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The virtual displacement of the system is threfore defined by the 
equation 

(*1 0 * 2 ) ~r (t/i y^iSyi Sy 2 ) -j- ,go\ 

+ (*1 — *s) • (&h ~ 02 2 ) = 0. 

Of the numbers 5aq, 5y lt Sz l! <5aq, dy 2 , dz 2> we can hence choose five 
arbitrarily and determine the sixth from (23). 

Let us assume, for example, that aq = y 1 = 5 q = 0, x 2 = r, y 2 = 
= z 2 = 0. Then equation (23). assumes the form 

— r(6x 1 — <5aq) + 0 • (%! — <5 1 / 2 ) + 0 - (&q — dz 2 ) = 0. (24) 


If we take 3aq — &x 2 , equation (24) w r ill he satisfied for arbitrary 
values of bx 2 , by x , &y 2 , (5%, Sz 2 . The virtual displacements of the points 
A t , A 2 , therefore have equal projections on the direction A X A t . This follows 
easily from the theorem given on p. 321, according to which the projections 
of the velocities of the points A l: A a , on the line joining these points are 
equal. 


Example 4. Unconstrained rigid body. Let us assume that a rigid body 
is a rigid system of material points (p. 190). 

Let us give the body an arbitrary advancing motion of velocity Su. 
Since the points of the body will have this same velocity Su, the virtual 
displacement of the body is obtained by assuming that the displacements 
of the points of the body were equal: 


8s = Su. 


(26) 


It follows from this that a translation of a body is a virtual displace¬ 
ment. 


Let us give a body an arbitrary rotation with an angular velocity dco 
about an axis passing through an (arbitrary) point 0 (Fig. 307). The 
velocity of an arbitrary point A of the body is equal to 8w = OA X ba> 
(p. 46). The virtual velocity of the body is therefore obtained by giving 
the arbitrary point A a displacement <5 s = dw, i. e. 


3s = OA X 8a>. • (26) 

It follows from this that the virtual displacement of 
a body is obtained by giving the points of the body dis¬ 
placements proportional to the velocity which they would 
have if the body were rotating about an arbitrary axis with 
an arbitrary angular velocity. 
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Let us note that In this ease the virtual displacement is not a possible 
displacement. 

The most general instantaneous motion of a rigid body is the com¬ 
position of an advancing motion and a rotation (p. 332). 

Therefore: the most general virtual displacement of a body is the 
composition of two virtual displacements of which one is a translation, and in 
the other the displacements of the points are proportional to their velocities 
during a rotation of the, body about an axis. 

By (25) and (26) the most general virtual displacement of a_body 
is obtained by choosing an arbitrary point 0 as well as the vectors du, Sen 
and giving every point A of the body a displacement 

ds = 5u -f- OA X 8 w. (27) 

So far we have assumed that the rigid body is free. Let us now con¬ 
sider several cases of a constrained body. 

Fixed point. If a rigid body has one fixed point, e. g. the point 0, 
then it can only rotate about this point. The instantaneous motion of the 
body is consequently an instantaneous rotation about a certain axis 
passing through 0 (p. 331). The most general virtual displacement of the 
body is obtained by giving the points of the body displacements defined 
by formula (26), in which dco can be chosen arbitrarily. 

Fixed axis. If a rigid body has a fixed axis, then the motion of the 
body can only be a rotation about this axis. Therefore in a virtual displac¬ 
ement of a body the points have displacements defined by formula (26), 
where O is an arbitrary point of the axis and <5® is an arbitrary vector 
having the direction of the axis. 

Motion of a figure in a plane. The instantaneous motion of a plane 
figure in its plane is either an advancing motion or a rotation about the 
instantaneous centre of rotation (p. 326). 

In the most general case, therefore, the virtual displacement of 
a plane figure is either a translation or a displacement, in which the 
displacements of the points of the figure are proportional to the velocities 
of these points in a rotation about a certain point lying in the plane of the 
figure. 

Examples. Two material points A x and A a , joined by a rigid 
(massless) rod of length d, are constrained to remain on the curves G x and 
G t lying in a horizontal plane and given by the equations: 

/i(z= y) = o, / 2 (*, y) = o. 


(28) 
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The following relations among the coordinates of the points A x and 


A 2 therefore hold: 


/i(*n Vi) = 0, f 2 (x 2 , y 2 ) = 0, (aq 


+ (2/1 —y*) 2 — «P = o. (29) 


Equations (29) define the constraints of the system. The virtual 
displacement consequently satisfies the equations: 


(at, a: 3 )(5a; 1 <5:r 2 ) -j- (y 1 — y%)(8y 1 — 6 yf) = 0. 


(30) 


Hence we can select one of the numbers <5aq, 8 y x , dx s , <5arbitrarily 
and obtain those remaining from equations (30). Let us note that the 
velocities of the points A u A,,, are tangent to the curves G x , <7 2 . The in¬ 
stantaneous centre of rotation 0 of the rod A X A% is therefore the point of 
intersection of the normals at the points A x and A 2 to the curves G x and 
C 2 (ef. example 1, p. 327). Since the instantaneous motion of the rod can 
only be a rotation about 0 , the points A x and can only have velocities 
whose directions are tangent to G x and C 2 and whose magnitudes are 
proportional to OA 1 and OA s . The virtual displacement of the system of 
points A x , A 2 is therefore obtained by giving these points displacements 
tangent to the curves O x , G % whose magnitudes are proportional to the 
distances 0A V 0A 2 , and whose senses are as in the rotation about O. 


Unilateral constraints. Lotus suppose that among the relations that 
the coordinates of the points of a system must satisfy, there appears the 
une quality 

$(»,,.>„z B ) £0. (31) 

Let us assume that 0 < 0 in a certain position of the system. If at 
a certain instant the system is given an arbitrary motion compatible with 
all the relations except (31), then — as it is easy to see — in a small inter¬ 
val of time 0 < 0 constantly (on account of continuity). Thereiore the 
motion will satisfy relation (31). It follows from this that in a position in 
which the inequality 0 < 0 holds, relation (31) does not constitute any 
limitation on the possible velocities and (as a consequence of this) on the 
virtual displacements. In determining the virtual displacements in this 
case, therefore, we need not take inequality (31) into account at all. 

Let us now assume that the system occupies a boundary position, 
i. e. that the equality 0=0 holds. At the instant t let ns give the system 
an arbitrary motion compatible with the constraints. The function 0 will 
have the value 0' = 0 + A0 at the time t -}- At (where At > 0). Since 
0' A) 0 and 0=0, A0 <f 0. Consequently lirnd0 ,/ At <_ 0, whence 

At—* 0 
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< 0 . 


(32) 


(10 3$.. , W>, 

The possible velocities must therefore satisfy inequality (32). If 
Sxx, ..., 8z n is a virtual displacement of the system, then putting x[ = 
= dz v .... z-„ = 8z n , we obtain a system of possible velocities. Con¬ 
sequently x{, 


, satisfy inequality (32), whence 


00 

dx 1 


&!+...+ 


00 

0Z„ 


Sz n £ 0 . 


(33) 


Therefore, if relation (31) becomes an equalityina certain position of 
the system, then the virtual displacement must satisfy relation (33) and 
conversely: a displacement satisfying relation (33) is a virtual displac¬ 
ement. 

If the sign < ” appears in relation (33) for a certain virtual dis¬ 
placement <5aq, dz n , then the displacement —<5aq, ..., — 8z n , is not a 
virtual displacement; hence the given virtual displacement is irreversible 
(p. 427). On the other hand, if the displacement bx u ..., <5 z n) is reveresihle, 
the sign „ = ” must appear in (33). 

Collecting the results obtained, we can therefore say: 


If the, constraints of a system are defined by the relations: 


Ffa, ■ ■., z n ) — 0 (j 1 , 2 , ..., m ), 

0 ,<aq, (r — 1 , 2 ,.. s), 

then the virtual displacement Sx lt .. <fe„ in a given position of the system 
satisfies the equations: 


V [dF,. , 3 I t dF ijt ) 

| = o 

(j =1,2,..., m) 

(I) 

as well as those relations from among 




i + Wi Vi+ S57 l J 

1^0 

II 

h- * 

(II) 


for which the equality 0 , = 0 holds in this position of the system. 


Example 6. Let us assume that a material point is constrained to 
remain within the sphere a : 2 + y 2 + z 2 — r 2 = 0 or on its surface. The 
coordinates x, y,z, of this point must consequently satisfy the inequality 

x 2 + y 2 + 2 2 — r 2 0. (34) 

If the point lies inside the sphere then the inequality 
x 2 + y a -j- « 2 — r 2 < 0 


(35) 
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holds; in this position the point can have an arbitrary velocity and there¬ 
fore every velocity is a possible velocity. It follows from this that every 
displacement is then a virtual displacement. 

If the point is on the surface of the sphere, then 

* s + J/ ! TZ ! -» i =0, ' (36) 

and possible velocities are velocities tangent 
to the sphere or velocities having senses 
towards the interior of the sphere. In tha t 
ease the virtual displacements are therefore 
displacements whose directions are tangent 
to the sphere, as well as those whose directions 
are not tangent, but have a sense towards the 
interior of the sphere (Eg. 308). 

By (II) the virtual displacement dz, dy, dz, satisfies the inequality 
which we obtain by differentiating (34): 

2 x dx + 2 y dy + 2 z dz 0, i. e. x 8x + y 8y + z dz <£ 0. 

Example 7 . A material point, tied to a string of length l attached to 
the origin of a coordinate system, is constrained to remain on the surface 
z — z 2 -f- y % . The coordinates oi the point therefore satisfy the relations: 

z — x 2 — y 2 = 0, x 2 + y 2 + z 2 — Z a 0. (37) 

If the string is not in tension, i. e. if x 2 + if + z 2 — P < 0, then the 
virtual displacements satisfy only the equality 

8 z — 2x 8x — 2 y Sy = 0. (38) 

If the string is in tension, then the point occupies a boundary posi¬ 
tion; hence x 2 + y 2 + z 2 — I 2 = 0 ; consequently in this case the inequality 

x dx + y 6y + z dz <1 0 (39) 

must hold in addition to the equality (38), 

From (38) we get 

dz = 2x dx -j- 2 y dy, (40) 

whence after substituting in (39) 

x(l -j- 2z) 5x + y( 1 + 2z) dy 0. (41) 

Let us put 

w — x(l + 2z) dx -)- y{\ + 2s) dy. (42) 

Hence, if y 4= 0 , then 

dy = [w — *(1 + 2 z) dx] / y{ 1 -f- 2 z). 



28 


(43) 
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Therefore, for every value 8x and every non-positive value of w we 
obtain from (40) and ( 43 ) the virtual displacement 8x, by, 8z, satisfying 
relations (38) and (39), 

§ 3. Principle of virtual work. Virtual work. Let a holonomo-sclero- 
nomic system consist of n material points A x , .. A n , at which the forces 
P v P n , are applied. Let us give the system an arbitrary virtual dis¬ 
placement The work of the forces P u ...,P n on this displace¬ 

ment is 

n _ 

= p t «*+... + p„ &» = 2 p i ds i- (i) 

i=l 

If 6x u 8y u 8z lt ..., 8x n , 8y„, bz n are the projections of the vectors 
8 s lt 8 sthen 

8'L = 2 \Pi. tei + P <y hi + Pi z &<)■ (I') 

The work defined by formulae (I) and (I') is called the virtual work of 
the forces P 2 , . .., P„ on the virtual displacement 3s u 8s n (having the 
projections 8x lt 6z n ). 

Remark. The virtual work is denoted by S'L (with the prime) because the sym¬ 
bol SL could suggest the supposition that £ is a function and SL an expression de¬ 
fined by formula (18), p. 428. 


If the forces P lt P n , have a potential F, then by (III), p. 211 , we 
have P ix = oV / ox u P iy = 8V j 3y u P iz = dF / 3tej. 

From (I') we get 


8'L 


\ IdV. 

.3 a; to ‘ 


, dV. , 
+ Wi Ji + 


sr 

dzi 


8zj 


( 1 ) 


whence by (18), p. 428, 


8’L = 6V. 


(I") 


Example I, A point is constrained to the sphere x 2 -{- y 2 -j- z- — 
— r ! = 0 . The virtual displacement is defined by the equation 

x 6x + y by -j- z 8z = 0 . 

If the force P acts on the point, then its virtual work is 

8'L = P x dx + P v by + P z 8z. ( 2 ) 

Let ns assume that z =(= 0 . Consequently 

8z = — (* 8x + y 8y) / a, 
whence after substituting in ( 2 ) 


(3) 


[88] 
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8'L = [(?, z—P z x) 8x + [P v z — P z y) 8y ] / 2 . (4) 

The values 8 x, by, in formula (4) are arbitrary. 

If 

P x z — P 2 x = 0 , P v z — P z y— 0 , (5) 

then we obtain as the virtual work 8’L = 0 for every virtual displacement. 
Conversely, if 8'L = 0 constantly, then taking in formula (4) first dx = 1 , 
by = 0, and then 3x = 0 , by = 1, we obtain equations (5) which express 
the fact that the direction of the force P passes through the origin of the 
coordinate system (or through the centre of the sphere), i. e. that the 
force is normal to the surface of the sphere. 

The results obtained can he verified in the following -way. Let us note 
that the virtual displacement at an arbitrary point of the sphere is every 
vector tangent to the sphere at this point (p. 422). The virtual work of the 
force P will therefore he constantly zero then, and only then, when the 
force P is perpendicular to every virtual displacement, and hence to a 
plane tangent to the sphere, i. e. when the direction of the force is normal 
to the surface of the sphere. 

Principle of virtual work. Let a holonomo-seleronomie system of 
material points A x (x x , y x , z x ), ..., A n (x n , y n , z n ), he acted upon by forces. 
The forces that cause the system to maintain the constraints are called 
reactions, and the forces that act at the points of the system and are 
not reactions are called, in order to distinguish them from the former, 
acting forces. When the system ' is at rest, i. e. in equilibrium, the acting 
forces are said to balance one another. 

It is obvious that a system does not have to he at rest even when the 
acting forces balance one another: e. g. a material point on which no forces 
act can move with a uniform motion. 

Let us assume that a system of points is in equilibrium. At each 
separate point the forces acting on this point are therefore annulled by 
the reactions. Denoting by P x , ..., P„, the forces acting on the individual 
points, and by R t , ..R„, the reactions, we hence obtain: 

P 1 + R 1 =0, P 2 +R a = 0, ..., P n + R* = 0- ( 6 ) 

Let us consider an arbitrary virtual displacement 8s l , .... 8s n . The 
work of the acting forces and reactions on this displacement, in view of 

(6). is _ _ 

(P x + R x )8s x + ...+ (P„ + R„) &s n = 0 , (7) 

i. e. 

(P x aix + ... + Pn 8s~ n ) + (R l 37, + ... + R„ 8sl) = 0 . ( 8 ) 
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Experience shows that if there is no Motion, the work of the reactions 
on every virtual displacement is non-negative. 

For example, if a point is constrained to remain within a certain smooth 
sphere, or on its surface, then, in the case when the point is on the sphere, the reac¬ 
tion is directed towards the centre of the sphere. The virtual displacement is either 
tangent to the sphere or it has a sense towards the interior (p. 433). In the first case 
the work of the reaction is zero, but in the second case it is positive. 

Therefore, under the assumption that there is no friction, we have 

Ri bs 1 + Rn 5s n 0. (9) 

By. (8) _ _ _ ‘ __ 

Pj Ss 1 P» 8s n — — (Pi Ssi -)- • ■ • + Ss n ) i (10) 

hence from (9) we obtain 

Pi <3*1 “h • • • + P« 3 s n ^ 0 . ( 11 ) 

The expression on the left side of the inequality ( 11 ) represents, 
according to (I), p. 434, the virtual work of the acting forces. 

Therefore: if there is no friction and a system, is in equilibrium, 
the work of the acting forces for every virtual displacement is either zero or a 
negative number. 

If the virtual displacement &e lt ..., ds n , is reversible (p. 427), then 
— ..., — 8s n , is also a virtual displacement. In the case of equilibrium, 

( 11 ) as well as 

— Pi Aq — ... — P n 8s n £0 (12) 

hold. 

Prom (11) and (12) it follows that 

^1 + • • • + Pn 8s„ — 0. (13) 

Therefore: in the case of the equilibrium of a system the virtual work 
of the acting forces is equal to zero for every reversible virtual displac¬ 
ement. 

In particular, if the constraints are bilateral, every virtual displac¬ 
ement is reversible and consequently the virtual work of the acting forces 
is then zero for every virtual displacement. 

The condition of equilibrium obtained is a necessary condition. 
Experience teaches that it is also sufficient. 

This condition is known as the principle of virtual work. 

We can state it as follows: 

Principle of virtual work. If a system of nmaterial points Ais 

holonomo-scleronomic and there is no friction , then the necessary and suf¬ 
ficient condition for the equilibrium of the acting forces P u ..., P n , is that 
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for every virtual displacement 8 x t ,...,dz n the virtual work of the acting 
forces be zero or a negative number, i. e. that the relation 

8 ’L = |(P Ia b t + P, v by, + P i% 8z t ) £ 0 (II) 

i=l 

hold. 

If the constraints are bilateral, condition (II) assumes the, form 

d'L = i(P ix 8x ( + P iy by, + p iz Sz,) = 0 . (Ill) 

i= l 

In many cases the principle of virtual work can be proved. We accept 
it as a law verified by experience in all those cases in which the concept 
of friction is defined. In the general case it can be said that friction does 
not appear in a system if the principle of virtual work applies to the 
system. 

The importance of the principle of virtual work consists in the fact 
that it gives the condition for the equilibrium of the acting forces without 
the aid of the reactions. 

Example 2. Let A be a free material point. Let us denote by P the 
sum of the forces acting on A. The virtual work is d'L = P 8s, where 8 s 
is a virtual displacement. In the case of equilibrium d'L = 0, i. e. 

Pjs =0 (14=) 

for every virtual displacement. Since the point A is free, ds is arbitrary. 
It follows from this, in view of (14), that P = 0. For were P 4= 0, then 
ass uming that 8s has the direction and sense of the force P, we should have 
p Js — |P| ■ !<5s| 4= 0, contrary to (14). 

We have thus verified the principle of virtual work in the case of 

a free point. 

Example 3. A material point A , subjected to the action of the force P, 
is constrained to remain on the surface Sribi the position of equilibrium 
the virtual work is 8’L = P 8s = 0, where ds is a virtual displacement and 
hence an arbitrary vector lying in the plane II tangent to the surface S at 
the point A (p. 422). It foUowsJrom this that P ±17. Conversely, if 
P ±11, then obviously 8’L = P 5s = 0, and hence the point A is m the 
position of equilibrium. 

Let us assume now that the point A is constrained to lie on on© side of 
the surface 8. The constraints are consequently unilateral. In the case 
of equilibrimnjwe therefore have d'L = P Ss £ 0 for every virtual dis¬ 
placement. If ds lies in the tangent plane 77, then it is a reversible displa¬ 
cement (p. 427), and hence P Ss = 0. It follows from this that P ± II. 
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The most general virtual displacement is any veet or (whose origin 
is at .4) directed towards that side of the surface 8 on which the point A 
lies. Since P 8 s <[ 0, P has a sense in the direction of the surface S (i. e. it 
presses the point A to the surface S). Conversely, if P J_ 77 and P has 
a sense in the direction of the surface 8 , then, as is easily seen, 8 'L = 

— P 8 s <, 0 for every virtual displacement. The point is consequently in 
the position of equilibrium. 

Example 4. The material point A , subjected to the action of the 
force P, is constrained to remain on the curve G. In the position of equi¬ 
librium the virtual work for every virtual displacement 8 s is d'L = 

— P Ss = 0. Since is an arbitrary vector tangent to C at the point A, 
P is perpendicular to G. 

Conversely, if P is perpendicular to G, then obviously Pds — 0 , and 
hence the point is in the position of equilibrium. 

Example 5. A lever AB is acted upon by weights Q lt Q,, suspended 
from the points A, B, and as the weight Q acting at the centre S of its 
mass. The acting forces lie in a vertical plane perpendicular to tho axis of 
rotation at the point 0, while OS J_ AB. Determine in the position of 
equilibrium the angle <p which OS makes with the vertical (cf. example 1 , 
P- 274). _ 

Let us denote by Ss t , 8s a , 8s, the virtual displacements of the points of 
application A, B, S. The lever can only rotate about its axis. Tlxe possible 
velocities, and — as a consequence — the virtual displacements of the 
points A,B, S are perpendicular to OA, OB, OS, (Fig. 309). Denoting 
by Sco an arbitrary angular velocity, we consequently have: 

|&i| = OA Sen, |& a | = OB dco, J 6 s| = OS <5eo. (15) 

Inthe position of equilibrium the virtual work is zero, e. i. Q x Ssl + 
+ Qa <5s a + Q As = 0 . Calculating the scalar products and denoting the 
absolute values of the forces by Q lt Q lt Q, we obtain by (15) 
(Qi • GA cos -)- Q • OS sin <p — Q a - OB cos <p) 8a> = 0 , whence after 
dividing by 8co 

tan 9 ) = {Q t -OB—Q 1 - OA) j Q- OS. (16) 

Formula (16) was obtained before in another way (cf. formula 
( 6 ), p. 275). 

Example 6. On an inclined plane making an angle a with the 
horizontal there lies a heavy point A which remains in equilibrium under 
action of a force P having a horizontal direction (Fig. 310). Determine the 
force P under the assumption that there is no friction. 
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Let us denote by Q the weight of the body and by ds an arbitrary 
virtual displacement. The virtual work is d'L = Q Ss -j- P ds. In order 
that equilibrium occur, we must have for every virtual displacement 
8'L <L 0, i. e. 

Q &! + P ds <: 0. (17) 




Let us first consider the virtual displacement Ss' having the direction 
of the inclined plane. Under this assumption ds' is a reversible displace¬ 
ment: consequently (17) assumes the form of the equality 

Q <5? + P d? = 0. (18) 

Letilbe a vertical pl ane passin g through. A and perpendicu lar to thein- 
clinedplane, andlet d? _L 77. Therefore Q Ss' = 0, whence by (2) P ■ 8s' = 
= 0 , i. e. P J_ 8s'. Hence P lies in the plane II. 

Lot us now assume that Ss' lies on the inclined plane and in the 
plane 77 (Fig. 310); giving the displacement Ss' a downward sense 
and putting Q = [Qj, P = |P], we obtain from (18) 

Q|ds'|sin« ±7 > |ds'| cosa = 0. (19) 

The sign „±“ depends on the sense of the force P. From tho equality 
(19) it follows that it is necessary to take the sign Hence the force 
P must press the point to the plane. Using the sign,,—■“'weobtaiiifrom{19) 

P = Q tana. (20) 

We have thus determined the direction, sense, and magnitude, of 
the force P under the assumption of equilibrium. From (20) it follows 
easily that the sum Q -j- P is perpendicular to the inclined plane. 

In order to show that equilibrium really occurs, it is necessary to 
prove that condition (17) holds for every virtual displacement.Jn order to 
demonstrate this, let us resolve the arbitrary displacement Ss into two 
displacements: 8s" perpendicular to the inclined plane and 5s lying 
on the inclined plane. The work of the forces P and Q on the displace¬ 
ment 8s’ is zero, because P -j- Q J_ 8s '. The displacement Ss' and the sum 
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p _|_ q have the same direction, hut opposite senses; hence the work of 
the forces P and Q on &Fis negative. Itfollowsfrom this that the work of 
the forces P and Q on the displacement (5s is negative. Relation (17) there¬ 
fore holds for every virtual displacement. Consequently the forces Q and P 
balance each other. 

Example 7. Rigid body. By appealing to the principle of virtual work 
we shall now derive the conditions for the equilibrium of forces acting on 
a rigid body. 

Unconstrained body. Let the forces P 1; ..., P n! having origins A t , .... A „, 
acton a free rigid body. Lotus give the body an arbitrary virtual displace¬ 
ment and denote by ds u ..., 5s n , the displacements of the points A n . 

Hence by (I), p. 434, the virtual displacement is 

d'L = P ]L Sr i + ... + P»ten- (21) 

In example 4 , p. 429, we considered the virtual displacement of a 
rigid body. 

Let the virtual displacement of the body be a translation (p. 429); the 
displacements of the points are therefore equal 5u. By ( 21 ) we have 
b'L = Pj Hu + ... + P7<5m = (Pi+... + P„) 6 m.P uttingP = P, + ... + 
+ P n , we obtain 

b'L = P Su. (22) 

Let 0 be an arbitrary point of the body and l an axis passing through 
0. Let us give the body a virtual displacement, in which displacements 
of the points are proportional to the velocities during a rotation of 
the body about the axis l with an angular velocity 8a>. By (26), p. 429, we 

obtain _ _ 

= 0A t X <5co (i =1,2,..., n), 

whence by (21) b'L = P l (04 1 X da>) + ... -j- P n (OA n X 8 m). Since 
a(b X c) = c (a X f>) (formula (EC), p. 13), 

b'L = A»(P X x OA,) + ... + MP„ X OA~ n ). 

But P x X 0A 1 = MomoPx, etc. Consequently 

b'L = ^(MomoPi + ■ ■ ■ + Mom 0 P„) = Sm ■ M, (23) 

where M is the total moment of the forces with respect to 0. 

Let us denote by dm the component of 8 co with respect to the axis l, 
and by tp the angle which M makes with the axis l. Then dm ■ M = 
= bai ■ \M | cos q>. Since the moment of the acting forces with respect to the 
axis l is Mt = ]M| cos?), by (23) 

b'L = Mi 6m. 


(24) 
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The most general virtual displacement of a rigid body is a com¬ 
position of the displacements defined by formulae (25) and (26), p. 429. 
Therefore for. the most general virtual displacement 

b'L = P • bu -f- Mi bco, (25) 

where P denotes the sum of all the acting forces. Mi the moment with 
respect to an arbitrary axis l, Su an arbitrary vector, and Sm an arbitrary 
number. 

We now proceed to determine the conditions for equilibrium. 
Let us assume that the system of acting forces is in equilibrium. Hence 
the virtual work b'L on every virtual displacement is zero. Giving 
the body an arbitrary displacement <5m, we have by (22) P Su — 0, from 
which it follows that 

P = 0, (26) 

for were P =f= 0, then choosing Su in the direction of P, we should have 
PSu 4 = 0. 

Let us now select an arbitrary point 0 and an axis l passing through 
0. By (24) M } boa = 0 for every <5co; hence — 0. Since l is an arbitrary 
axis passing through 0 , the total moment with respect to 0 is 

M = 0. (27) 

In this way we have proved that the equalities (26) and (27) are 
necessary conditions for the equilibrium of the acting forces. W e shall now 
show that they are likewise sufficient conditions. 

For if the equalities (26) and (27) hold, then the virtual work given 
in the most general case by formula (25) is obviously zero. 

We have therefore obtained the conditions of equilibrium for a free 
rigid body^ which were derived in another way on p. 244. 

We shall now consider several cases of equilibrium of a constrained 
body. 

Body having a fixed point. Let a body have the point O fixed. The 
instantaneous motion of the body can only be a rotation about an axis 
passing through 0. Consequently the virtual work is expressed by for¬ 
mula (24). 

If the acting forces balance one another, then b'L = 0, whence by 
(24) M t Sm = 0 . Since dm is arbitrary, M L = 0, where l is an arbitrary 
axis passing through 0. It follows from this that the total moment with 
respect to 0 of the forces acting on the body is A1 = 0. 

Conversely, if M = 0 , then = 0 with respect to every axis l pass¬ 
ing through 0. Hence by (24) b'L = 0 constantly. 
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Therefore: a system of forces acting on a body having one fixed point 
0 is in equilibrium then, and only then, when the total moment of the 
forces with respect to 0 is zero. 

This condition was obtained before in another way (p. 271). 

Plane motion of a body (p. 272). Let 17 be the directional plane of 
a body in plane motion. The instantaneous motion of the body is either 
an advancing motion with a velocity parallel to U, or a rotation about 
an axis l perpendicular to II Consequently the virtual work is expressed 
by formula (22), where du |j II, or by formula (24), where l J_ 17. In the 
case of equilibrium we therefore obtain P du = 0 for bn || II, and Mi dm = 
== 0 for l J_ U. It follows from this that 

P _L II and M l = 0 for l J_ 17. (28) 

It is easy to prove that the condition obtained is equivalent to the 
condition that the projections of the forces on the directional plane II 
form a system equipollent to zero. If condition (28) holds, then from (22) 
and (24) it follows that the virtual work is zero. Condition (28) is therefore 
necessary and sufficient for the equilibrium of the acting forces. 

Body having a fixed axis. Let us assume that a body has a fixed axis l. 
In this case the body can only rotate about the axis l. The virtual work is 
therefore expressed by formula (24). Hence by (24) the necessary and 
sufficient condition for the equilibrium of the acting forces is that 
d'L = Jfj dor = 0, whence M x = 0 (for dm is arbitrary). 

We obtained this condition before on p. 272. 

Body having a fixed axis of twist. Let us assume that a body can 
only rotate about a certain axis l as well as to move along it, which is 
the ease e. g. with a sphere strung on a straight rigid rod. Hence the 
instantaneous motion of the body is the composition of an advancing mo¬ 
tion whose velocity has the direction of the axis l and a rotation about 
this axis, and consequently the motion is a twist about the axis l. In the 
most general case the virtual work is therefore defined by formula (25), 
in which du has the direction of the axis l and <5co is arbitrary. 

If equilibrium occurs, then by (25) 

d'L = P du + Mi 6m = 0. (29) 

Assuming du = 0 and dm 4= 0, we get Mj = 0; and if we assume 
dm — 0, we obtain from (29) P du — 0. Since du has the direction of the 
axis l, P J_ Z. 

Conversely, if M, = 0 and P ±1, then by (29) obviously b'L = 0. 
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Therefore: a, necessary and sufficient condition for the equilibrium of 
a body which can rotate about a fixed axis and slide along it, is that the sum 
of the forces be perpendicular to the axis and the moment of the forces with 
respect to the axis be zero. 

Screw. A. rigid body which can only move so that a certain helix in 
the body slides along itself is called a screw. 

The axis of the screw ean only slide along itself, and consequently the 
velocities of the points on the axis have the direction of the axis. It follows 
from this (p. 334) that the instantaneous motion is an instantaneous twist 
about the axis of the screw. 

Denoting by u the velocity of the instantaneous advancing motion, 
by co the instantaneous angular velocity, and by h the lead of the screw, 
we have by (15), p. 337, 

[u| / |co| = h I 2at, (30) 

Since u and co have the direction of the axis l of the screw, denoting 
by u and co the components with respect to the axis l of the vectors u and 
co. we obtain, from (30) 

u — slim ; 2.t, (31) 

where e = + 1, if the screw is left-handed, and e — — 1, if it is right- 
handed. 

The virtual work is expressed by formula (25), in which dm is ar¬ 
bitrary, and du has the direction of the axis l of the screw, while by (31) 

du = eh 6co / %t, (32) 

where du is the component of du with respect to the axis l. 

Denoting by P t the projection of P on the axis l, we have P du = 
= Pi du. Hence by (25) and (32) 

6'L = (ePfh / 2 Ti -j- M x ) dm. (33) 

From the principle of virtual work it follows by (33) that a necessary 
and sufficient condition for the equilibrium of the forces acting on a screw is 
that the forces satisfy the equation 

Mi / -Pj = — eh I 2rr. (34) 

Example 8. Determination of stresses in the bars of a frame. Kinema- 
tica! method. A certain method of determining the stresses in the bars of 
a frame rests on the principle of virtual work. First we shall illustrate this 
method by means of an example. 

^Forces P lt . .., P n , act at the joints of a plane frame and are in equi¬ 
librium. In order to determine the stress in the bar BD, for example, we 
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remove this bar. The remaining system of bars will again be in equilibrium, 
if at the points B and D we apply the. forces S and — S, equal to the stresses 
at these two points in the bar removed (Fig. 311). 



Let us give the system of bars 411, 
BG, CD, DA, an arbitrary virtual displace¬ 
ment and denote by 6s x , Ss x , the dis¬ 
placements of the points A, Tile 

virtual work will therefore he zero, i. e. 

Pi Ss x -f P 2 Ss 2 + P s <5s 3 + 

-j- P 4 Ss^ — ^ hi '2 i 'it; — 0, 

whence 


S(<5s 2 — <5s 4 ) = — (P 1 <?s x + Pa ds 2 + P 3 + P 4 ^ 4 )- (35) 

Let us put S = ± |S[, where the sign depends on whether the stress S 
is a tension or a compression, and let us denote by Sr the projection of 
the difference dF s — <5^ on the direction of BD. With these notations the 
left side of the equality (35) is S Sr. Therefore, if we choose the virtual 
displacement in such a way that dr 4 = 0, then we obtain from (35) 

S = — (P x + P 2 Ss a + P 3 <3s» + Pi fet) / Sr. (36) 

The sought for virtual displacement is obtained by assuming that 
the points A and D a.re fixed; consequently: 

8s i = 0, ls t = 0. (37) 

The instantaneous motion of the bar BD (under the assumption that 
A and D axe fixed) is an instantaneous rotation about the centre 0, which 
is the point of intersection of the lines AB and DO (of. example 4, p. 328). 

The displacements <5s 2 and <5s 3 are proportional to the velocities of the 
points B and C during a rotation of the rod BG about 0. Consequently 
<5s a and ds 3 are perpendicular to AB and DO, respectively, and 

|&,| / 1&J = 001 OB. (38) 

Let P' 2 and P’ s denote the projections of the forces P 2 , P 3 , on the 
directions of <Ss 2 , <5s 3 , and « the angle between Ss 2 and BD. Consequently: 

P 2 Ss 2 = Pajfeaj, P 3 Ss a = Ps|<Ss 3 |, Sr = |<5a a | cos#. (39) 

From (36) we obtain by (37)~(39) 

S = — (P; • OP + Ps ■ 00) I OB cos «. 


(40) 
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Let us now proceed the genexal ease of a frame with joints .. .,A n , 
at which the forces P 1; ..., P n , act and are iu equilibrium. In order to 
determine the stresses in the bar of the frame connecting the joints A, and 
A s , we remove the bar A r A s and apply to the joints A r and A, the forces 
S and —S, equal to the stresses at A r and A s in the bar removed. Since the 
system of remaining bars is in equilibrium, the forces P x ,..., P n , S, -— S, 
balance one another. The virtual work is therefore zero- Denoting by 
<5s lf ..., Ss n , the virtual displacements of the joints A x A„ (under the 
assumption that the bar A r A s was removed), we obtain 

P 1 'di 1 + ... + P»Si + Sdff,— S&, = 0. (41) 

Hence, putting S = 4 -. [S| (where the sign depends on whether S is 
a tension or a compression) and denoting by Sr the projection of ds r — Ss, 
on the direction of A. r A s , we obtain from (41) 

S 8r = ■—• (P 4 (Ssj -|- ... + P„ <5s„). (42) 

If the virtual displacements can be so chosen that Sr == 0 (i. e. so 
that 6s r 4 = Ss 3 and the difference 6s r — Ss t is not perpendicular to A r A t ), 
then from (42) we shall be able to determine S. 

How, it is possible to show that if a frame is statically determinate 
(p. 297), then the virtual displacement having the required properties 
always exists. 

Let us denote by x x , y u .. x n , y n , the coordinates of the joints 
Ajj ..., A„, and by i if the lengths of the bars A { A S . Consequently 

(*s—%) a + (vt — yd 2 —4 = ( 43 ) 

Let Sx u (5 y t be the projections of the virtual displacement of the 
point Ai- 

Then by (43) 

(a- t — — Sxj) + {y t — &)(%* — &y s ) = 0. (44) 

If the bar 4 r d. s is removed, then the virtual displacements of the 
joints are defined by equations (44) (among which the equation corres¬ 
ponding to the bar A r A s does not appear); from these we can calculate 
the displacements. 

The given method of determining the stresses in the bars of a frame 
is known as tlio hinematical method. 

The kinematical method can be applied to plane frames as well as to 
space frames. 

There also exist graphical methods of determining the possible 
velocities (and, as a consequence, the virtual displacements 5%, ..., 6s n ) of 
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tlie joints of the frame by means of the so-called diagram of velocities 
{virtual displacements ). 

§4. Determination of the position of equilibrium in a force field. 

One of the principal problems which we shall encounter in the investiga¬ 
tion of the equilibrium of a system of material points is the determination 
of the position of equilibrium of the system in a given force field. 

We shall here give the solution of this problem for bilateral con¬ 
straints. For unilateral constraints the solution of the problem is con¬ 
siderably more complex and we shall therefore confine ourselves to an 
example (p. 450, example 2). 

Let the constraints of the system of points A 1} ...,A n , be defined by 
the equations 

Fi&i ,= 0 {j = 1,2, ( 1 ) 

Let us assume that the system is in a force field, i, e. that the forces 
P J: ..,, P n , acting on the points A lt ..., A„, are functions of the variables 
aq, ..., a„. Therefore: 


P ix = ■ • •, »»). p i y = «*), P u = i> - •*»). (2) 

The virtual displacements satisfy the equations (I), p. 426: 

KS^ + l^ + S^)- 0 (1- 1,2,.(3) 

In the position of equilibrium we have in virtue of the principle of 
virtual work 


%( p i x fat + F i v hi + Pi z & 4 ) = 0 . 


(4) 


Since (3) consists of m equations, we can determine m of the n un¬ 
knowns <5*!, ..., 6z n , giving the remaining k = Zn—m unknowns the 
arbitrarily chosen values 8h lt ..., dh k . Determining the unknowns 
&x u ..., from equations (3) in terms of 8h t , ..., <5A fo and substituting in 
{4), we obtain after simplifying the equation 

®i *5^1 “H ®2 -j- ... + a k 8h k = 0, (5) 

where %, ..., %, are certain numbers depending on the position of the 
system, i. e. on the coordinates aq, ..., z n . 

In a position of equilibrium equality (5) must hold for every set 
of numbers 8h lt ..., bh k . Assuming 6h 1 = 1, dh t = 0, ..., dh k = o, we 
get aq = 0. Proceeding similarly, we obtain: 


— 0, ci 2 — 0, ..., cq — : 0- 


( 6 ) 
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Conversely, if the equalities (6) are satisfied in a certain position of 
the system, then obviously equation (5) holds and consequently the given 
position of the system is a position of equilibrium. Equalities (6) therefore 
define the position of equilibrium of the system. 

From equations (6) and (1), whose total number is k -j- m = 3?i, 
we can determine in general 3 n unknown coordinates aq, ..., z n , corres¬ 
ponding to the position of equilibrium of the system. 


Lagrange's multipliers. We shall give still another method of deter¬ 
mining the positions of equilibrium of a system, called the method of 
Lagrange's multipliers. 

Let us denote the left sides of equations (3) by PF X , ..., W m , and the 
left side of equation (4) by W. 

Regarding <5*!, ..., 8z n , as unknowns, we cansay that in the position 
of equilibrium every solution of the equations W x = 0 , ..., W m — 0 sa¬ 
tisfies the equation W = 0. Hence, by a well-known theorem from the 
theory of linear equations it follows that W can be represented as a linear 
combination of W lt ..., W m , i. e. that there exist numbers aq, ..., a m , such 
that for arbitrary 5aq, ..., 8z n , we have the identity 

W = aqF x + ... + a m W m . 

Putting ), x — — aq, ..., X m = — a, m , we can write the above identity 
in the form 

m 

W + X L W x -f- ... -f- X m W m = 0 or W -j- 'fij.jWj — 0. (7) 

1=1 

Writing the left sides of equations (3) and (4) instead of W x ,..., W m> 
and W, we obtain 


2(F i x 8x f Pi hi + P q & Z i ) + 

“ hldF- dF< 2F, \ 

Arranging the left side of equation (8) according to <5aq, 


get 




^•,+K + a + 


+ 




( 8 ) 


<5 z„, we 


(9) 


Equality (7), and hence also (9), holds for arbitrary <5aq, ..., <5z n ; 
consequently the coefficients of <5aq,..., Sz nl must be equal to zero: 
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p„+»,£=». *.+#£?-■ 

(» = 1 , 2 ,..., n ). 


dF< 


Pi 


m 

- IX- 

3 “ 1 


3F,- 

8Z; ' 


0 (I) 


We have thus proved that in a position of equilibrium it is pos¬ 
sible to choose numbers ■ ■., A m , su °k equations (I) hold. 

Conversely, if in a certain position of a system it is possible to choose 
numbers A ± , ..., satisfying equations (I), then equality (9) holds, and 
hence also (8), i. e. (7). Since, in virtue of (3), for virtual displacements 
Wi = 0j .. W m = 0, from (7) we get W 0, i. e. (4). The given position 
is consequently a position of equilibrium. 

Therefore: a necessary and sufficient condition for the equilibrium of 
forces in cs certain position of a system is that there exist a set of numbers 
A ± , ..., A m , satisfying equations (I). 

Prom equations (1) and (I), whose total number is 3a -)- m, we can 
determine in general 3n -j- to unknowns, i. e. ..., A m , and as the coor¬ 
dinates x t , . .., z„, defining the position of equilibrium. 

The numbers ..., A m , are called Lagrange's multipliers. 


Remark. Denoting by R Jt ..., R„, the forces of reaction in the position 
of equilibrium, we obviously have P< + R, = 0, i. e. 

p ix + R ix = 0, P (y + Ri, = 0, P K _ + R, t = 0 d= 1,2,... n). 


R.- 


m ?W 

= = 1, 2-- w). 

i-1 oz t 


(II) 


Comparing with (I), we get: 

j—i cX{ 3=1 cy , 

Example I. Two heavy material points A 1 ,A 3 , ofmasses are 

connected by a. rigid rod of length d (massless) and are constrained to 
remain on two lines l t and 1 2 . The line \ is vertical and the line l*. cuts l x 
and makes with it an angle cp = 45° (Fig. 312). 
Determine the position of equilibrium, assuming 
that there is no friction. 

Let us choose the point of intersection of the 
lines l lt l 2 , as the origin of the coordinate system 
(a:, y), taking the plane in which these lines lie as 
the ay-plane and the line l x as the y-axis (with an 
upward sense). 

The equations of the lines \ and Z 2 are x — 0 
and y = x. Consequently the coordinates aq, y%, 
and x 3 , y 2 , satisfy the equations: 
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—■ 0 3 y 2 *^2 — 9- (49) 

Since A ± A 2 = d, 

x i + (di — 2/s) 2, — d % = 0. (11) 

Equations (10) and (11) define the constraints of the system. 

The virtual displacements satisfy the equations which we obtain from 
(10) and (11): 

Sx 1 = 0, by 2 — dx t = 0, aq &c 2 + (y x — y 2 )(<h/i — dy a ) = 0. (12) 

The acting forces are the weights of the points. The projections of the 
weights on the axes of the coordinate system are respectively 0, — rnpg, 
and 0, — mgg. The virtual work of the acting forces is equal to 8‘L = 
= ■— m x g 5y 1 — ni^gby^. In the position of equilibrium 5'L — 0, and hence 

m l fyx + m 2 %2 = 0. (13) 

Let us assume that y x — y % 4= 0. Selecting &y 3 arbitrarily we get 
from (12): 

= o, <5a; 2 = &y 2 , 6y x = ( 2/1 — Vi— * 2 )SyJiyi — y»)■ (i^) 

Substituting in (13) we obtain after getting rid of the denominator 
[>1(1/1. — y 2 — »*) + ^2(2/1 — ^)] = 0 . ( 15 ) 

Since 8y 2 is arbitrary, equality (15) will hold only in the ease when 

— ys— *2) +«*»(& — 2/2) = 0. (16) 

Solving the system of equations (10), (11), (16), we obtain the co¬ 
ordinates: 

% = 0, 2/1 = — (2«i! + m 3 ) d f a, = — (wi x + m 2 ) d, / a = y 2 , 

in the position of equilibrium, where a = ]/(m 1 m 2 ) 2 + m i- 

Let us assume now that 2/1 — 2/s = 0. By (11) we have xl — d 2 = 0, 
whence x t 4= 0. In view of this the last one of the equations (12) gives 
&c 2 = 0, and hence the second one of the equations (12) gives by z — 0. 
Consequently by (12) the virtual displacement is the displacement: 

<5aq = 0, bx 2 = 0, bnji = 0, by x arbitrary. 

The condition of equilibrium (13) will therefore assume the form 
m 1 <5y x = 0. However, this equality is not satisfied, because &y x is 
arbitrary. 

Therefore: the position for which y x — y 2 = 0 is not a position of 
equilibrium. 

29 
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Example 2. A heavy point of mass to, subjected to the action of 
the force P, is constrained to remain, on the surface of the sphere 

a* + f -f - 0. (17) 

We assume that the z-axis has a vertical direction and an upward 
sense. Determine the position of equilibrium, assuming that friction 
does not appear. 

The virtual displacement dx, dy, Sz, satisfies the equation which we 
get by differentiating (17): 

* dx + y dy + z <te = 0. (18) 

The virtual work of the force P is P x 8% + P v Sy + P t Sz, and that 
of the force of gravity —mg dz. In the position of equilibrium we conse¬ 
quently have 

S'L = P x Sx -f- P„ dy + (Pj — mg) dz = 0. (19) 

Applying the method of Lagrange’s multipliers (formula (I), p. 448) 
and-replacing 2/. by X we obtain the following equations: 

P x + Xx — 0, P v + Xy = 0, P* — mg + Xz = 0. (20) 

From equations (17) and (20) we can determine X as well as the co¬ 
ordinates x, y, z, of the position of equilibrium. 

Calculating x. y, z, from equations (20) and substituting in (17), we 

get: 

A = ± ]/Pt + P 2 v + (P t — mgf I r. (21) 

Knowing X we obtain from (20): 

* = — P* IK y = — P,/ X, z = — (P z — mg) / X. (22) 

Since we have obtained two values (21) for X, there will exist two 
positions of equilibrium. 

Let us now assume that the point is constrained to remain within 
the sphere (17) or on its surface. The constraints are therefore uni¬ 
lateral and the coordinates of the point must satisfy the relation 

z 2 + t + 28 — r* ig 0. (23) 

In the position of equilibrium on the surface of the sphere the virtual 
displacements are defined by the inequality 

x dx + y 8y + z dz 0. , (24) 

The virtual work consequently satisfies the inequality 
Px 8x + P„ dy -|- (P„ — mg) Sz 0. 


(25) 
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For reversible virtual displacements, i. e. those satisfying equation 
(18), the virtual work is zero and hence equality (19) holds. It follows from 
this that the position of equilibrium on the surface of the sphere can only 
be one of the positions given by formulae (21) and (22). In order to prove 
winch one of them is a position of equilibrium, it is necessary to examine 
for which one of them the relation (24) implies (25). 

Assuming that the virtual displacement satisfies condition (24) we 
obtain by (22) after substituting in (24) 

— [Px Sx -f P„ (5 y + (P z — mg) <5z] / X 0. (26) 

We see from this that formula (25) will be satisfied only then when 
— 1 / A>- 0, i. e. when X < 0. 

Therefore formulae (21) and (22) define the position of equilibrium; 
in formula (21) it is necessary to choose the sign „— 

§ 5. Lagrange’s generalized coordinates. Parameters of a system. The 

position of a system of points or of a rigid body is defined by means of 
certain numbers. These numbers can he, in particular, the coordinates of 
the points with respect to a certain rectangular coordinate system; 
however, in many cases they can have another meaning. 

For example, the coordinates of a point in a plane can be given by 
means of the rectangular coordinates x, y, as well as by the polar co¬ 
ordinates r, <p, etc..In particular, the position of a system consisting of two 
points A.*, A it whose distance d is constant and which are constrained to 
lie in the xy- plane, can be defined by giving either the coordinates x 1 , y 1 
and x a ,y 2 , of these points or e. g. by the coordinates x 0 , y 0 , of the centre of 
the segment .4*4 2 and the angle cp which this segment makes with the 
a;-a:ris. Knowing x 0 , y 0 , and cp, we determine the coordinates of the points 
A v A 2 , from the formulae: 

*1 = Xg — id cos cp, y* = y 0 — \i sin cp, 
x a = x 0 A- id cos cp, y a = y a - f id sin cp. 

We can define the position of a rigid body in space similarly by 
choosing an arbitrary system of coordinates (!, rj, f) attached rigidly to 
the body, and giving the coordinates x a , y 0 , z„, of the origin of the system 
(|, rj, £) with respect to a fixed system (x, y, z) as well as the angles 
y 3 , which the axes f, i\, f, make with the axes x, y, z, of the fixed 
system. The coordinates of the points of the body are then determined 
by formulae (I), p. 53. 

The position of a rigid body having a fixed axis is defined by one 
number cp denoting the angle through which it would be necessary to ro- 
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tate the body about the axis in order that it pass from its initial position 
to the given position. Choosing the axis of rotation as the axis of z. and de¬ 
noting by (, rj, f, the coordinates of an arbitrary point in the initial po¬ 
sition, and by x, y, z, tbe coordinates of this point after a rotation 
through the angle p, we have: 

x = | cos 9 o — rj sirup, y = f sin <p -+- rj cos <p, z — t,. 

Let a holonomo-scleronomic system consisting of n material points 
be given. 

Let us assume that to every position of a system of points which is 
compatible with the constraints and near the position investigated there 
corresponds a set of & numbers q u q%, in such a way that to different 
positions of the system there correspond different sets of numbers 
2i> ■ • -! From this assumption it follows that the coordinates x 1 , y lt z 1: 

• y n , of the points of the system are functions of the variables 

2n *■-, 2* : 

x i = /i(ft, 2*)> Vi = fi(ft> 2*)> z i = Vi(2i» 2fc)> 

■ *« — / n (ft, ■ - 2s), Vn = 9>»(2i, • ■ •> 2s), = V»(ft> • • •, 2s)- 

We write the above equations more briefly in the form: 

x i = ..., q k ), y t = <p t {2 i, ■ • 2s), = fii2 n • • ■> 2s), (I) 

(i = I, 2,..n). 

In general, we assume that the functions f u tp i} %, are together with 
their partial derivatives continuous in a certain region of the variables 
2i> • ■ 2s, and moreover that to different sets of numbers q x ,..., q ks there 
correspond in this region different sets of numbers x lt ..., s n . 

The numbers q lt ft, are called the parameters of the system or 
Lagrange’s generalized coordinates. 

The coordinates z x ,.. z„, with respect to a certain inertial frame are 
called natural coordinates in order to distinguish them from Lagrange’s 
generalized coordinates. 

They are obviously a particular case of Lagrange’s coordinates. 

Parameters are said to be independent if to every set of the variables 
2i, • • 2»> the functions (I) correspond to positions of the system com¬ 

patible with the constraints. 

In the case of bilateral constraints we can in general choose indepen¬ 
dent parameters. For 1st the constraints of tbe system be defined by the 
functions: 


Fi(%, = 0 


(j = 1, 2, ..., m). 


( 1 ) 
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From equations (1) we can in general determine m unknowns kno¬ 
wing the remaining k = 3a — m. Therefore choosing arbitrarily k 
variables from among sq,..., z„, and denoting them by q x ,..., q k! we shall 
be able to represent the variables x lt .... s„, as functions of tbe variables 
2n 2 it, in tbe form (I). Since to the arbitrarily chosen values q 1; ..., 2*, 
there correspond the variables aq, ..., z„, satisfying the system of equations 
(I), the parameters are independent. 

The number k — 3 n — m was called tbe number of degrees of free¬ 
dom of the system (p. 421). 

Therefore: the number of independent parameters is equal to the number 
of degrees of freedom of a system. 

If the parameters are dependent, then in the case of bilateral con¬ 
straints certain relations 

0 ,-(2n ■--,?*) =0 (? = 1,2, ..., g) (2) 

must bold among those parameters q v ..., q h , which define the position 
of the system compatible with the constraints. 

Choosing certain k — parameters arbitrarily, with their aid we 
can deter min e the remaining parameters from relations (2). The para¬ 
meters chosen will be independent parameters. 

In the case of unilateral constraints the parameters defining the 
position of the system compatible with the constraints must satisfy, in 
addition to relations of the form (2), certain inequalities of the form 

^,( 2 n •■■,?*)<<> (r = 1,2, (3) 

If tbe parameters are independent, then the functions (I) define the 
constraints of the system, because they give all of its positions compatible 
with the constraints. If the parameters are dependent, then in addition to 
functions (I) it is necessary to give relations (2) and (3), which the para¬ 
meters corresponding to the positions of the system compatible with 
the constraints must satisfy. 

Example I. A point is constrained to lie on the surface of the sphere 
x>- -L _j_ = r q Choosing arbitrary x and y, we have for the upper 

hemisphere z = j/V 2 — x 2 — y' 1 . Hence if we put 

x = q v y = q t , then z = Vr 3 — q\ — qt (4) 

The numbers gq and q 3 are independent parameters. 

Example 2. A material point A is constrained to remain on the sur¬ 
face of the sphere x 2 + f- + z 2 — r 3 = 0. Denoting by gq, q 2 , q 3 , the co- 
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sines of the angles made by the vector OA (where 0 denotes the origin of 
the coordinate system) with the coordinate axes, we have: 

* = r < h , y = r z %> z = ( 5 ) 

The parameters q lt q 2 , q s , are dependent, for they must obviously 
satisfy the equation 

.a! + «S + ffS-i = °;_ ( 6 ) 

from this equation (when z 0) we obtain q s = Vl — qt — qt, whence by 

substituting in (5): _ 

asi = rq u y = rq 2 , z = r]/l-~qi — qi (7) 

The parameters q t and in representation (7) are independent. 
Virtual displacements. Let the constraints be defined parametrically 
by the functions: 


= /i(9i> • • -i ?»)> Vt = <Pt(Su ?*). = •■■.?*)» ( n ) 

(t = 1, 2, ..., w). 


Let us assume that the parameter are independent. 

If we give the system an arbitrary motion compatible with the con¬ 
straints, then q u q k will be functions of the time. Differentiating (II), 
we obtain: 


Xi = 


d qi qi 

dyii 


, 3/* 


0<Pi . 


, 9 9 3 <„. 


dip, 

t qi 9i+ - + W* qi ’ 


(i = 1. 2, ..., »). 


( 8 ) 


Conversely, if we assume that gq, ..are arbitrary functions of 
time, the formulae (II) obviously define the motion of the system com¬ 
patible with the constraints; hence equations (8) give the velocities of the 
points of the system in this motion. It follows from this that if the system 
is in a certain position defined by the parameters q lt <f 1: , then all the 
systems of possible velocities in this position are obtained from (8) by 
substituting arbitrary values for q{, ..., qj.. Assuming: 


= *i> 

<5?* = &, 

df 

and writing t instead, of w~, etc., we obtain from (8): 
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Substituting arbitrary values for d qi , ..., 6q k , in formulae (III), we 
obtain the virtual displacements of a system. Conversely, every virtual 
displacement of a system is obtained by the substitution of suitable values 
of 6 qi ,6q k . 

Let us note that the system of formulae (III) can be obtained by 
forming the derivatives of the system of formulae (II) formally, and then 
writing 5Xi. &y u dz t! instead of da*, d y u cb,, and dq x , ..., <5g fc , instead of 
d q u ..., d q k . 

In example 1, p. 453, we have from formulae (4): 

Sx = Sq v Sy = 8q t , dz = — (q t Sq 1 + g 2 <5g 2 ) j) 1—q^ — q 2 2 . 

Choosing the values of <5 q 1 and Sq 2 arbitrarily, we obtain the virtual displace¬ 
ments Sx, Sy, Sz, in the position corresponding to the parameters q x and q r 

If q x , ..g k , are dependent parameters and relations of the form 
(2), p. 453, hold among them, then 5q lt ..Sq k , are not arbitrary numbers 
in formulae (III), hut —- as can be shown fcf. the proof of formula (15), 
p. 426) — they must satisfy the system of equations 

- s | %+■■• + 5 = 0 (j = 1,2,..., 6)- (IV) 

In example 2, p. 453, we have from formulas (5): 

6x = r 3q v Sy = r Sq it Sz = r Sq 3 , 
where by (6), p. 454, the relation 

Si ^Si + it Sq t + 2s % = 0 holds among Sq v 5q t , Sq a . 

It can be shown (cf. the proof of formula (II), p. 432) that if the 
constraints are unilateral and in addition to relations (2), p. 453, 
relations (3) hold, (p. 453), then dq u ..., 5q k , must satisfy besides (IV) those 
relations from among 

'g j!Il+ .-+fg%S0 (r-1,2 .,), (V) 

for which the equality 3> r = 0 holds in a given, position of the system. 

Virtual work. Generalized forces. Let the constraints of a system be 
defined parametrically by the equations: 

% = /*(?!. ■■.,«»), V*= ■■■»?*), *»= ( 9 ) 

(i= 1,2 .*). 

The virtual displacements are expressed by formulae (III), p. 454. 

If the parameters are independent, then 8q v ..., 8q k , are arbitrary 
n um bers. In the contrary case certain relations (IV) and (V) hold among 
them. 
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Substituting in (I'), p. 434, the expressions (III), p. 454, for 8x f 
Sy u 8zi we obtain 

dXi „ . dx,- 


6 










i^)]- 


( 10 ) 


Arranging the terms according to dq x , Sq^. we get 

... + 






+ ^lKfe +P ‘*l +P -l/- 

Denoting by Q { ,..Q h the sums appearing as coefficients of dq lt .. 


, p %c , p fe 

*-i\ --0?i 


Ci = 2 fi\- 


(VI) 


Ci -.l( p -i 

which we write more briefly as 


@, = y (p. ^f+p. £^ +Pi i z J 
5 ,'ti\ *-05 # + Jr *»3 2f +^0 ?# 


c Jh 
iy Sq k ' 


•P.- S^ + P,. 


3z 


(?' = 1, 2, ..., k). (VI') 


We obtain irom this in virtue of (10) <5 'L = Q t dg, + ... + Q k dq ?> i. e. 


6'L = IQ, 8g, 


i=i 


(VII) 


The expressions Q ls ..., Q k , defined by formulae (VI) and (VI') are 
called the components of the generalized force or briefly generalized forces. 

Comparing formula (VII) with formula (I'), p. 434, we see that the virtual 
work is expressed, by means of the components Qj of the generalized forces and by 
means of the displacements Sqj in a similar manner as by means of the components 
Pi x >Pi v > P{ z , and the displacements 3x it $y it Szt. 

Conditions of equilibrium. Let the constraints of a holonomo- 
seleronomie system be defined be means of the parameters q x , ..., q k . By 
(VII) condition (II), p. 437, of the equilibrium of a system assumes the 
form 

8'L = yxfs &q s <( 0. 

#«■ i 


(VIII) 
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If the constraints are bilateral, then ((III), p. 437) 

6'L = y Q s 6q s = 0. (IX) 

1=1 

The generalized forces Q lt ..., Q k , appearing in formulae (VIII) and 
(IX) are defined by formulae (VI) and (VI'). 

If the parameters q 1; ..., q h , are independent, then dq u ..., 6q k , are 
arbitrary. Hence by (IX), taking &q x — 1 and 6q s = Sq 3 — ... = Sq k = 0, 
we get @i=0 and similarly Q 2 = 0 , ...,Q k = 0. 

Therefore: if the parameters defining the position of a holonomo- 
scleronomic system are independent [and there is no friction), then the 
necessary and sufficietit condition for the equilibrium of the acting forces is 
that the generalized forces be equal to zero: 

Qi = 0 (j = 1, 2, k). (X) 

If the parameters q 1 ,...,q k , are dependent and satisfy rela¬ 
tions (2) or (3), p. 453, 'then 8q lf ..., 6q k , are not arbitrary numbers: 
they must satisfy relations (IV) or (V), p. 455. The position of equilibrium 
is then determined in the same way as for the natural coordinates, i. e. 
in the manner given on p. 445. 

Remark. Natural coordinates are a particular case of generalized 
coordinates. Therefore, if the natural coordinates of the points of a system 
are aq, y u z ± , ..x n , y n , then putting: 

*®1 = Si. Vl = Hit g l = ?3> — Q'sn. 

we can apply the formulae (I)—(X) of the present §. The results obtained 
in this § are hence a generalization of the corresponding results for the na¬ 
tural coordinates. 

Example 3. Tour rods of equal length a, lying in a vertical plane, are 
pin-connected at A, B, G, and D. The joint A is fixed and O can move 
only along a vertical line l passing through A. Horizontal forces P and 
—P act at the joints B and D, while a vertical force Q (having a down¬ 
ward sense) acts at G. Determine the position of equilibrium neglecting 
the weights of the rods and assuming that there is no friction and that the 
rods can move only in the vertical plane in which the forces P and Q lie 
(Tig. 313). 

Let us take A as the origin of the coordinate system ( x, y ) of the 
vertical plane in which the rods lie and the line l as the g/-axis (with a 
downward sense). Then the position of the system will be defined by giving 
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the angle « between the rod AB and the y-axis. Consequently « is a para¬ 
meter of the system. 

From Fig. 313 it is seen that the coordinates x y , y v x 2 , y v and 
a: 3 , y 3 , of the joints B, G, and D, are the following: 

x x = —a sin#, x 2 — 0, a; 3 = asin«, 

y 2 = 2 a cos a, y 3 = a cos a. ' ' 

The virtual work is 

5'L — — P (5aq + Q dy 2 + P 6x s , (12) 

where P= |P| and Q=|Q|. By (11) we have: 

<5aq = ■— a cos tx d#, 

6y i = — 2a sin # <5«, 

8x 3 = a cos tx doc. 

Substituting these values in (12), we get 

d'L = 2a(P cos x — Qsin#)<5«. (13) 

In the position of equilibrium b'L = 0, 
hence 2a(P cos a — Q sin#) da — 0: consequently P cos a — Q sin # = 0; 
whence 

tan « = P / Q. 

Example 4. A system of rods A 0 A 1 ,A 1 A t ,...,A„_ 1 A„, pin-con¬ 
nected at A v A,,, ..., A„_ v is given. Forces P x , P 2 , ..., P B , with origins at 
A x> A s ,A n , act on the system. The point A„ is fixed. Determine the 
position of equilibrium, assuming that the rods and the forces lie in one 
plane. 

Let us take the point A 0 as the origin of the coordinate system ( x , y) 
of this plane and denote by a lt a 1: ..., a„, the lengths of the rods, finally by 
x i< Vi-. ■ - x n, y«, the coordinates of the points A lt A t , .... A n 
(Fig. 314). We have: 


y x = a cos «, 



x t = a x cos «!, x 2 = a x cos cx 1 -f a 2 cos « 2 , ..., 
= a x cos «!+...+ a B cos 


(14) 


Vi = a x sin # 1; y 2 = a x sinoq + a 3 sin# 2 , ..., 

y„ = aq sin x x + ... + a n sin ' ’ 

From (14) and (15) it follows that the angles tx x , # 2 , ..define the 
position of the system of rods. Consequently the variables a x > ..., # re , are 
the parameters of the system, and since they are not related in any way, 
they are-independent parameters. 
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Differentiating (14) and (15), we obtain: 
te]=—% Bin x 1 6x, ..., 5x n — — a x sin aq d.vq— ...— a n sin»„ 8x n , (16) 
ty x — «i cos#! <S# X , ..., 8y n = cqcos#! 6x 1 J r ... J r a n cos#„ <5« n . (17) 
In the position of equilibrium the virtual work is 
8'L = (P Xx dXx + P ly 8y x ) + ... + (P nx < 5 r n + P By 6y n ) = 0. (18) 




Substituting the values (16) and (17) in (18), we get after arran¬ 
ging terms 

»l[— (P lx + • • • + sin #q + (P lv + ... + P« y ) COS £>q] 5x x + 

-j- ® 2 [— (P 2jj d - • ■ • ~i~ Pn^) sin ®2“I - [P s y ■ d - P” v ) cos ^*2 ~f~ (1 ®) 
d - . -. -f- n B [ — Psin # tt -p Pn v cos # n ] <5# n — 0. 

The coefficients of <5# ls ..., <5# n , are the generalized forces Q x , .. Q n . 
Since equality (19) holds for every set of numbers <5#q. dx n , the gene¬ 

ralized forces are zero. Consequently: 

— ( P lx +.'..+ P B# ) sin #j. + (P ly + ... + P By ) cos #! = 0, 

— (P 2x + ... + P, lx ) sin# 2 + (P 2v + ... + P»„) cos# 2 = 0, (20) 


--Pjt,, sin + P>! V cos# n = 0. 

From equations (20) it is easy to calculate the tangents of the angles 
#!, Since the tangents are equal for angles differing by 180°, we 

obtain many solutions. 

If the coefficients of the sines and cosines in one of the equa¬ 
tions (20) are zero, then the corresponding angle can be chosen arbitrarily. 

Let us now assume that the point A n is to remain on a line I having 
the equation % —h, which is the case e. g. when the end A „ of the rod 
A„_ ± A„ is a ring that slides on a rigid wire having the position of the line 
l (Fig. 315). Under this assumption the parameters o q, will 
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not be independent, since the relation x n = h will have to hold, i. e. 
in view of (14) 

% eos «!+...+«, cos «„ — h = 0. (21) 

Differentiating (21), we obtain 

— % sin«j <5:q + — <*» sin <x„ 8» n = 0; (22) 

by substituting arbitrary values for (5*!, dix n _ i> i 11 (22) we obtain 
8x n — — (% sin k 1 (Sa-j + ... + ®n-1 si n *«-1 <5«»-x) / ®» s i n (23) 
In view of (22) equation (19) assumes the form 

%[— (■?!„ + • - • + -?„-!,*) sinax + (Pi, + - • • + P»„) ®S«J taq + 

. (24) 

+ ®i»-x[— iV-i,* sin «„-! + (P*^ + cos*„_i] + 

+ cos «„ 8x n = 0. 

Substituting the value from (23) in (24), we get 

— + • ■ ■ + P n-l,x + p n v cot « n ) sin « x dx x + 

+ a l ( P l v + ••• + - P n,,)COSX 1 <5« 1 + ... + 

+® n -i[—(^ > „-i, a! +J > n v cota K )sina n _ 1 +(P n _ lit ,+ P nv )cosa n _ 1 ] 

Since dx v ..., dx n - x are arbitrary numbers, their coefficients are zero. 
We therefore obtain a system of n -— 1 equations: 

- (Pl J ,+ ••• +^ > n — l,x^ P n y G0 ^ X n) SinAj + (P’l v + • .. +P» V ) COS«! = 0, 

— ( P n — l,x + p n v cot«„) sina„_ 1 + ( p n _ ljV + P„ v ) cos« n _ 1 = 0. 

These equations together with equations (21) constitute a system of n 
equations from which we can determine n unknowns x lt .. 


Example 5. A heavy ring K of mass m 1 slides on a curve G lying in the 
vertical plane xy. A string (massless and inextensible) passes through 
the ring; one of the ends of the string is tied at the origin 0 of the coordi¬ 
nate system; a heavy point A of mass m 2 is carried at the other end (Fig. 

316). Determine the position o 1 equilibrium, as¬ 
suming that there is no friction. 

Let the equation of the curve C in polar coor¬ 
dinates be 

r = f(<p). (25) 

The coordinates aq, y v of the point 11 will 
therefore he: 



Lagrange’s generalized coordinates 


461 


m 


aq = r cosy, y x — r siny. (26) 

Let ue put g = AK. Denoting the length of the string by l we have 
r+Q — l^ 0. (27) 

Let ip be the angle between AE and the vertical, and aq, y 2 , the co¬ 
ordinates of the point A. Consequently aq = aq 4- g sin ip, y i = y 1 — 

-—• g cosy, whence by (26): 

aq = r oos y + g siny, y 2 = r siny— g cosy. (28) 

Equations (26) and (28) define the constraints of the system in terms 
of the parameters r, g, y, yi, among which the relations (25) and (27) 
hold. 

The virtual work is S'L = — myg dy x — dy % . In the position of 
equilibrium S'L pA 0; hence 

ra x 8y 1 + m 2 Sy 2 0. (29) 

When the string is not in tension the point A is free; hence dy t can be 
arbitrary. Taking Sy x = 0 and dy t < 0 in this case, we should obtain 
m i tyi + m z %2 < 0 contrary to (29), which proves that the system 
cannot be in equilibrium when the string is not in tension. 

Let us assume, therefore, that the string is in tension (i. e. that the 
equality sign holds in (27)) as well as that r > 0 and g > 0; from (26) and 
(28) we obtain: 

8y 1 = dr sin y + r cos <p dip, 

(5 y 2 — dr sin y r cos cp dip — 6q cos y -f- g dip sin y. 

By (25) and (27) the following relations hold among dr, dip, and dg: 


dr — /' (y) dip, dr -)- <3g <1 0, (31) 

while 8y> is arbitrary. 

Substituting for 8y t , dy 2 , in (29) the expressions from (30), we obtain 

(m l -)- m 2 ) sin'y dr + (m x + m a ) r cos <p dip — m 2 8 g cos y + (32) 

-)- m x Q Sip sin y (> 0. 

In virtue of (31) we can assume that <5r =0, dip = 0, and dp — 0, 
whence by (32) 

m 2 g <5y siny ]> 0. (33) 


Since dip is arbitrary, inequality (33) will hold only when 
m a g sin ip — 0 or when sin yi = 0, and therefore for y — 0 and y = si. It is 
intuitively evident that in the position of equilibrium we can only have 
y = 0, for the equality y == n means that A is above K, which is obviously 
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im possible in the position of equilibrium. This also follows from relation 
(32), for by (31) assuming dr = 0 ,d<p= 0, < 0, and dip = 0, we should 

have from (32) — m 2 5q cos y Si 0, and since Sq < 0, cos ip Si 0, whence 
V 4= sr. 

Consequently we have proved that ip — 0 in the position of equi¬ 
librium, i. e. that A is below K. Substituting ip = 0 in (32), we obtain 
by (26) and (31) 

(»% + m. 2 )(f(<p) sin q> -)- /(<p) cos <p) Sip — ■m % Sq ^ 0. (34) 

By (31) we can put Q 

dr + Sq = 0, whence 8q = — <3r == — f'(<p) Sep, 
where Sep is arbitrary. Substituting in (34), we get then 

[(Mi + sin tp + f(q>) cos <p) + 8<p ^ 0. 

Since Sep is arbitrary, this relation holds only when 

(irq + m a )(f'(<p) sin + f(cp) cos <p) + m % f'(<p) = 0. (36) 

Equation (36) enables one to determine the angle <p in the position 
of equilibrium. 

Conversely, if equation (35) holds, then inequality (34) must be 
satisfied. Eor let us denote by TF the left side of this inequality. By (35) 
W = —m a /'((p) S(p — ra 2 Sq, whence by (31) W = —»i a (<? r + <5g). Since, 
because of (31), Sr + So <( 0, whence W I> 0. Therefore, if the angle <p 
satisfies equation (35), then equilibrium occurs. 

We shall yet investigate for what curve G .equilibrium occurs for 
every value of cp, i. e. the case when equation (36) becomes an identity. 

Let us note in this connection that the left side of equation (35) is the 
derivative of the function /(tp)[(m x -|- ra 2 ) sin 9? + m 2 ]; consequently 

f( c p)l{ m i + ^2) siny + m a ] = c = const. 

Since r = f(<p) by (1), 

r — _®_ (3g\ 

(m 1 -j- m 2 ) sin ip + to 2 ' ' ; 

If c =H 0, m 1 > 0 and m 2 > 0, then the above equation is the equation 
of the lower branch of the hyperbola whose real axis is the y-axis. 

Equilibrium in a potential field. Let us assume that the forces 
Pi,P n , have the potential V. Consequently ((III), p. 211): 

3F „ SV _ dV 
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Substituting these values in formula (VI'), p. 456, we get 


Qi 


ylWdSBt 


3F3ffi , 

3 z { dqj 


(38) 


The potential V is a function of the variables x u ..., z „. Expressing 
them in terms of the parameters q u q h , we can therefore assume that V 
is a function of the parameters ...,q k . From a well-known formula in dif¬ 
ferential calculus on the partial derivative of a compound function, it 
follows that the right side of equation (38) is the partial derivative 
3 V / dq^ Consequently 


Q t =dVl8q, (j= 1,2, (XI) 

Comparing (37) and (XI) we see that the components of the general¬ 
ized forces are expressed similarly as the components of forces relative 
to the natural coordinates. 

Therefore: if a force field is a potential field, then the components of the 
generalized forces are the partial derivatives of the potential with respect to the 
generalized coordinates. 

Erom formulae (VII), p. 456, and (XI) we obtain 

"-I®* «> 

By (18), p. 428, we can therefore write 

8’L = 8V, (XII) 

where V is considered as a function of the variables q lt ..., q k . 

Formula (XII) has the same form as formula (T), p. 434. The 
difference consists in the fact that in formula (I") we consider V as 
a function of the natural coordinates x x , ..., z n , while in formula (XII) 
we consider V as a function of the parameters g lf ..., q k . 

Remark. The meaning of the expression. SV is illustrated as follows. At the 
moment t let us give the system in a given position an arbitrary motion compatible 
with the ■constraints. The parameters q ly .... gj,, as well as the potential V, will 
therefore be functions of the time. We have 


AV 

di 


4 3V 


(40) 


Since we can assume that q'j — Sqj for j = 1,2,..by (40) we have SV = 
= dF / d(. In this way SV represents the rate of change (i. e. the derivative) of the 
potential for an arbitrarily given motion of the system compatible with the con¬ 
straints. 
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From the principle of virtual work it follows by (XII) tlxat the 
necessary and sufficient condition for the equilibrium of a system is that 

SV ^ 0. (XIII) 

In particular, therefore, a 'position of equilibrium of a system is a po¬ 
sition in which the potential attains a maximum, and in the case of bilateral 
constraints a position in which the potential attains a minimum. 

For if we give a system an arbitrary motion compatible with the 
constraints at the moment when V attains a maximum, then after a time 
At the increase in the potential will be AV ^ 0, from which dV / di ^ 0 
(where the inequality dV f dt < 0 may hold in the boundary position for 
unilateral constraints), and consequently <5F 0 (in view of the remark 

on the meaning of <5F). If the constraints axe bilateral and V has a mini¬ 
mum value, then dV f dt = 0, whence <5F = 0. 

If the only forces acting on a system of material points are the 
gravitational forces, then the potential is ((13), p. 211) 

F= — mgs 0 , (41) 

where m denotes the total mass of the system, and z 0 the coordinate of the 
centre of mass, under the assumption that the axis of z has a sense verti¬ 
cally upwards. 

The position of equilibrium will therefore be every position at which 
V is a maximum or z a a minimum. If the constraints are bilateral, then the 
position of equilibrium will be in addition to this every position in which F 
is a minimum or z 0 a maximum. 

If a heavy point A hangs on an inerbensible string tied at the point 0, 
then the extrema of the potential F occur when the string is in tension and 
has a vertical direction. A maximum occurs when A is below 0, and a mi¬ 
nimum occurs when A is above 0. It is obvious that the position of equi¬ 
librium occurs only when V has a maximum value (i. e. when A is under 0). 

Example 6. Two heavy material points A ± and A % of masses m 1 and 
are connected by an inextensible string passing over a pulley. The 
point m i is constrained to remain on a vertical line l. What angle does the 
string make with the line l in the position of equilibrium, if there is no 
friction (Fig. 130)? 

Let us take the line l as the axis of z,, giving it an upward sense, and 
the point of the axis which is at the top of the pulley as the origin of the 
coordinate system. Let us denote by s the length of the string, by a the 
distance of the pulley from the axis l, by z x and z 2 the coordinates of the 
points A x and Aj, and by z 0 the coordinate of the centre of mass. We have: 
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z x =— ( s — a j sirup), z 2 = —a cot q>. 

Since mz Q = m 1 z 1 -(- mqz 2 , where m — -)- m 2 , 

Zo = [— m o( s — ® / sin <p) — m^a cot / m. 

In order to determine an extremum of z B , let us set the derivative 
dz 0 / dip equal to zero: 

— m x a cos ip / sin 2 ip m^a f sin 2 ip = 0, 

whence 

cos y=m a /m 1 . (42) 

It is easy to show that z a is a minimum for the value of <p satisfying 
equation (42). Therefore equation (42) defines the position of equilibrium 
(when m 2 < m x ). 

Another way of solving this problem is given in example 2, p. 191. 
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CHAPTER X 

DYNAMICS OF HOLONOMIC SYSTEMS 

§ I. Holonomic systems. In this chapter we shall consider the dyna¬ 
mics of certain constrained systems. We shall derive for them equations of 
motion in which the reactions will not appear. 

Let a system of n material points be given. Let the constraints.of 
the system be such that only certain positions of the system are possible at 
each moment. We do not assume (as in chap. IX) that the same positions 
are possible at each moment: the set of all possible positions of the system 
can change together with time. 

An example is a point which can remain on a moving plane or a 
moving curve, e. g. a bead strung on a wire which moves or alters its shape. 

If the constraints are bilateral (p. 419) at the moment t, then the co¬ 
ordinates x u y u Zj, .. x ni y n , z n , of the points of the system must satisfy 
certain equations (p. 421) at the time t: 

t) = 0, ..F m (a; 1 , ..., z nj t) = 0; (1) 

we write them briefly as: 

1 ' j {x 1 ,...,z n ,t) = 0 (7=1,2.m). (I) 

If the constraints are unilateral at the time t, then, in addition to (I), 
the relations ((9), p. 420) 

0 f (a:i, ...,z n , t)£0 (r = 1, 2, ..„ s) (II) 

hold. 

A system whose constraints can he represented by means of relations 
of the form (I) and (II) is called holonomic. 

If the functions F s and & r do not depend on the time t, we say that 
the constraints are independent of the time and the system is called sclero- 
nomic. 

In chap. IX we investigated the conditions of equilibrium of holono- 
mo-scleronomic systems. The constraints of such systems can be defined 
by relations of the form (I), p. 421, and (9), p. 420: 
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1 ,2/1, Z u = 0 (j = 1, 2, .. m), (I') 

Vi, &i, ■■■, *»)^0 (r — 1, 2, (II') 

If at least one of the functions in (I) or (II) depends on the time t, we 
say that the constraints depend on the time and the system is called 
rheonomic. 

It is easy to see that a scleronomie system is a particular example of 
arheonomie system; in other words, equations (I') and (II') are a particular 
case of equations (I) and (II). 

In general, the functions F jt & r , are assumed to be continuous and 
to have continuous partial derivatives in a certain region of the variables 

Vl> ®l, • ■ • > X n , y n» L 

The equations (I), (I'), (II), (II'), are said to represent the constraints 
in a finite form. 

Just as in scleronomie systems (p. 421), we assume that the functions 
(I) are independent of each other and that m < An. The number h = 
= 3 n — m is called the number of degrees of freedom of the given system. 

Example. Let a material point A(x, y, z) he constrained to remain 
on the surface of a certain sphere which moves with a uniform advancing 
motion. 

Let us denote by r the radius of the sphere, by f 0 , p 0 , f 0 , the co¬ 
ordinates of the centre of the sphere at the time t 0 — 0, by f, ?/, f, the 
coordinates at the time t, and by a, b, c, the projections of the velocity of 
the advancing motion on. the coordinate axes. At the time t we have 
£ = -f at, 7 ] = rj 0 + bt, and £ = £ 0 + cl. The sphere therefore has the 
equation (x — £) 2 + (y — pf + (z — t) 2 — — 0 the time % hence 

{x — £ 0 — at) 2 + (y — Vo — bt f + fe — Co — cf) 2 — r 2 = 0. (2) 

Hence the coordinates of the point A must satisfy equation (2) at 
each moment; as it. is of the form F(x , y, z, t) — 0, the constraints are 
bilateral, dependent on the time, and therefore the system is holonomo- 
rheonomie. 

If we assume that the point A has to remain within the sphere or on 
its surface, then the constraints are expressed by the inequality 

(a: — fo — at) 2 + {y — y 0 — bt) 2 + (2 — £„ — ctf — r 2 <L 0, (3) 

and hence they will he unilateral in th.s case. 

§ 2. Non-holonomic systems. Not always can the bilateral constraints 
of a system be represented in the finite form (I) or (I'). 
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Let us suppose, for example, that to each point A of space there 
corresponds a rector H whoso projections depend, on the coordinates 
x, y, z, of the point A. Consequently: 

H x = i»[x, y, z), E v = P(x, y, z), E, = y(x, y, z), (1) 

whore a, p s y, are given functions. 

Let us assume that a material point can move only in such a way that 
its velocity in every position is perpendicular to H. Let us denote by 
a;, y , z the projections of the velocity v of the material point. Therefore at 
each moment the relation Hv = 0 must hold, whence 

a{x, y, z) X■ + P(x, y , z) y + y(x, y, z) z • = 0. (2) 

If there exists a function Fix , y, z) such that its partial derivatives 
are equal to the corresponding functions », ft, y, then equation (2) can be 
written in the form dF / df = 0, whence F — const = c, i. e. 

F[x,y,z)—c = 0. (3) 

Conversely, if equation (3) holds, then differentiating it, we obtain 
(2). Equations (2) and (3) are therefore equivalent in this case, and con¬ 
sequently the constraints are holonomie, since they can be represented in 
the finite form (3). 

However, if the functions at, p, y, are not the partial derivatives of 
a function, then equation (2) may he not equivalent to any equation of the 
form (3). In this case, therefore, the constraints cannot be represented in 
a finite form and the system is said to be non-holonomie. 

Equation (2) is usually written in the form 

«(*, y, z) da + P(x, y, z) d y + y(x, y, z) dg = 0. (4) 

An equation of a more general form is 
«(*, V, 2 , t) dx + P{se, y, z, t ) d y + y(x, y, z, i) dz + s(x, y, z, t) df = 0. (6) 

Equation (5) is equivalent to the equation 

ax- + fly- + yz- + e = 0, (6) 

where x, P,y,e, are given functions of the variables x, y, z, and t. It con¬ 
stitutes the necessary condition which the velocities of the points of the 
system must satisfy. We shall not examine non-holonomic systems more 
closely. 

§ 3. Virtual displacements. On p. 426 we defined the virtual dis¬ 
placement of holonomo-scleronomic systems. We shall now consider 
rheonomic systems. 


[§ 3] 
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Point on a surface. Let the point A(x, y, z) be constrained to remain 
on a moving surface 8 whose equation at the moment t is 


F(x,y,z,t) = 0. (1) 

The coordinates of the point A therefore satisfy equation (1) at the 
moment t. 

A virtual displacement is said to be every displacement Us of the 
point A with projections dx, 8y , Sz, satisfying the equation 


dF 

dx 


. , dF > , dF. 

Sx+ - 6y+ ^ 8z: 


0. 


( 2 ) 


We see from this that a virtual displacement is such as if the surface 8 
were fixed and had the position it occupies at the moment t. Consequently 
a virtual displacement is an arbitrary vector tangent at the moment t to 
the surface 8 at the point A (p. 423). 

Let us give the point A an arbitrary motion compatible with, the 
constraints. The coordinates of the point will therefore satisfy equation 
(1). Forming the derivative with respect to the time t, we obtain from (1) 


a f 

dx 


, dF 

*' + ¥ r 


J z i~ 


dF_ 

dt 


= 0. 


(3) 


Denoting by v the velocity of the point A, we obtain from (3) 

+ ^ = 0. (4) 

8y = v v . 


dF cF , 3J , oF „ 

' Vm+ tyV v + -£-*' + -vr=°. 


dx " x 1 dy " y 1 02 1 dt 

Comparing (2) and (4), we see that we cannot take dx = v x 
and &z = v z , i. e. 8s = v, unless dF J dt = 0. 

Therefore, in rheonomic systems the virtual displacements in general 
are not proportional to possible velocities (as in scleronomic systems), 
i. e. they are expressed by vectors other than possible velocities. 

In particular, the displacement 6s — 0 is by (2) a virtual displace¬ 
ment (i. e. dx = 0 , dy = 0, 8z = 0), and from (4) it follows that if 
dF I dt 4= 0, then v = 0 is not a possible velocity. 

Remark. The total differential of function (1) is 


d F 


3 F 


da; 


dF 


dy 


dF , . 3 F 
37 d2 +ir dt 


3a; 1 3 y 

If we fake the differential under the assumption that t = const, then 


dt = 0; consequently 


dF 


3 F 


dF 
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Hence equation (2) is obtained by forming the differential of both 
sides of (1) under the assumption that the time t = const, and then 
writing bx, by, 6z, for da;, dy, da, respectively. 

In the example on p. 467 the virtual displacement satisfies the equation which 
one obtains by differentiating equation (2), p. 467, under the assumption that 
{ = const. We get: 

(a; — | 0 — at) dr + (y — 17 „ — it) Sy + (z — f 0 — ei) <5z = 0. 


Choosing Sy, $z, arbitrarily, we can determine dx from this equation. 

Point on a curve. Let a material point A be constrained to remain on 
the moving curve G whose equations at the time t are: 

F^x, y, z, t) = 0, F t (x, y, z , t) = 0. (7) 

A virtual displacement of the point A at the moment t is said to be 
a displacement 6s (having the projections bx, by, bz) which satisfies the 
equations: 


SF di\ A SF 1Jt 
-^8x + — Sy + ^-Sz: 




Consequently the virtual displacement is such as if the curve 0 were 
fixed and had that position which it occupies at the time t. The virtual 
displacement is therefore an arbitrary vector tangent at the time f to the 
curve G at the point A (p. 424). 

In this ease also the virtual displacement is generally not propor¬ 
tional to a possible velocity. Tor by (7) the possible velocity v satisfies the 
equations (which are obtained by forming the derivatives of equations (7)): 


dF\ 

dx 


a Ft , 



f 


dj\ 
~dt : 


0, 


a 

dx 


SF, cF s 

— V y + ~^-V s 

ay dz 


dF , 
dt 


0 . 


(9) 


If dF^ / dt =f= 0 or 3H a / dt =j=_0, then by (8) and (9) we cannot take 
dx = v x , by = v v , dz = v z , i. e. ds = v. 

Let us still note that equations (8) are obtained by for min g the 
differentials of equations (7), under the assumption that f = const, and 
writing dx, by, dz, instead of Ax, d y, dz. 


Example I . A material point A. is constrained to remain on a para¬ 
bola rotating about the 2-axis with a constant angular velocity m (positive, 
if the rotation takes place from right to left). At t 0 = 0 the parabola lies 
in the TO-plane and has the equation 


z — x 2 . 


( 10 ) 


Virtual displacements 


471 


[13] 


The parabola generates a.paraboloid of revolution z = x 2 y 2 . The 
position of the parabola at the time t is obtained as the intersection of 
the paraboloid with the plane x sin cot + y cos cot = 0. The coordinates of 
the point A consequently satisfy the pquations: 

x 2 -)- y A —z = 0, x sinaiJ -)- y eoscei = 0. (11) 

The virtual displacement bx, by, bz, satisfies the equations obtained 
by differentiating (11) under the assumption that t — const. Therefore: 

2x bx -f- 2 y by — bz = 0, bx sin cot -)- by cos cot = 0. 

If cat 4= and cot =f= fir, then: 

by — — bx tan cot, bz — 2(x — y tan cot) to, 
where bx is arbitrary. 


Systems of points. Let a holonomic system whose constraints are 
defined by the equations 


F j {x 1 ,y 1 ,z 1 ,...,x n ,y n ,z n ,t) = Q [j = 1,2,..., to) (12) 

be given. 

A virtual displacement of a system at the moment t in the position 
(x u compatible with the constraints is defined to be every dis¬ 

placement to i, ..., bz n , satisfying the equations: 

H =0 <, = 1 ' 2 . m) - m 

Equations (I) are assumed to be linearly independent at each mo¬ 
ment t; in other words, we assume that we can choose from among the 
unknowns 6x { , by t , bzi h = 3 n — m unknowns arbitrarily and determine 
the remaining m unknowns from equations (I). 

Equations (I) have a form similar to those for a scleronomic system 
(cf. (I), p. 426). The virtual displacements of a system at the moment t are 
therefore such as if the constraints did not depend on the time and were 
constantly such as at the time t. 

Equations (I) are obtained by forming the differentials of equa¬ 
tions (12), under the assumption that i = const, and then writing 
bx 1 , Sz n , instead of daq, ..., dz n , respectively. 

In the ease of rheonomic systems we cannot say that the virtual 
displacements are proportional'to the possible velocities. For let us give 
the system an arbitrary motion compatible with the constraints. Differen¬ 
tiating (12), we obtain .whs 



3-F; . , 


• •. ~h o 
dz n 


a Fj 

dt 


= 0 


(j= 1,2, ..., m). (13) 
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Denoting by v lt the velocities of the points, we can write (13) 

in the form 


dXi 


2 


dFj 

Olji 


V- + — 11- I + 


dFj 

I 1 


0 


(j = 1, 2, m). (14) 


Comparing (14) with (I) we see that we camiot in general take 
Sx t = v ix , ..., dz n = which can be done in the case of scleronomic 

systems. 

If the relations ((II), p. 466) 

0 r (x 1 ,.,„z n ,t)£O (r= 1,2,..., a) (15) 


hold in addition to equations (12), then, besides (I), the virtual displace¬ 
ment must satisfy those of the relations 


2p7+ ? §~ &Vi + 5H = 0 


”(80r 


(r= 1,2,..., a), (II) 


for which the equalities <t> r = 0 (ef. (II), p. 432) hold in a given position 
of the system at the moment t. 


Generalized coordinates. Let the position of a holonomic system be 
defined by means of the parameters g ls ...,q k (p. 451). 

If the system is rheonomic, then the functions •which define the natural 
coordinates aq, ..., z n , corresponding to the parameters q±, ..depend 
on the time. Consequently ((I), p. 452): 


Vt = <p t {<h, ?*. t), = .... 

= (16) 

If the parameters are independent, then to every set of the variables 
?n • • -,2*, in a certain region of these variables (the region can depend 
on the time f) there cbrresponds a position of the system compatible 
with the constraints. If the parameters are dependent, then in the case 
of bilateral constraints certain equations (2), p. 453: 

= 0 (r = 1, 2,..., s) (17) 

must be satisfied, and in the case of unilateral constraints the parameters 
must satisfy the inequalities (3), p. 453: 

?*,«) £ 0 (r= 1,2, q), (18) 

In particular, when the functions (16)—(18) do not depend on the 
'time t, the system is scleronomic. 

If a system is moving, then the parameters gq,..., q it depend on the 
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time t. The motion of the system will therefore he determined by giving 
the functions: 




defining the values of the parameters of the system at each moment t. The 
natural coordinates are obtained by substituting functions (19) in func¬ 
tions (16). If the parameters are dependent and satisfy equations (17) and 
possibly inequalities (18) too, then functions (19) must likewise satisfy 
these relations. 

Let the positions of a holonomic system be defined parametrically 
by means of functions (16). The virtual displacement of the system at the 
moment t in a certain position compatible with the constraints is obtained 
by assuming that the constraints are independent of the time and such as 
they were at the moment f. Hence in virtue of (III), p. 454, we get: 




i 


1,2,..., n). (Ill) 


Formulae (III) are obtained by forming the differentials of (16), under 
the assumption that t = const, and then writing <5aq, <5 <y t , Sz f , 8q h instead 
of day, dy it dz f , dgq. 

If the parameters are independent, then <5gq in (III) are arbitrary. If 
the parameters defining the position of the system compatible with 
the constraints satisfy relations (17), then 8q^ in (III) are not arbitrary: 
they must satisfy the equations ((IV), p. 455) 

£ d<P r 

,5^7^ = ° (r = L 2, - s). (IV) 

Finally, if the parameters must satisfy certain inequalities (18) in 
addition to equations (17), then 8q, must satisfy, besides (IV), those of the 
relations 


V dW r . 
J = 1 


(r= 1, 2, ..., q). 


(V) 


for which the equations = 0 ((V), p. 455) hold in a given position of 
the system at the moment t. 


Example 2. A material point is constrained to 
a line l lying in the *y-plane and passing through 
the origin 0 of the system. The line l rotates about 
0 with a constant angular velocity co. 

Let us take the point 0 as the origin of the 
coordinate system and give the line l an arbitrary 
sense (Fig. 317). Let us denote by q the coordi- 



Fig. 317. 
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nate of the point A with respect to the axis l; finally, let us assume that 
the axis l coincided with the axis of x at the moment t. For the coordin¬ 
ates x, y, of the point A we then obtain the formulae: 

x = q cos cot , y = q sin cot. (20) 

The variable q defines the position of the point at the moment t\ it is 
therefore a parameter. Differentiating equations (20), under the assump¬ 
tion that f = const, we get: 

5x = 6q cos cot, by = dq sin cot. (21) 

§ 4. D’Alembert’s principle. Equilibrium of forces. So far we have 
defined the concept of the equilibrium of acting forces for scleronomic 
systems. According to the definition given (p. 435), the acting forces are in 
equilibrium if the system of points can remain at rest despite the action 
of these forces. 

This definition of equilibrium, however, is not suitable for rheonomic 
systems. 

For example, if a system of material points is constrained to remain con¬ 
stantly in a horizontal plane moving vertically upwards with a uniform motion, then 
obviously the system can at no time remain at rest. According to the preceding 
definition, therefore, we could not say that any system of forces is in equilibrium. 

The principle of virtual work (p. 436) gives the necessary and suf¬ 
ficient condition of the equilibrium of forces for scleronomic systems (if 
there is no friction). Now, for rheoDomic systems (when there is no friction) 
we take the principle of virtual work as the definition of the equilibrium 
of the acting forces: we therefore say that the forces acting on a holonomo- 
rheonomic system (in which there is no friction) are in equilibrium at a certain 
time t, if for every virtual displacement at the time t the virtual work of the 
forces is zero or a negative number. 

According to this definition the principle of virtual work applies to 
holonomic systems whether they are scleronomic or rheonomic. 

D'Alembert’s principle. Let the forces P lt ..., P n , act on a holonomic 
system consisting of n material points A(x lt z t ), ..., A n (x n , y n , z„). 
Let us denote by m u ..., m n , the masses, and by p u ..., p„, the accelera¬ 
tions of these points. 

The vectors — rn 1 p 1 .. ., — m„p n were called forces of inertia (p. 73), 
If the system is free, then according to d’Alembert’s principle (p. 188) the 
acting forces balance the forces of inertia. Now, experience shows that 
d’Alembert’s principle is also true for constrained holonomic systems, in 
which there is no friction. Therefore we can state it as follows: 
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The forces acting on the points of a holonomic system (in which there is 
no friction) balance the forces of inertia at each moment. 

Hence the forces P { — rngpi (where i = 1, 2, ..., n) are in equilibrium. 
Denoting by Ss { the virtual displacements, we obtain ((I), p. 434 and (II), 
p. 437) 

n 

2( p i — Wipi) 6si <; o. (i) 

i~ i 

In the case of bilateral constraints (or reversible displacements) we 
have 

n 

2( P i — niipf] dSi = 0. (I') 

i=l 

Denoting by xy, yy, zy, the projections of the acceleration p it and by 
bx it Sj/i, dz t , the projections of the displacements 6s u we can write formu¬ 
lae (I) and (I') in the form ((II), p. 437) 

n 

2l( p i „ — «W) SXi + (Pt K - «W) fyi + (P, — m#r) ^ 0, (II) 

i —1 

and in the case of bilateral constraints we have (fill), p. 437) 

n 

+ (-f \ — m,yy) 6y { + (P { — m,^) <5z f ] = 0. (II') 

i=1 

Therefore d’Alembert’s principle reduces the problems of dynamics 
to problems of statics. This principle can he proved in many instances. In 
the cases when friction is defined, we accept it as a law verified by ex¬ 
perience. In the general case we say that there is no friction if d’Alembert’s 
principle applies to a given system. 

Remark. Let us assume that a system is free. Consequently &x t , 6y u 
6z { , are arbitrary numbers. Since equation (IF) has to hold for every set of 
numbers dXi, dy { , dz h the coefficients of these numbers must be zero. 
Consequently: 

p i x — = 0, P iy — m t yy = 0, P iz — ra#* = 0, 

whence 

= p i x , m t yy = P iy , m t z\■ = P if (i = 1, 2,.. n). 

The above equations are obviously Newton’s equations of motion 
((H), P- 186). 

Example I. A heavy material point A of mass in falls (without fric¬ 
tion) along an inclined plane making an angle .\ with the horizontal. 
Determine the motion of the point. 
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Denoting by p the acceleration, by Q the weight of the point A , and 
by Is the virtual displacement (Fig. 318), we obtain from d Alembert a 

principle _ 

(Q — mp) Ss 0. (1) 

Let us take as the s-axis the line of the greatest fall on the inclined, 
plane giving it a downward sense. .Let Ss have the direction of the 2-axis. 
Denoting the projections of 6s and p on the 2-axis by Ss and p, as well as 
noting that <5s is a reversible displacement, we obtain 

(Q — mp) Is — 0, i. e. Q Ss — mpds= 0,. 
from which mg ds sin « — mp Ss = 0, and therefore 

m(g sin as — p) 5s = 0. (2) 

Since equation (2) holds for every Ss, we have g sin «—p — 0, whence 

p = g sin x. (3) 

The equation (3) determines the acceleration of the point. Itjs easy 
to show that at this acceleration formula (1) holds for every Ss (lying 
in the plane or not). 




Example 2. Two material points A 1 ,A a , of masses m u m v are strung 
on a massless rigid wire whose ends are constrained to remain on two 
parallel lines l u Z 2 . The forces P ls P 2 , lying in the plane of the lines Z 2 , act 
on the points (Fig. 319). Determine the motion of the points, assuming 
that there is no friction. 

It is easy to see that the wire will have a constant direction. Let ns 
choose the axes x and y in the plane of the lines l u l 2 , giving the x axis the 
direction of the wire, and let us denote the coordinates of the points by 
%, y v and x t , y 2 - The constraints will therefore he defined by the equation 

2 / 1 — y»=o- ( 4 ) 

In virtue of d’Alembert’s principle, ((II') p. 475), we obtain 
( p i t —%*i) foi + (P ltl — mpjY) <3?/!+ (P^ —wJ a »a) <Sx 2 + 

+ {p2 y —mm) = 0 . 


(5) 
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From equation (4) we have 6y t — Sy 9 = 0, i. e. Sy x — 6y 2 . Substituting 
this value in (5), we get 

(P lx — m x x p) dxi + {P^ — mpcy) dx a + (P lv —-+ 

+ P 2 „ — *»sya ) = 0. (6) 

Since dx x , &x 2 , 8y u are arbitrary numbers, their coefficients in 
equations (6) must be zero. Consequently: 

m x X x P\ x : 1/1 Pa^J (") 

m lVl + m #J% = P ly + P Zy‘ ( § ) 

From (4) we have y — yy — 0, i. e. y{ = y 2 \ Equation (8) can there¬ 
fore be written in the form 

( m i + m t ) yp = P Uj + P v (9) 

Equations (7), (9), and (4), determine the motion of the points. 

Example 3. A vertical plane IT passing 
through the 2 axis directed vertically upwards, 
rotates about z with a constant angular velo¬ 
city co. A heavy point A of the mass in is 
constrained to the plane IT. (Fig. 320). Deter¬ 
mine the motion of this point, assuming that 
there is no friction. 

Let us assume that the plane IT had the 
position of the az-plane at t — 0. The equa¬ 
tion of the plane IT at the time t will hence be 

y cos cat — a; sin cot = 0. (10) 

The coordinates x, y, of the point A must therefore satisfy equation 
(10). Since the force of gravity has the projections, 0, 0, — mg, on the co¬ 
ordinate axes, from d’Alembert’s principle it follows that 

— mx" dx — my" Sy + (— mg — mz") 8z = 0. (H) 

By (10) the virtual displacement dx, Sy, dz, satisfies the equation 

Sy cos cot — dx sin cot = 0. (12) 

Consequently dz is arbitrary and dx, Sy, satisfy equation (12). 

Assuming dx = 0, Sy = 0, in (11), we obtain ( mg mz") dz = 0. 
Since dz is arbitrary, — mg — mz = 0, i. e. 

z-=-g, (13) 

from which 2 = — i gf + ct + c', where c and c' are certain constants. 
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From (11) and (13) we obtain x" Sx -j- y Sy = 0; hence 

xSx cos cot -f- y dy cos at = 0, (14) 

whence by (12) (ar coscoi + y sinwf) Sx = 0, and, since Sx is arbitrary, 
x" cos cat + y sin cot = 0. (15) 

Let us put r = OA', where A' denotes the projections ot A on the 
xy-plane. Consequently 

x = r cos cat, y = rsina>t, (16) 

from which 

X '• = f cos cot — 2 rco sin cot —■ rca 2 cos cat, 
y = t" sin cot + 2r<a coscot — rco 2 sin cot 

and by substituting in (15) r ■ — rco 2 = 0; therefore (cf. example 4, p. 139) 
r = c I e“* -f* a if" at > whence in virtue of (16): 

x = (c 1 e c,i + c 2 e “*} cos cat, y = (c 1 e“ I + c a e~“ ( ) sin cot. 

The constants c, c’, c lt c 2 , are determined from the initial conditions. 


§ 5. Work and kinetic energy in sderonomic systems. Let a holono- 
mo-seleronomic system composed of immaterial points of masses m lt .. ,,m n , 
and having coordinates aq, y lt z v ..., z n , y n , z n , be subjected to the action 
of the forces Pi.-, Pn- 

For the moment, let us assume that the constraints are bilateral. 

From d’Alembert's principle we have for every virtual displacement 
6x it Sy f , 5z i 

ft 

— ®w) tot + (Piy — m-iVi) tot + ( p q — »W) = 0. (1) 

Since the system is sderonomic, the velocities of the points can be 
considered as virtual displacements (p. 425). Therefore, putting^ = da;,-, 
V\ = fyu zi = <fe { , we obtain from (1) 

Jt 

.g[( p < K - ®i + (P< v - mar) yi + (P lf — m&-) = o, ( 2 ) 

i. e. 

* n 

2S P t x x i + P(JTi + Pi%i) — + yvy\ + Z :- 2 :) = 0. (3) 

i*M 1 

The kinetic energy is expressed by the formula 

n 

E = SW*! 2 + Vt + *i), 

1-1 

whence E = 2m„(apa:j + yry: -f- z,r;s:). Therefore in virtue of (3) 
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n 

P ” zt(Pi x X i + PiyVl + Pi/l). 

Integrating both sides of this equation from t 0 to t, we obtain 


* In 



The left side of formula (4) is equal to M — E 0> where E denotes the 
kinetic energy at the time t, and E 0 the kinetic energy at the time %, 
while the right side expresses the work L ut of the forces acting from 
the time f 0 to t ((II), p. 208). Consequently 

®o = V (5) 

Equation (5) expi’esses the principle of equivalence of the work of the 
acting forces and of the, kinetic energy. 

Let us now discard the assumption that the constraints are bilateral. 
Let us assume that in addition to the relations expressed by equalities, the 
coordinates of the points of the system have to satisfy the inequalities 
((15), p- 472): 

(r = 1, 2, ..., q). (6) 

D’Alembert’s principle in this case has the form 

n 

2[( p i x — «W) SXi + {P iv — my}-) 8y t -f (P t — m-zp) 8 zj <1 0. (7) 

Let us assume that the velocity changes in a continuous manner 

during the motion. 

If the position of the system at a certain time t' (where t 0 <1 f < t) is 
not a boundary position, i. e. if the < signs hold in the inequalities (6), then 
the inequalities (6) do not give any conditions on the virtual displace¬ 
ments (p. 471). In this case the virtual displacements are reversible, 
consequently equation (1) holds and then (2) holds. On the other hand; 
if the system occupies a boundary position at the time t' (where 
t a < t' < £),i. e. if the equality 

0,,{x v ...,«„) = 0 

holds for a certain r, then according to the assumption that the functions 
aq, ..., z n , have continuous derivatives with respect to the time t, the 
function <P r will also have a continuous derivative. Moreover, since 
0 r <1 0 constantly, the function @ T attains a maximum at the time t'. It 
follows from this that W r = 0 for i = I,'; hence 


80 ,., , 80 r . 
sir* l+ - + W n ** 


= o. 


( 3 ) 
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In view of (8) the virtual displacement <5aq — x[, 8z n — is 
a reversible displacement. Hence for this displacement equation (1) holds, 
and consequently equation (2) holds. 

We have therefore proved that equation (2) is satisfied for each 
instant t' (where f a < t' <t i). From equation (2) reasoning as before 
we obtain formula (4). 

Therefore: the 'principle of equivalence of the work of the acting forces 
and of the kinetic energy applies to holonomo-scleronomic systems (while for 
unilateral constraints this holds when the velocities of the points vary in 
a continuous manner). 

If the acting forces have a potential F, then L ttf = F — F„, where 
V and F 0 denote the corresponding potentials at the instants t and t 0 . 
From (5) we therefore have E — E 0 = F — F 0 or E — F = E 0 — F 0 . 
Denoting the constant E a — F 0 by h we obtain 

E — V = h. (9) 

We have called —F the potential energy and denoted it by U (p. 216). 
Consequently 

E+U = h. ' ' (10) 


We have called the sum E + U the total energy of the system (p. 216). 

Therefore: the principle of conservation of total energy applies to holo- 
nomo-sderonomic systems (under the assumption that in the case of 
unilateral constraints the velocities vary in a continuous manner). 

Remark. In general, the principle of equivalence of work and kinetic 
energy does not hold for rheonomic systems. 

For example, if a point is constrained to remain on a moving curve 
and no forces act on the point, then in spite of this the kinetic energy of 
the point can change depending on the motion of the curve. 

In rheonomic systems the increase in kinetic energy also depends on 
the work of the forces of reaction, which in general is not zero. 

§6. Lagrange’s equations of the first kind. Let a holonomic system 
of n material points y t , zfj, ..., A n (x n ,y„,z n ), be given. Let us denote 
by P lt ..., P„, the forces acting on the points of the system, and by %, ..., 
m„, the masses of these points. Let us assume that the constraints are 
bilateral, defined by the equations ((I), p. 466): 

F j {x 1 ,y l! z 1 ^... ! x nj y n ,z. n> f) = 0 (j = 1, 2, .. m). (1) 

The virtual displacements of the system satisfy the equations: 


» 


2 



8x i + ^J8y { + 


0*i 



(? = 1, 2, 


m). (2) 
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In virtue of d’Alembert’s principle ((II'), p. 47o) we have: 

2 i( P i x — ”W) 6x i + ( p i u — m P) 6 Vi + i p i, — »W) &*] = 0. (3) 

i-l * 

Equation (3) holds for every set of numbers dx { , 8y t , dz { , satisfying 
the system of equations (2). From the considerations on p. 447 it follows 
that there exist numbers l l3 ..., X m , such that equations (I), p. 448 are 
satisfied at each momeut t (where it is necessary to substitute P ( — 
— m ( %i for P t , etc.): 

m 1? 

p — m i x 'i +2 h-x-r = 0 , 

x J=. 1 OXi 

Pi v —m&i’ + 2 ^-^7 = 0, (4) 

y=-i 

™ dF ■ 

p t, — mpy + 2^0-2 =0 (i = 1, 2, .... »). 

j — 1 

The numbers X p ..., X m , depend on t and hence are functions of time; 
consequently = Xp), X m = X m (t). From (4) we get: 


r>l 3 tjt 

m t x\- = Pi 4-t 

x Pi * dx { 

mqyp = P 

i= i d Vi 

= P t -f 2 (f = 1, 2, ..., n). 

it\ dz. t 


(I) 


Equations (I) are called Lagrange’s equations of the first kind. 

Let the forces P, be given as functions of the variables aq, ..., z n , 
x m v . .., z; u t, defining the position of the system at the time t. From 
equations (I) and (1) we can therefore determine the unknown functions 
of time aq, ...,z n , defining the motion of the system, as well as the 
functions X x — X t (t), ...,X m = X m (t). There are as many unknown func¬ 
tions as there are equations, i. e. 3 n -j- m. 

Let us denote by R lt R n , the forces whose projections are defined 
by the equalities: 


r _ y, W* t > _y i W* t > 

~pi Xi d^' Bl *-&**%-*’ h 


(* = i,2,...,»). (ii) 


By (I) and (II) we have: 

mpep = P ix + R ix , my? = P {y + R iy , m t z\- = P iz + R iz 

(i — 1,2,..., n). 


(5) 


31 
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Denoting by p ( the acceleration of the point A h we can write (5) in 
the form 

niipi = Pi + R* (t — 1, 2, ..., a). (6) 

From (6) it follows that the forces R f are reactions. For, if we add 
them to the acting forces, then by (6) we shall be able to regard the system 
as free. Therefore the reactions are defined by relations (II). 

Example I. Let a point of mass to, subjected to the action of the 
force P, be constrained to remain on the surface whose equation is 

P(x, y, z) = 0. (7) 

Lagrange’s equations (I) assume the form: 

mx--=P x J r X |^, my = P v + A mz- = P* + (8) 

From equations (7) and (8) we can determine the unknown functions 
of time x, y, z, and L 

Equations (8) were obtained in another way (cf.* (I), p. 127). 

Now let the point be constrained to lie on a moving surface having 
the equation 

F{x, y, z, t) = 0. (9) 

Equations (I) of Lagrange will then have the form (8), too. 

Example 2. Let a material point of mass to he constrained to remain 
on a sphere whose centre is the origin of a coordinate system, and whose 
radius r varies together with the time t. Let 

r = at + r 0l (10) 

where the numbers a and r 0 are given. Consequently the coordinates of the 
point satisfy the equation 

a; 2 + y 2 + z 3 — {at + f 0 ) 2 = 0. (11) 

Let us assume that no forces act on the point. Equations (8) will then 
assume the form: 

mar- = 2 Xx, my = 2Xy, mz■■ = 2 Xz. (12) 

From equations (12) it follows that the direction of the acceleration 
passes through the origin of the coordinate system. Hence the motion 
will be a central motion (p. 85), and it will therefore take place in a 
plane passing through the origin of the coordinate system (p. 86). 

Let us assume that the plane of motion is the ra-plane. Consequently 

y= o- (is) 
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Let us introduce in the *z-plane the polar coordinates r, <p: 


x — r cos 90, z = rs\ncp. (14) 

Since the areal velocity is constant, by (I), p. 47, 

r 2 (p■ = const = c, (15) 

from which by (10) cp- = c j (at 4 - r 0 ) 2 . Integrating, we get 

9 — — c / {at + r 0 ) a -f c v (16) 

Assuming that y = 0 for t = 0, we obtain from (16) c l = c / r a a or 
V = ot j r 0 {at + r 0 ). (17) 


Equations (14), (10), and (17), define the motion of the point. The 
constant c is obtained from (15) if one knows, for example, the angular 
velocity qr for t — 0. 

§ 7. Lagrange’s equations of the second kind. We shall now consider 
equations of motion in which only the generalized coordinates will appear. 

Let there be given a holonomic system of re material points whose 
natural coordinates x ls z n , are defined in terms of the parameters q lt .. 
q k , by means of the functions: 

X i ~ fiitt l! • ■ •> ?*> Vi ~ Cpiitlli ■ ■ ■> Qki t), ~ ^(Si, • • ■, 7s, t) (1) 

{i = 1, 2, ...,ft). 

Let us denote the masses of the points of the system by m lt ..., m n . 
Let us assume that the acting forces P 1 ,...,P n , depend on the position 
of the system, on the velocities of the points, and on the time t. 

By d’Alembert’s principle we have 

n 

2 —«i*r) 6x i + ( p iy —«#;•) fyi + i p i z — m y) <: o. ( 2 ) 

i= 1 

Let us note that 

n 

2[( p *„ — »w) <*»* + {Piy — w-m') *Vi + {Pt,—m*i) <b|] = 

1=1 

n n 

"T" P‘ v “t" P i z & Z i) 'zt/ f! 'i{ X 'i' $ x i + Vi tyi d - z i <5%). (3) 

t=l i-1 

The first sum on the right side of equation (3) represents the virtual 
work d'L of the acting forces. In virtue of (VTI), p. 456, we can write it in 
the form 


'em 
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where Q, (for j = 1, 2, .. h) are the components of the generalized force. 
By (VI'), p. 456, we therefore have 


Qr 


f( F . ^ 

£iY*- 3ft 


+ p,M+p< dZi 


(?“ 1, 2.*)- (5) 


% 3ft ^ ‘Hi 

Taking the derivatives of equations (1) with respect to the time t, we 
obtain 

d% { , , oXi , 8Xi 


Hi 


?!+■•• + 


0?* 2i 


3i 


(i = 1,2, .... ft) (6) 


and similar formulae for y\, zp 

By hypothesis, the projections P ix , P lv , P iz , are functions of the time 
t as well as of the variables x lt ...,z m x i, a;, which we can by (l)and(6) 

express in terms of the variables q x ,..., q k , ft, .-ft- Therefore from (5) it 
follows that Qj can also be regarded as functions of the variables ft, ...,q k , 

ft, --.ft, t- 

Qs = QAqi, ■•■»?», ft,---, ffib.f) (j = 1, 2, .... fc). (7) 
By (4) and (7) the first sum on the right side of equation (3) can 
therefore be expressed in terms of the generalized coordinates. 

We shall now consider the second sum on the right side of equation (3). 
From (1) we obtain ((III), p. 473): 


b.-i‘v,= l¥s q „ &, 

f-1 j— 1 


jit 9ft 


<5ft, (i = 1, 2, w). (8) 


Consequently 


i>i(*i‘ + 2/i' % + sr &i) = 


02 , 




0) 


= h - i 2 If - 1 %+**■ 2 ^^ 

i=i \ 7=1 Oft j-i % )=[% 

= 2 5 ft 2 m i (*r + ft' ^ 

j=i «ti \ 0?j 3ft 0ft 

In virtue of (6) we can regard x- (and similarly y\, a:) as functions of 
the variables ft, ft ., q{ , ..., ft, as well as of the time t. Assuming that*: 
denotes the right side of the equality (6) and that q{, q k , are indepen¬ 
dent variables, let us calculate the partial derivatives with respect to 
ft, ., ft. We obtain: 


l. e. 


8xi I 8qi = BxJ 8q v ..ox\ / 0ft = 8x t j 8q k , (10) 

0*: / 0ft = dx t / dq } (j =1,2,..., k), (11) 
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Calculating the partial derivatives of equations (6) with respect to ft 
(and at the same time regarding ft, ft, as independent variables), we 
obtain 


3*i _ d 2 Xi , . , d 2 x ( . , 0%j 

0ft 0ft 3ft ^ ' ’ 0ft oft ^ 01 3ft 

On the other hand we have 


( 12 ) 


£fr‘) = + + ( i3) 

Since the order of differentiation does not affect the result, from (12) 
and (13) we get 


Let us note that 


_ d / 0*<\ 

3ft ~ di\3ft/‘ 


(14) 


d. 



xy 


3x f 

3ft 




(15) 


nence, m virtue ana 




xy 


dx. 


(16) 


__ _1L A _ - 

0ft ”4* 0ft:/ *3ft 

and similar formulae for the variables y it z t . From these formulae we get 
for arbitrary j: 


■ V: 


..m 
3 ft 


zyh i| = 

0ft 


d. 

df 


v / 3a; i 

z m < p v- 

i=i \ 3ft 

-A jdx\ 05/{ &\ A / 3*: 02 /: . 0Z=\ , 

.Sprite• + % + v’ 

The kinetic energy of the system is 


+ yf -f zf). (18) 

l— 1 

In (18) let us substitute for yy z\, the right sides of the equalities 
(6) and of the analogous equalities for y\, z\. In this way we shall repre¬ 
sent E as a function of the variables q x , ..q k , q{, ..q k , t: 


E = E{q 1 ,...,q lc ,q\,...,qj c ,t). (19) 

Regarding q jt q-, t, as independent variables, we obtain from (19) 
and (18) 
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9 E 5. / dxj dyi 9 z; 

dq- A \ S'S'j J hj r hi 

From (17) we get in virtue of (20) and (21) 

»=1 \ 1 Sg'i^ ^ 1 Sg y dt\9g)/ 9 q, 

whence by (9) 

to - + »> *>• + *'> [s 0 • 

From equations (3), (4), and (23), we obtain 
2[( p tx“ m > ;c i') + ( p i y — m iyi) %« + (-Pi,— »W) <52j = 


j-l L 


«-4M- 


From d’Alembert’s principle (2) it therefore follows that 


'[ Q >-U^ s r* 


;l - 


( 21 ) 

( 22 ) 

(23) 


(24) 


(I) 


Relations (24) and (I) bold whether the parameters q lt ..q k , are 
dependent or not, and whether the constraints are unilateral or bilateral. 

In the case of bilateral constraints inequality (I) becomes the 
equality: 



Let us assume that the parameters are independent. Consequently 
8q x , ■■■, dqz, are arbitrary numbers. It follows from this that the coefficients 
of 6qj in (I') are zero, and hence that 


whence 


«--bI 

m\ 

\hi! 

, 3^ „ 

~i~ o— = 0 
hi 

II 

... k), 

Si 

( 1 ) 

hi~ Ql 

(? = 1, 2,- 

.., k). 


Equations (II) are called Lagrange's equations of the second kind. 

Only the generalized coordinates appear in them. 

From equations (II) we can determine q x , q k , as functions of the 
time t ; hence they enable one to determine the motion without passing 
over to the natural coordinates. 


[§7] 


Lagrange’s equations of tiie second kind 


487 


Let us now assume that the parameters are not independent, but must 
satisfy relations (17), p. 472: 


= 0 (r = 1,2, (25), 


The virtual displacements dq,- consequently satisfy equalities (IV), 
p. 473, k 

<5^ = 0 (r= 1,2,...,*). (26) 

3=1 hi 


Equalities (F) hold for every system of numbers 8q } satisfying (26), 
From considerations analogous to those oil p. 447 it follows that for each 
moment t it is possible to choose numbers X xs ..., A,, satisfying the 
equations: 


Q 


_d idF 

1 ds W;, 


a e 

hi 


2^ 


r=l 


i. e. 


dfdF 

dt Wi 


a e 

' hi' 




Ci&r 

hi'' 

m. 

hi 


(? = L 2, k), 

(3= L2,...,*). (IF) 


The Lagrange’s multipliers ). r depend on the time and are therefore 
functions of the variable t; consequently X T — X T {t). 

Equations (II') together with (25) enable one to determine the un¬ 
known functions of time q ls ...,q k i and A 1 (f), .. X s (t). The number 
of these equations is h + s, i. e. it is equal to the number of unknown 
functions. 


Remark. In forming equations (II) it is first necessary to represent 
E and Q f as functions of the variables q x , ..q k , q x , ..., q k , t. 

In order to obtain Q s we substitute in the formula for virtual work 
6'L = S(P 4b dx { P iy 5yi + P f , 8z f ) the expression obtained from (1) 
for 8x f , 8y u 8z { , x u y { , z u x\, y-, z\, and then we arrange the terms according 
to §q x ,..., 8q k . The coefficients of dq x , ..., 8q k , will be the components Q f 
of the generalized force. 

Substituting next for x\, y\, z-, in the formula for kinetic energy 
E = ^Lnii(xf + yf + zf) the derivatives obtained by differentiating (1) 
with respect to t, we get E as a function of the variables q t , ..., g ft , q x > . ■ 
9k> 

Having determined E and Q s as functions of the variables q x , ..., q J: , 
q x , we form the derivatives: SE / dq } as well as 9 E / 3gj and 

finally , 

±(Mlhi). 

Substituting in (II), we obtain Lagrange’s equations, 


488 


CHAPTER X — Dynamics of holonomic systems 


Lagrange’s equations In a potential field. Let us assume that the 
acting forces P lt P n , have a potential V at each moment t. The po¬ 
tential V is therefore a function of the variables x v ..., z n , t; in addition: 

P tx = dV j 3x t , P iy = dV / 3 y t) P i% = dV I dz t , (i =1,2,..., n), (27) 


whence by (5) 

n. - y ^4. II tyi.wdzA 

3 ii 1 \3arj 3 q, 1 3 y t 3 q, ^ 3z* dqj’ 


(? = 1,2, ...,1c). (28) 


Expressing the coordinates aq, ..z„, in F in terms of q x , .'. q h , by 
means of (1), we can regard V as a function of the variables q 1; ..., q k , and 
of the time t. From (28) we therefore get 


Qs = SV I dq 3 (j = 1, 2, ..., hy. (29) 


From (29) and (27) we see that the components Qj of the generalized 
force are expressed in the same way as the coordinates of the forces P,. 
Hence we can regard V as the generalized potential of the forces Q*. 

From (II) and (29) we get 


i. e. 


d/ae\_a® _ 3F 
d.f\3g;J dq } ~ Bqy 


/agv 3 (E + V ) 

\m 0 ? 


1,3,...,*). (30) 


Since V does not depend on the derivatives q\, ..., q' k , it follows that 
dV j dqj = 0. Consequently 


3 B / dq = 3 {E + F) / 0 2 ; 
From (30) and (31) wo get 


ld(E + 7)\ 

d(E + F) 

l 32 1 1 

dq s 


a = i,2,. 

*). 

(31) 

a = l 2,. 

..,ky 

(32) 


The sum of the kinetic and potential energies, i. e. M -f 7 is called the 
kinetic potential. 

Putting 

W = E + V, (33) 

we obtain by (32) 


d_ 

df 



(?' = 1,2,...,*). (Ill) 


Lagrange’s equations of the second kind therefore assume form (III) 
when the forces have a potential (or — which amounts to the same thing 
— a kinetic potential) at cvory moment. 
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Cyclic coordinates. The coordinate q f (where j is a certain number) is 
called cyclic if the kinetic potential IF does not depend on q,-, i. e. if 

8WI dqj = 0. (34) 

If qj is a cyclic coordinate, then from equations (III) and (34) we 
obtain 

d IdW\ _ 


whence 


° 5 

dW j dqj = const. = c. 


(35) 


EqutJtion (35) is a differential equation of the first order. Therefore, 
if some coordinate q s is cyclic, then its corresponding equation in Lagran¬ 
ge’s equations (III) can be replaced by a differential equation (35) of the 
first order. 


Example l. Two pulleys of radii R and r are fastened to a common 
axis. Two heavy material points A t and A a of masses m 1 and m 5 hang on 
inextensible strings passing over the pulleys (Fig. 

321). Determine the motion of the system, assu¬ 
ming that there is no friction. 

Let us assume that the motion takes place in 
a vertical plane. Let us give the z-axis a direction 
vertically upwards. Denote by z t and z 2 the coor¬ 
dinates of the points m ± and m 2 at the time t, 
and by zj and z 2 those at t = 0. Let p denote 
the angle of rotation of the pulleys, reckoning 
from the initial position. Assuming the angle of 
rotation as positive when clockwise, we obtain: 

s i = z-i + z 2 — z° 2 — rep. (36) 

The angle p therefore determines the position of the system; hence 
we can take <p as the parameter. 

Let Jj and J 2 he the moments of inertia of the pulleys with respect 
to the common axis. The kinetic energy is 



E — (37) 

where m denotes the angular velocity of the pulleys. By (36) we have- 
z\ — Bp- and z:, = — rp-, and in addition m = <p-. Putting I = I Y A J g , 
we obtain from (37) 

E = + m 2 r 2 + I) <p-\ 
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The potential of the force of gravity is 

V = — tihgZi — m 2 gz 2 = — m^izl + Rep) — m 2 g{z° 2 — rep), 
and therefore the kinetic potential W = E -j- V- 

W = jtitrtjIP + m 2 r 2 + I) <p * 2 — m^z? -f Rf) — m a g(z| — r<p), 
from which: 

dW I d<p = — (mj.R — m 2 r) g, 9IF / 89s- = (m x JB 2 + m z r« + 7) gr. (38) 
Lagrange’s equation (III), p. 488, in our case has the form 
d/9F\_aF = 
d t (0ry I dp ’ 

hence in view of (38) {m^R 2 -j- m 2 r 2 + I) <p" + — m a r ) J7 = 0 j whence 

gj" = (ra 2 r ■— mjiJ) g / (m^ 2 + m/ 5 + I). (39) 

Therefore the angular acceleration is constant. 

From (36) we have Z'{ = Rf, and s%' = — rep", consequently the 
material points will move with a uniformly accelerated motion. 

In particular, when R = r, we have Afivood’s machine (p. i 93 and 
375). 

Example 2. A system composed of three rigid rods OA, All, BO, of 
equal length l and equal mass m moves under the influence of the force of 
gravity in a vertical plane II (Fig. 322). The rods are pinned at A and B, 
and fixed at 0 and C, where 0 and C lie on the 
horizontal line 00 — l. 

Let us choose axes * and zin the plane JTtaking 
0 as the origin of the system and giving the aj-axis 
the horizontal direction OC and the z-axis an upward 
sense. Let us denote by <p the angle which the rods 
OA and OB make with the vertical, and by S l3 S t , 
S s , the centres of gravity of the rods (assuming that 
they lie at the geometric centres of these rods). 
The angle q> defines the position of the system of rods; consequently p 
is a parameter. 

The instantaneous motion of the rods OA and BG is an instantaneous 
rotation about 0 and C with an angular velocity p , The rod AB moves 
with an advancing motion (cf. example 1, p. 321) with a velocity v of the 
point A, where |v| = l\p\. The kinetic energy of the system is therefore' 

E = %Ip z + fyriRp 2 + i-Lp' 2 = (I + \mP) p 3 , (40) 
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where I denotes the moment of inertia of the rod with respect to an end. 
The coordinates e lt z 2 , z s , of the centres of gravity S l3 S 2 , S 3 , are: 

z i = —V cos q>, z 2 = —Zoos 95, z 3 = — cos gj, 

consequently the potential of the force of gravity 

V = ■— mg(z 1 + z 2 + z 3 ) = 2mgl cos tp. (41) 

In virtue of (40) and (41) the kinetic potential IF = E + V will there¬ 
fore he 

IF = (I + JmP) p 3 -f 2 mgl cos 97, (42) 

whence 


dW l dp = — 2mglsiiip, dW j dp = 2(1 + \-ml 2 ) p. (43) 

Lagrange’s equations (III), p. 488, will assume the form 

KW\—W- 

j a <p~ G ’ 

hence in virtue of (43) 2(7 + fynP) p * + 2mgl sin f = 0, whence 

mgl 

<r =~7T~bnP* m(p - ^ 

Comparing equation (44) with the equation of the simple pendulum 
((I), P- 130) we see that the given system of rods will oscillate like a simple 
pendulum of length (7 -f \mP) / ml. ■ 


Example 3. A line l lies in the vertical plane xz and rotates about the 
centre O of the coordinate system with a constant angular velocity co. 
A heavy point A of mass m is constrained to the line l (Fig. 323). Deter¬ 
mine the motion of the point A. 

Let us denote by O’ the projection of the 
point 0 on the line l, by q> the angle between 00' 
and the x-axis, and let us put <p = 00' — const. 

Let us assume - that the line l has the direction 
of the z-axis at t = 0. Consequently 

<p = cot. (45) 

Let us give the line l an arbitrary sense and 
denote by q the coordinate of the point A on 

the line l, taking the point O' as the origin of this axis. Therefore the 
coordinates x and z of the point A are: 



x — p cos cot — gsincof, z = p sin cot + q cos cot. (46) 

The system is consequently rheonomic and q is the parameter. 
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The virtual work is expressed by the formula d'L — mgdz ,(the 
z-axis has a sense vertically upwards). Since dz = dq cos cot by (46), d'L = 
= —mg Sq cos wt. Therefore the generalized force is 

Q = — nig cos cot. (47) 

Let us now calculate the kinetic energy E. Differentiating (46), we 
obtain: 

x- == — (pen + q-) sin cot — qco cos cot, z- = (pm + q-) cos cot qco sin cot) 


consequently 


whence 


E = |m(ar 2 + z' 2 ) = + q-f + qW], 


0 E I dq = mqco 2 , 3 E j dq- = m(pco + q-\. 

By (II), p. 486, Lagrange’s equation has in our case the form 
d (W\ _ dfl 


(48) 

(49) 


df dq 


= Q, 


from which by (49) and (47) we obtain mq-- —mqor 


- mg cos cot, i. e. 


q •' — qco 2 = — g cos cot. (50) 

The homogeneous equation q- — qoy- =* 0 has the general solution 
q = c 1 e“ t + Cje - where c x and c 2 are arbitrary constants. A particular 
solution of equation (60) is, as is easily verified, q = g cos cot j 2co 2 . There¬ 
fore the general solution of equation (60) is 


q = c 1 e® { + c 2 e~ roJ + coscof. (51) 

The constans c x and c 2 are determined from initial conditions. 
Equations (46) and (61) determine the motion of the point. 

Remark. Weight has the potential V = — mgz; hence, by (46), V = 
= — mg(p sin cot -\- q cos cot). In virtue of (48), therefore, the kinetic 
potential W — E -j- V is equal to 

W — \m[( r pm -j- g-) 2 + ff s ® a ] — mg/p sincof + q cos cot). (52) 
By (III), p. 488, we have 

d/3w\ aw . 

df \cq- j 3 q~ 0, 

whence by (52) we obtain equation (50). 

Example 4. Two heavy material points A and B of masses m + /,. and 
m hang at the ends of a weightless and inextensible string passing over a 
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pulley (Atwood’s machine, p. 193 and 375) (Fig. 324). An insect C of 
mass p crawls along the string on the side of the weight B. Denoting by h 
the projection of the vector BO on the z-axis having its origin at the 
centre of the pulley and a direction vertically downwards, we have 


h = f(t), 

where /(f) is a given function. Determine the motion 
of the system of points A, B, 0. 

Let z 1: z 2 .z 3 , be the coordinates of the points A, B, 0; 
l the length of the string, r the radius of the pulley, and 
I the moment of inertia of the pulley with respect to 
the centre. Taking the coordinate z 1 as the parameter q, 
we have 

z x = q, z 2 = l — q — rn, z 3 = 1 — g — rji + /(f), (54) 
whence &j = dq, <5z 2 = — dq, Sz 3 = — dq. 

The virtual work of the weights is equal to 
d'L = (m + p)g dzy + mg dz % + peg dz 3 — (m + ju) g dq - 


H 

h 


C 


B 


(53) 


9 

m+jj 


hence the generalized force is 


pg dq = 0 ; 


Q = 0 . 


Fig. 324. 
- mg dq - 


(55) 

(56) 


The kinetic energy E is 

E = \(m + fi) z( 2 + Jmzj 2 + + \loA, 

where m denotes the angular velocity of the pulley. From (54) we have: 

Zi = q-, z'% = q~, zj = — q- + /'. (57) 




jg"| it follows that oL = g" 2 j A, whence by (56) 


Since r|co| 
and (57) 

e = U m + <“) r 2 4 - \m' 2 + — Tf 4 - ¥r* ! r2 - 

From this 

a E 

dq-' 

Lagrange’s equations (II), p. 486, will assume the form 


3 E n 

v— = 0, 

oq 


(2m +2// + I / r 2 ) q- — ftf'. 


( 58 ) 


d IBE 
df \ cq' 


dE_ 
'dq ' 


Q- 


By (55) and (58) we obtain from this 
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(2 m + 2,/j, + 11 r 2 ) q" — pf" = 0 (59) 

and after integration 

(2m + 2// I / r 2 ) q — ji f(t) = cpt -f- c 2 . (60) 

The constants c L andc 2 are determined from the initial eonolitions. 

Let us assume that at t = 0: 

/(0) = 0, /•( 0) = 0, % = q = q a , zf = q‘ = 0. 

From equation (60) and its derivative we obtain: 

c a = (2m + 2,/li + I / r 2 ) y 0 , <h = 0. (61) 

Putting k = 2m + I / r 2 , we get from formulae (60) and (61) 

q = P- . f(t) -j- q B , and consequently by (54): 

Jc 

*1 = -f/w + q 0 , Z S = l — m — q 0 + ^~^f{t). (62) 

Since Jc — p > 0, it follows from (62) that if the insect C crawls 
up the string, then the weight A will also go up. At the moment the insect 
reaches the pulley, i. e. the height = 0, we shall have, as follows 
from (62), 

% = qo — fczr-Q — rx — qo)- 

Example J. A material point A of mass m moves along the a^-plane 
under the action of a central force P whose projection P on the radius 
vector OA (where O denotes the origin of the coordinate system) is a 
function of the distance r = OA and 

P = fir). (63) 

Let us introduce the polar coordinates r, <p . The coordinates x, y, of 
the point A will therefore he expressed by the formulae: 

x = r cos y, y —r&intp. (64) 

The polar coordinates r, <p, are consequently independent parameters. 

From (64) we obtain after differentiating: 

ar = r cosy — rip- siny, y = r simp + np cosy. 

Therefore the kinetic energy is 

E = %m(x- 2 + y 2 ) = im(r 2 + r 2 y 2 ). (65) 

Since the field is a central field and the force depends on the distance, 


Lagrange’s equations of the second kind 


495 


C§7] 


the field is a potential field (p. 101), Consequently by (63) and (3), p. 101, 
the potential is 

V — fP dr = //(?•) dr, (66) 

and the kinetic potential W = E + V is by (65) and (66), 

W = |m(r- 2 + r 2 y 8 ) -j- JP dr. (67) 

Since the kinetic potential W does not depend on q>, it follows that y 
is a cychc coordinate, whence (p. 489) 3 W j dip- = const., i. e. 


mr 2 y = const. 


( 68 ) 


Lagrange’s equation for the coordinate r has the form ((III), p. 488, 
with r instead of q s ) 


From (67) we get 


dt\dr 


dw „ 

3r ~ °' 

(69) 

3 —P = 0. 

(70) 


From (68) we have <p- = const j mr 2 = c j r 2 , where c is a certain 
constant. Substituting this value of y in (70), we get m(r ■ — c 8 / r 3 ) — P, 
i. e. 


r“ — c 2 / r 3 = f{r) j m. 

From this equation we can determine r as a function of the time t. 


Example 6. Motion of a point on a surface of revolution. A curve lying 
in the zz-plane and having the equation 

a = /(*). (71) 

generates a surface of revolution S by rotating about the 3-axis. The 
equation of the surface S is therefore the equation 

2 = /(}/; x 2 + y 2 ). (72) 

Let us introduce polar coordinates r, y, in the a;r/-plane. 

Then 


a; =i-cosy, y—rBiiup , z=f(r). (73) 

The variables r, cp, are therefore independent parameters. 

A material point of mass m, constrained to remain on the surface S, 
is subjected to the action of a force P. Determine Lagrange’s equations 
of the second kind. 

We shall first determine the generalized forces. From equations (73) 
we have: 


bx = dr cos y — r 5cp sin y, by = dr sin <p -)- r Sip cos y, 
8z = f'(r) dr. 


(74) 
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The virtual work is 

S'L = P x 6x + P„ 6y T P z Sz. 

Substituting (74) in- (75), we obtain 

8'L = [P x cos ep + P y sin <p + P a f(r)) dr + 

-f (— P x sin ep + P y cos <p) r Sep. 

The coefficients of dr and Sep are the generalized forces. Let us denote 
them by Q r and Q r Consequently: 

Q f = P x coa<p+ P v *m<p + P s f'{r), Q v = (— P x sin ep + P„ cos <p) r. (77) 


Let us now determine the kinetic energy. Differentiating (73), we 

get: 

ar = r cos< tp — rep- sini p, y = r sin?> + rep- cos? o, z ' = f{r) r. (78) 
The kinetic energy E = J: m{x - 2 + y 2 -f r 2 ), whence by (78) 

E = 4m[(l + PM) r 2 + rV a ]> (79) 

and from this 

SE j dr — m[f'(r) f'(r) r 2 + rip], SE I Sep = 0, (80) 

3 E /dr- = m[l + PM] r, 3P / 3?)* = mr 2 ?r. (81) 

From equations (II), p. 486, putting gi = r, q 2 = <p, Q x = G r > 
G 2 = G,,> we obtain by (80) and (81): 

m~Ul + PM) r] — m[f’(r) f"(r) r 2 + r<p->] = Q r , (82) 

1 mdM?r) / d< = G,,. (83) 


The generalized forces G r an d G,, are given by formulae (77). 

Let us assume that the motion takes place in a potential field, e. g. 
in a gravitational field. The potential will then be F = — mgz (when the 
z-axis has a sense vertically upwards). Hence by (73) we have 

F= — mg f(r), (84) 

whence for the kinetic potential W — E + V: 

3IF 8E ,,, , 3IF 3 E 8W „ dW dE 
Sr ~ ar dr ~ dr’ Sep ~ °’ Sep- ~ Sep-' 

It follows from this that the coordinate ep is cyclic. For the coordinate 
r equations (HI), p. 488, assume the form 

^ [f 1 + PM) M — [f M f"(r) r 1 + rep - 2 — g f(r)] = 0. (85) 

Since ep is a cyclic coordinate, 3TF j dep- — const, i. e. 

r 2 ep- = const = c. 


(75) 

(76) 


( 86 ) 
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From the theorem on the conservation of total energy (p. 105) it 
follows that E — F = const; hence by (70) and (84) 

[1 + P(r)] j- 2 + ry 2 + g f(r) = const = c x . (87) 

From the equations of the first order (86) and (87) we can determine 
the motion of the point. 

Example 7 . Spherical coordinates. We shall 
investigate the motion of a free material point 
A (x, y, z) moving under the influence of a 
force P in a spherical coordinate system r, #, ep , 
where r = OA, O denotes the origin of the 
coordinate system {x, y, z), # is the angle 
between OA and the z-axis, and ep the angle 
between the ai-axis and the projection OA' of 
the segment OA on the *$-plane (Fig. 325). 

We have: 

x = r sin# cos??, y = r sin# sin??, z = r cos#. (88) 

Since the material point is free, the parameters r, #, ep, are indepen¬ 
dent. From (88) we get: 

3x = 3r sin# sin?) + r 3# cos# oos cp — r Sep sin# sin??, 

8y = Sr sin# sin?) -j- r 3# cos# sin?) + r Sep sin# cos?), (89) 

Sz = dr cos# — r 3# sin#. 

The virtual work is equal to S'L = P x Sx + P v Sy + Pz Sz, whence 
by (89) 

S’L = (P x sin# cos ep + P„ sin# sin?? + P z cos#) Sr + 

+ r{P x cos# cos?? + P v cos# sin?) — P z sin#) 3# -f (90) 

+ r . sin#(— P x sin?) + P v cos ep) Sip. 

The coefficients of Sr, 3#, and Sip, are the components of the general¬ 
ized force. Let us denote them by Q r , Q$, and Q p . Consequently: 

Q r = P x sin?? cos?? + P y sin# sin?) + P z cos#, 

Q 6 = r(P x cos?? cos?) + P y cos# sin??^— P z sin#), (91) 

Q cp = r sin#(— P x sin?? + P„ cos ip). 

Let 77 be a plane passing through OA and the z-axis. From the point A. let us 
draw the axes ®, 0, perpendicular to OA: the axis © in the plane II, and the 
axis ej> perpendicular to 77. Let us give the axes senses in the direction of the 
increase of the angles ep, and let us denote by P r , P e , P, f , the components of the 
force P in the directions OA, 0, respectively. It is easy to show that in virtue 
of (91): 

Qr = Pr> Qv = r P«> Qq, = singly (92) 

32 
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The kinetic energy is E = jm(**» + y 2 + The derivatives 
x-,y,z', are obtained from (89) by writing cp' s instead of Sr, d-d\ dtp. 
Substituting the values obtained, we get 

E = Jm(r 2 + ry 2 sin 2 # + r 2 #- 2 ), 

whence: 

dE I dr = mr{tf 2 sin 2 # + #' 2 ), dE / 3# = mr-y* sin# cos#, 
dE j dtp = 0, 

dE l dr = mr, dE / 3#’ = mrW-, dE / dtp• — mr*p sin 2 #. 
Putting in Lagrange’s equations (II), p. 486: 

Si = r, q^=q>, Ss=@> 
we get by (94) and (95): 

mr '• — mr(qr 2 sin 2 # -f- # -z ) = Q r , 

m ^ (ry sin 2 #) = Q v , 
m ~ (r 2 #-) — mr y 2 sin# cos# = Q& . 

Equations (96) are the equations of motion in spherical coordinates. 

§ 8. Hamilton’s canonical equations. Let q ls q k , be independent 
parameters. The kinetic energy E is in the general case a function of the 
variables q x , ..., q k , q {,..., qj,, and of the time t. Regarding these variables 
as independent let us put 

dE 

~ = Pi (j = 1,2,... ,1c). (I) 

3 qi 

The expressions (I) are called generalized impulses. 

In virtue of (I), <p s are functions of the variables q Xi ..., q k , q{, ..q k , t; 
we can therefore write 

Pi = ®i(Si, Si, t) (j = 1 ,2, ...,1c). (1) 

It can be proved under rather general assumptions that equations (1) 
can be solved for the variables q k . Consequently 

S* = *ASi, (j = 1, 2, ..., k). (2) 

The kinetic potential IF = E + V is a function of the variables 
Si, Si, t- 

W = F[q x , ..., q k ,q{, .... qy f). (3) 

Substituting (2) in (3), we get 

w = Sk, Pi, (4) 


(93) 

(94) 

(95) 

(96) 
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xiie junction r is tiierelore a tunction compounded of the function 
F by means of the functions 3 > } . Prom the theorem on the derivative of a 
compound function we obtain: 

3F _ dF X dF d Si dF xdFBq} 

d qi d qi + ^ ldq -.dq’ 0p t -,§a q -.a Pi ■■■**')' (5) 

Since V does not depend on the derivatives q[,..., q k , it follows 
that oV I dq} = 0; from W = V -\- E we have 

dW j dq. = BE j dq}. (6) 

Hence by (I) and (3) we have dF / dq} — Pj . Prom (5) we conse¬ 
quently get: 


dF _ dF X dq} dF. 4 3 Si 

wrw< + & n w/ 


Let us put 


H =— w 
7 = 1 


(* = 1,2, (7) 


(II) 


and assume that q} and W are functions of the variables q u ..., q k 
Pi, ■ ■ ■> Vm t, i. e. that they denote the functions (2) and (4). Then 


H = — F 


7=1 


Forming partial derivatives, we obtain from (8): 


dH 


v 3g)_3F dH_ . v 
dSi ~i-\ i %« dq/ d Pi ~ qi + dp] djp/ 
hence in virtue of (7): 

dH j dq t = — dFj Sq { , dH j dp { — q\. 
Lagrange’s equations (III), p. 488, have the form 
d /dW\ 8W 


dq} dF i 


(8) 

( 9 ) 

( 10 ) 


dt \defj) dq, 0 


0 = 1 , 2 ,...,*). ( 11 ) 
By (I) and (6) dW / dq■ = Pj . From equation (11) we get 

Pi = dW I (? == 1, 2, ..., h), (12) 

whence by (3) dF j dq,- = p}, and hence by (10): 

(i = 1,2,..., k). (Ill) 


Pi = 


dH dH 

Si 


3 Si’ a ‘ M 

The function H is called Hamilton’s junction, and equations (III) 
are called Hamilton’s canonical equations. 
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The variables p { or the generalized impulses are therefore defined 
by equations (I), and the function H by equations (II). In equations (III) 
the function S' is a function of the variables fe p { , t. Equations (III) con¬ 
sequently form a system of differential equations of the first order, where 
the unknown functions are <?, and p, as functions of the time t. 

The investigation of motions of systems having a potential is 
therefore reduced to the examination of differential equations of the form 
(III). Hence the name canonical equations. 

Scleronomic systems. Let us assume that a system is scleronomic. 
By (I), p. 498, we therefore have 

Jo k 

2ms- 2^*- <“> 

f-l J-l OQj 

Let the natural coordinates he expressed by the functions: 


X t = fMx ,..., S*)> Vi = vMu • • •> S'*). z t = V<(?1> •••> <lh) 
(i = L 2, 

Consequently 

9a:,., . dx { , 

Xi = d^ 1 qi+ -- + W^' 

Forming partial derivatives with respect to q: jt we get: 

6xi I = 8x t / 6( h, 

I S( n ~ 8 Vi 1 6z i I h) = fo* I 


We have 


hence 


whence by (16) 


E = + yf + zf); 


BE | .axl . Byl . 9 % 

- Zwt */—+ Vi-r~+ z : 


3 qj i-i \ dq} d qj 9 qj 


BE v / . dXi . , 9 y t . , . 9z, . 


and from this 


£ o in » r 

2 0XV . XT' I 

— qj= ZmAxi 
3=i dq} i=i L 


9a;, . , , 3«, , , 

W-i q i + - + 9S ?i,+ 




9y, / 9z, . , 3z. 


;4 


(14) 

(15) 

(16) 
(17) 
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Therefore in virtue of (15) 

k o in n 

= + yf + 

3-1 oqj 

whence by (13) 

= 2E - ( 18 ) 

3=1 

From (II), p. 499, and (18) we get 

II = 2E — W. (19) 

According to the definition ((33), p. 488), we have IT = E + V, 
where V is the potential. From (19) it therefore follows that 


H = J? — V. (20) 

Now, E ■—- 7 is the total energy of the system. 

Therefore: in scleronomic systems Hamilton’s function H denotes the 
total energy of the system. 

Let us assume that the potential V does not depend on the time. H is 
then a function of the variables q lt ..., q lc , p lt ..p k only. Consequently 



From equations (III) we obtain 
3H dH 

= — Mi + iiVi = 0, 

whence by (21) d H / dt — 0, i. e. H = const. 

We have therefore proved that if a scleronomic system moves in a 
potential field, then it is subject to the principle of the conservation of 
total energy. 

Example I. A free material point of mass m moves in a potential field 
having a potential F. 

Let us take the natural coordinates x, y, z, as parameters. The 
generalized impulses will be defined by relations (I), p. 498, if we sub¬ 
stitute x, y, z , for q lt q 2 , q 3 . Consequently: 

Pi= B E j 9ar, p 2 = oE / By, p s = BE / 9z\ (22) 

Since E = fyn(x-* + y 2 + z' 2 ), 

px = mar, p 2 = my, p s = mz\ (23) 


Wc see from this that p v p 2 , p 3 , are the projections of the momentum 
on the coordinate axes. 
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Determining from (23) ar, y, z •, we obtain 

E = H (pf + pf + p®). (24) 

Since the system is seleronomic, Hamilton’s function H denotes its 
total energy. Consequently H = E — V, whence by (24) 

S = 2m ^ ^ ^ 

Prom this dH / = p x j m, etc., j dx = —3F / 3a:, etc. Hamil¬ 

ton’s equations (III) therefore assume the form: 

Pi = ?I r / 3a:, n = 3F / dy, ft = 3F / &, (25) 

x-=f y jm, y=pjm, r = p 3 / m. (26) 

Determining p X) p 2J p 3 from (26) and substituting in (25), we obtain 
Hewton’s equations: 

m 2 - = cF / dx, my = 3F / Sy, mz*. = 8F / 3a. 

Example 2. A material point of mass m is constrained to remain on 
the surface of a cylinder of revolution a; 2 -f- y 3 = r a . The point is acted on 
by an elastic force P whose projections are: 

P B = — k 2 mx, P v = — krmy, P z = — k i mz, (27) 

where k is a certain constant. 

The elastic force — as is easily verified -— has the potential 

F = — ikbn(x 2 + y a + a 2 ). (28) 

Let us introduce the polar coordinates r, <p, in the xy-plme. Therefore 
x — r cos <p , and y = r sin q>, whence (because r = const) we have 
x -2 -j- y 2 = r s (p' z . 

The Idnetic energy is consequently equal to 

E = \m{x' 2 -\- y 2 -f- r s ) = ^m{r s q>- 2 -j- z- 2 ). (29) 

The variables <p, z, can be taken as independent parameters. Denoting 
by Pi and p 2 the corresponding generalized impulses and writing <p, z, 
instead of q 1; q a , we obtain from (I) cE / d<p- = p 1 and 3 E j 3 z- = p it 
whence by (29): 

Pi = mf-y, p 2 = mz\ (30) 

Determining <p- and a- from (30) and substituting in (29) we obtain 

1 
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By (28) F=- —j-ftji(r 2 -j- z 2 ); hence Hamilton’s function ((20), 
p. 501) assumes the form 

H = E — V = —-[p? / r 2 pi] -f- \khn(r 2 z 2 ). (31) 

Consequently Hamilton’s equations (III) are: 

Pi = — 3 H / 3p, pj = — dH j 8z, q>~ = 3 H / Bp u z- = dH / Sp 2 , 
and hence by (31): 

Pi = 0, Pa = — Wmz, <p- = pi / mr 2 , z* = p 2 : to. (32) 

The last two of the equations (32) are equivalent to equations (30). 

The first of the equations (32) gives p 1 = const; hence by (30) 
mr 2 y = const, i. e. rp' = const. The projections of the point onthehori- 
zontal plane will therefore go around the base of the cylinder with, a uni¬ 
form motion. 

In virtue of (30) the second of the equations (32) gives mz — — k 2 mz, 
i. e.z" -j- k 2 z — 0. Comparing it with equation (2), p. 110, we see that the 
projection of the point on the z-axis will execute a simple harmonic 
motion. 
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VARIATIONAL PRINCIPLES OF MECHANICS 

§ I. Variation without the variation of time. In this paragraph we 
shall give certain information from the calculus of variations necessary 
for the understanding of what follows. 

Variation of a function. Let us take under consideration the motion 
of a point along the x axis, defined by the function 

X — x(t) 5s ^ D- (1) 

Let there he given a function 

T = F(x, ar, t) (2) 

continuous and having continuous partial derivatives of the first and 
second orders in a certain region D of the variables xf x\ t. 

Let us next take under consideration an arbitrary motion along the 
a:-axis, defined by the function 

x = x(t) ( (1 0 :% t <; I,). (3) 

Let us assume that it is possible to choose a number e > 0 such 
that if 

!■*(£) — ®(0l <?, jx-(i) — x-(t)\ < e (t 0 £t£h), (4) 

then the function T and its partial derivatives will be continuous functions 
in the interval {f 0; tff) when x(t) and x-(t) are substituted in (2) for x and 
ar, respectively. 

Let us put: 

Sx = x — x, Sx- — X- •— ar, (5) 

where x and x denote the functions x(t) and x(i). Consequently Sx and Sx- 
are functions of the time t. defined in the interval <t 0 , q\. 

One should note the difference in the meaning of the symbol &t> in chapters 
IX, X and now. Before, the symbol denoted a number, and now it denotes a 
function of the time t. 
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By (5) we have: 


df 


Let 


x = x + bx. x- = x- + for. 


T = F(x, xq t) = F(x + bx, x' -f- for, t), 


(I) 

( 6 ) 


where x denotes the function (1), and 6x is defined by 7 (5). From Taydor’s 
formula we get 

T— T = F(x + dx,'x- + bx-, t) — F(x, x', t) = 
oT X] dT 

= te Sx + W dx + R ■ {) 


The remainder B can be written in the form 

‘S = (|fo| + \8x-\) V , (8) 

where r/ is a function of the time t and depends on x, Sx, dx-, and where p 
tends to zero uniformly when the functions fo and Sx- tend to zero 
uniformly. Therefore, if |dx| and [Sx -1 are small, then \rj\ is small, and 
consequently |2?| is of a still higher order of smallness. We express this 
briefly by saying that R is “infinitesimal” as compared with |fo| 4" \bx-\. 

Let us put 

dT =^-dx + ~dx-. (II) 

dx ax' 

Hence by (7) 

T— T=8T + R. (9) 

The expression ST is called the variation of the function T = 
= F(x, x-, t) at the 'place x = x(i) or for the function x = x(t). 

In formula (II) the function da; is an arbitrary function of time 
having continuous first and second derivatives in the, interval (t a , t-jf). 
This follows from (5), where x is an arbitrary function having continuous 
first and second derivatives. In virtue of (I) the symbol for denotes the 
derivative of the function dx with respect to the time t. 

The variation ST therefore depends on the functions x and bx. 

For purposes of differentiation we shall call dx the variation of the 
independent variable (or of the function ) x, and ST the variation of the 
dependent variable (or of the function ) T. 

The motion x = x(i) = x + Sx, will be called a comparative motion. 

The variation 8T therefore denotes approximately the increment of 
the function T when we pass from a point in the given motion at the moment t 
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to a point in the com parative motion at the same moment t. In virtue of (8) 
the difference M between the variation 8T and the true increment 
T — T is “infinitesimal” as compared with the sum |&| -f- |<5ar|. 

Since we are investigating the increment of the function T in the given mo¬ 
tion and in the comparative motion at the same instant t, the variation 6T is also 
called the variation without the variation of time in order to differentiate it from ano¬ 
ther kind of variation with which we shall meet later. 

The variation <5Tis obtained by forming formally the differential of the 
function F(x, ar, t) under the assumption that t — const (i. e. At = 0) and 
then writing <S instead of d. We often write 8F(x, ar, t) instead of 8T or 
briefly SF. 

Example I. Let 

T — a* 2 -f- jfx-H -j- yf 2 , 


where ot, f), y, are constants. We have: 


9 T a dT 

■=- = mx, w— 

OX OX' 


Zffx't; 


consequently by (II) 

ST = 2xx dx + 2 ftx-t dx ‘, 


where dx is an arbitrary function. 

Variation of an integral. Let us consider the integral 

I = jF(x, x-, t) df (10) 

and let tj u 

I = fF(x + dx, x- -f- 8x-,t) df. 

to 

We have 

f. 

I — I — f[F(x + dx, x- + dx-, t) — F(x, x % f)] df, 

to 

and hence by (7) and (II) 

1 — 1 = fdF At + fJR df. (11) 

to to 

The expression 

t, 

fdFdt 

to 

is called the variation of the integral (10) and we denote it by 61. 

Therefore according to the definition 

81 = 8JF df = fdF df, 

h to 


(III) 
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As before, the variation of the integral (10) represents approximately 
the increment of the integral when we pass from a given motion to a 
comparative motion. The difference between the true increment and the 
variation 81 is “infinitesimal” in comparison with \&x\ + |<5ar|. 

Variation of a derivative. Let the function 


* = 0(q, t) 


be given. 

Let us assume that q is a certain function of the time t; hence 


( 12 ) 


2 = 2® (13) 

Regarding q in formula (12) as an independent variable function, we 
obtain for the variation of the dependent variable x 

6x = ^f dq ’ ( 14 ) 


where dq denotes an arbitrary function continuous together with its first 
and second derivatives in the interval <f„, f,>. 

Let us form the derivative of (12). We get 


dx 


Sx 

dP 


the variation &* of this function is therefore 


8x-=-s q + w 6r. 

From (12) we see that the derivatives 8x / dq and dx j dt do not de¬ 
pend on q-, because * does not depend on q\ Hence we obtain 

j d 2 x d 2 x 

\w r wm 


dx- 


dq dtl $<1+ ip 6q '- 


Forming the derivative of (14) with respect to f, we get 
Id 2 x d s x 

whence by (15) 




dq dtf Sq + dq 3q ’’ 


dx ' 


d(<5ic) 

df 


(15) 


(16) 


Comparing (16) with formula (I) we see that both formulae have the 
same form. The difference lies in the fact that in formula (I) x is an inde¬ 
pendent variable and in (16) it is a dependent variable. 

Formula (I) holds, therefore, regardless of whether x is a dependent 
or independent variable. It follows from this that the variation is inter- 
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changeable with the derivative, i. e. we obtain the same result by first for 
ruing the variation and then taking the derivative or conversely. 

Variation of a compound function. Let the functions: 

T = F(x : sb-, t), 
x = ®(q, t ) 

be given. 

Let us assume that q is a function of the variable t: 

q = g(if) (t 0 5a i = ^i) - 

Forming the derivative of (18), we obtain 


(17) 

(18) 


(19) 


dx , dx 

x '=ir>'+w 


( 20 ) 


Substituting in (17) for a and x ■ theh values from (18) and (20), we 
obtain T as a function of the variables q, q-, t, i. e. 


T = W(q, T , t), 


and hence as its variation 


dT dT 

dT =W dq+ W- dT - 


( 21 ) 


( 22 ) 


From the theorem on the derivative of a compound function we 
obtain: 

dT_dTdx ^VTov 8T__dTdx_ , dTckr 
3 q dx dq dx- dq’ dq- ~ dx dq- ~ r dx- dqr‘ 

and by (18): 

dx 
dq- 

Substituting (24) in (23) and then in (22), we obtain 


0. 


(23) 


(24) 


3 T- 


dT_dx . dT 3ar\ 
dx dq dx- dq) ^ 


dT dx 


dx- dq 

dT (t6q\^i d -^da^da- 


dx \Sq 


• dq - 


3? 


: Sq- 

•>rl- 


dx- \ dq 

It is easy to verify that the expressions in the last two parentheses 
are variations of the functions (18) and (20), and therefore equal to dx and 
dx-. Consequently 


0 T- 


3 T. ,3 T . 

Sx + ~Sx-, 


(25) 
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Formula (25) represents the variation of the comjjound function (21), 

where dx and dx- denote the variations of the functions (18) and (20). Let 

us note that (25) also represents the variation of function (17). We see 

from this that formula (25), i. e. formula (II), p. 505, holds regardless of 

whether x is the dependent or independent variable function. 

Similarly, when t = const, the formula for the differential 

dT dT 

d T = — cL» -p •— da: - 
dx 8x- 

holds regardless of whether x and x• are dependent variables or not. 


Let us note that dx' in formula (25) is by (16) the derivative of dx. 

Systems of points. Let us now define the variation in the ease of a 
system of points. 

Let there be given a system of n material points 

. l/l) ^l)j ■ • ■; Vnt 

Let us consider an arbitrary motion of the system (compatible with 
constraints or not) defined by the functions: 

aq = x { (t), y i = y^t), z ( = z^t), (t 0 <1 1 t lt i — 1, 2, ..., n). (26) 

Let the function 


T —- F{x-y, ..., x ni y -p ., y n , sq, ..., z n) aq, . .., x n> xq, . . ., y n :Z\, ■ • z n , t') (27) 
be given. 

The variation of function (27) for a motion defined by functions (26) is 
given by the expression 

TiT dT dT dT 

dT = ^ 1 d ^ + --- + W n dXn + W 1 dyi + '-- + wJ 1/n + 

dT dT dT 3 T dT 

+ _ &1 + ... + __a Sn+ _ 5a;i + ... + —te i+ —<5^ + 


3 T , dT „ , dT . 

+ ^ ayi + a£ & * + - + a* 


• + 
(28) 

(IV) 


which we write more compactly as 

n ifyp am dT dT dT dT \ 

m (s; b< + + + s ; Szi+ Wi ^ + k 4 

where dx it dy t , dz t are arbitrary functions continuous together with their 
first and second derivatives in the interval <f 0 , 4), where 

jjj (&»,■) = ^(foq) = Syb = dz i (* = h 2 > »)■ (V) 
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The derivatives 5T j Sx L , ...,8T / &; are partial derivatives of the 
functions (27), in which for x v z' n , are substituted the corresponding 
functions (26) and their derivatives. 

As before, the variation &T denotes approximately the increment of 
the function T when we pass from the position of the system at the mo¬ 
ment t in the given motion, to the position of the system at the same 
moment t in the comparative motion: 

x, = x t ~f &c t , Yi =Vt+ z i = 2 i + dz i 2 > • ■ ■> n )- 

The difference between the true increment and the variation is — as 
is easily seen — “infinitesimal” in comparison with the sum 

n 

+ \8y t \ -f |&s f | + |^i| + |%il + 

f=i 

Let us note that the variation 8T is obtained by formingthe differen¬ 
tial of the function T under the assumption that t = const (i, e. for 
At = 0) and then writing & instead of d. 

Let there now be given an integral 

I = JT At (29) 

where T denotes the function (27). 

The variation of the integral (29) for a motion defined by (26) is given 


by the expression 




81 = f8T At. 

(30) 

Therefore 

L o 



8JT At = fST At 

(VI) 


to to 


Example 2. Determine the variation of the kinetic energy 

tl 

E = klL m A x t + Vf + z t)- 

We have: 



a® 


dE 

°’ 3E= 0 ’ 


consequently 


dE 3E dE 

— = mpji, — = m t z\, 

dcCi dyi 


8E = Hm { (xi 8xi + y\ 8y\ + z- &j). 


Example 3. Determine the variation of the function ]/ T, where T 
is a function defined by formula (27). 


[§i] 


Variation without the variation of time 


511 


Forming the differential under the assumption that t = const, we 
have 

4^ = JdT / j IT, whence 8\jT = |.<S Tj | IT. 

Let us assume that the natural coordinates x u y x , z x , ..x n , y n , * are 
efmed in terms of the parameters q u ..., q k , by means of the functions: 


% ft. *). Vi = ?»<(?!, .... ft, t), z { = Vi ( qi , .... q h , t ) 

(i = 1,2,.. n). 

We do not assume that the parameters are dependent nor that 
they are independent. Let 

Hi = Hi (t), ■■■, ft = q k (t) «i) (32) 


be arbitrary functions continuous together with their first and second 
derivatives in the interval <f 0 , 4 >. The functions (32) together with ( 33 ) 
define a certain motion of the system which may be compatible with the 
constraints or not. Differentiating (31), we obtain 


dxi 

x * ~Wi Tl + 


dxj 

3ft 


Hi 


OXi 

IP 


(33) 


and similar formulae for y\ and z\. Let us substitute functions (31) 
for y it Zi , m (27), and functions (33) for x-, y±, z\. We obtain T in the 
form of a function of the variables q u ..., q h , q^, q kt p 

^(ft> • • •> ft. q\i • • Hi, t). ( 34 .) 

Proceeding as in the proof of the theorem on the variation of a com¬ 
pound function [vide formula (25), p. 508), it can be shown that the 
variation of function (34) is also expressed byf ormula (28) or (IV), where 
<5*0 8y u 8z f , are the variations of the functions (31), and dy., 8z’ v the 
variations of functions (33) and of analogous ones for y\, z\. 

Moreover, as in the proof of the theorem on the variation of a derivat¬ 
ive (vide formula (16), p. 507) it can be proved that formulae (V), in which 
x t> Vi, denote functions (31), will hold. 

Let us form the variations of functions (31). We obtain: 


d, i = | % + 


SZj 


= t> + -- + ¥>' 


3ft 

3ft 




(35) 


Comparing (35) with formulae (III), p. 473, defining the virtual 
displacements, we see that they have the same formal appearance. 
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§ 2. Hamilton’s principle. Actual motion. Let the forces P 1} ..., P n , 
act on the points A^, y lt %), ..!,(*„ Vn, a J, of a system of nmaterial 
points. Let us assume that the system is holonomic (without friction) and 
that the constraints are bilateral, defined by the relations. 

FfiXx, y u %,.... 0 = 0 (j = 1, 2, ..to). (1) 

Let us consider an arbitrary system of functions 

x t = Xi(t), Vi = yAt), Zi = Zt{f) (i= 1,2, ..., n) (2) 
continuous together with their first and second derivatives in the inteival 
<t 0 , t t y. Functions (2) define a certain motion of the system. 

If equations (1) are satisfied at each moment t when functions (2) are 
substituted for x t , ..., z n , then we say that functions (2) define the motion 
of the system compatible with the constraints or a possible motion. 

The motion of the system which will actually take place under the 
action of the forces P x ,..P„, is called the actual motion. 

There can be a variety of actual motions, because this depends on 
the initial conditions. 

Obviously an actual motion is always possible, because it satisfies 
relations (1). Conversely, however, not every possible motion is an actual 
motion. 

For example, if a heavy point is constrained to remain constantly on 
a vertical line l (without friction), then the actual motion is a motion in which the 
acceleration, is directed vertically downwards and equal in magnitude to the gravi¬ 
tational acceleration. On the other hand, a motion compatible with the constraints 
is every motion in which the point remains on the line l, in particular, a uniform 
motion as well as a motion in which the acceleration is not constant; these motions 
are obviously not actual motions. 

From d’Alembert’s principle it follows that among motions com¬ 
patible with the constraints, only that motion is actual which satisfies at 
every moment the equation (II'), p. 475: 

y[(-P, x — mflt) <5 x t + (P; s — m,jff) Stji + ( P u — m^i) 6z ( ] = 0, (3) 

i=l 

where 6x f , by,, 8z { , are virtual displacements. 

D’Alembert’s principle therefore expresses a characteristic property of 
actual motions, distinguishing them from all motions compatible with the 
constraints. 

Similarly, the equations of Lagrange (p. 481 and 486) and of Hamilton 
(p. 499) distinguish the actual motions from the set of all possible motions 
compatible with the constraints. However, in this chapter we shall meet 
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with still other characteristic properties of actual motions expressed by 
means of integrals and variations. They are the so-called integral variational 
principles. 

Comparative motion. Let us consider an arbitrary motion of a system 
compatible with the constraints, defined by functions (2), as well as the 
comparative motion: 

x ( + dx {! + by { , Zi + dz t (i = 1, 2, ..., n). (4) 

Let us choose the variations 6x it 8y t , 8z ( , so that the variations of the 
functions (1) for the given motion (2) are zero: 

8Fl = Sq dXl + "‘ lr dZn = ° (? = 1, 2, (5) 

Comparing equations (5) with equations (I), p. 471, we see that bx i% 
8y {> 8z {> are at each moment the virtual displacements of the system. 

If d'Xi, dy { , 8Zi, are very small, then from (5) it follows that approxim¬ 
ately 

FA x i + <5»i, 8z n , t) — 0 (j = 1,2,. .., to), (6) 

i. e. that the comparative motion is approximately a motion compatible 
with the constraints. We express this by saying that the comparative 
motion (4) is compatible with the constraints for “infinitesimal” varia¬ 
tions of dx i: 8y f , dz h satisfying equations (5) (cf. p. 428). 

Let us assume that the natural coordinates are defined in terms of the 
parameters q u ..., q k , by the functions: 

•D = f ( {q x , •. q b , t), y, = fd<h, t), z, = ip/fa,..q h , t) (7) 

(i = 1, 2, 

Let us further assume that the parameters defining the position of the 
system compatible with the constraints must satisfy the relations: 

$Mi, •••> ?*, 0 = 0 (r = 1, 2, .... s). (8) 

Let us consider an arbitrary system of functions continuous together 
with their first and second derivatives in the interval <i 0 , t j)>: 

= ?iW. • ••> = qS) (9) 

Let us assume, finally, that functions (8) become identically equal to 
zero when functions (9) are substituted for q t , ..., q k . 

Under these assumptions, substituting functions (9) in functions (7), 
we obtain functions of the time t defining a motion compatible with the 
constraints. 


33 
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Let us consider a comparative motion q t + Sq x , ...,!?&+ an d 
choose dq u ..., <5 q k , such that for the given motion (9) the variations of the 
functions (8) are equal to zero: 

& 0 r = ^I 8qi + ...+l^dq k =O (r = 1, 2, .. s). (10) 

Comparing (10) with formulae (IV), p. 473, we see that the variations 
6q u . . 3q k , are virtual displacements at every moment t. 

If 6 q v .... Sq rc , are very small, then by (10) we obtain approximately 

&r(Qi + &?i> *• ■> S's + Sq k , t) == 0 (r = 1, 2,,.s). (11) 

Hence motion (11) will also be approximately compatible with the 
constraints. Using the same kind of expression as on p. 513, we can 
therefore say that if dq t ,..Sq k , are "infinitesimal” and satisfy equations 
(10), then the comparative motion is compatible with the constraints. 

Hamilton’s principle for natural coordinates. Let a system of n ma¬ 
terial points y lt z t ),A n (x n , y ni z„), of masses m u ...,m ni be 

acted on by the forces P 1: . ,.,P n , depending on the variables x u ..., 
*i, • ■ ■> f. 

Therefore: 


Pi x = Zn, *i, • ■ •> 2,h t), P iu = &i, P iz = Wf (12) 

Let us assume that the system is holonomic (without friction) and 
that the constraints are bilateral. Let us consider the arbitrary func¬ 
tions: 

= Vi = yi{t)> z i — z i(t) (i'O 2s tjSi i x ), (13) 

defining the motion of a system compatible with the constraints. 

The kinetic energy of motion (13) is 

-® = + Vf + zf). (14) 

i=l 

Let us form the variation of the kinetic energy for the motion (13) 
(cf. example 2, p. 510): 

n 

6E = 6x- t + Mi d m + z i &;). (15) 

2=1 

But 


x; te: = a-: 

‘ ‘ dt d t 


dx< 


(16) 


and shnilar formulae hold for y % <5 iy- and for z\ Sz\. Substituting these 
values in (15), we therefore get 
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n 


Let us take n 

6‘L = X{Pi x Sx t + P iy St/i + P iz Sz t ), (18) 

i —1 

where P i% , P iy , P ix> denote functions (12), in which for x is y t) z is and %i, y\, z\, 
the corresponding functions (13) and their derivatives have been substi¬ 
tuted. From formulae (17) and (18) we obtain 

d'L+ SE = 6x t + y\ dijt + z■ 8z t ) + 

n 

+ 31^ ~ 6x i + ( p i y — m iVi) + (P, z — »«,';•) 8z t ]. (19) 

i —1 

Integrating both sides from t 0 to t u w r e obtain 

f[8'L + SE] dt = j 6x f + y\ 8y t + z\ Ss t )\f + 

^ U 2=1 

+ / 2 t( P L — ™i x i) 6x i + ( p iy — m iMi) 8 Vi + ( p i, — m i z i) 6Zi] dt. (20) 

t 0 2=1 

The symbol |J’ here means, as usual, that at first t x and then t 0 are to 
be substituted for t, and the resulting values subtracted from each other. 

So far we have not used any principles of mechanics. Formula (20) 
therefore holds for an arbitrary motion (compatible with the constraints 
or not) defined by functions (13) if functions (12) are defined for this 
motion. 

Let us now assume that motion (13) is an actual motion and that the 
variations &x ( , <5 dz u are virtual motions at every moment t. 

Then from d’Alembert’s principle it follows that at every moment t 

2l ( p t x ~ m i x i) + (P £ — m^r) &yt + { p i z — m #r) fe i] = ( 21 ) 

i— 1 

From formula (20) we obtain 

f (S'L + SE) dt = £m e (x: 8x t + y\ dy t + z\ SzM). (22) 

t 0 i =1 

Let us assume, in addition, that the system is at the same position 
at t 0 and t x in motion (13) and in the comparative motion; i. e. that 8x t , 
dyt, Ss { are zero for t = t 0 and t = t x . 

Under this assumption the right side of the equality (22) becomes 
zero and we obtain 

f(d’L + SE) dt = 0. 

tz 


Xmt&i + Vi + *r SZi). 
, “ 1 (17) 


<3 E = T ‘Zm.ix; Sx t + y. S Vi + 
mi-1 


SzA 


(I) 
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Therefore: equality (I) holds for an actual motion if 6x i: 8y t , 6z i; are 
virtual displacements at every moment and if they are zero for t — t 0 and 
t = t±. 

This theorem is known as Hamilton’s principle. 

Hamilton’s principle therefore gives a certain property of actual 
motions. We shall prove that this property is characteristic, i. e. that among 
the motions compatible with the constraints only actual motions satisfy 
Hamilton’s principle. With this in view it is sufficient to prove that 
a motion compatible with the constraints and satisfying Hamilton s 
principle also satisfies d’Alembert’s principle. 

Proof. Let us assume that a motion defined by functions (13) and 
compatible with the constraints satisfies Hamilton’s principle (I). If this 
did not satisfy d’Alembert’s principle at a certain moment t' (where 
< t' < L), then it would be possible to find numbers 8x t , 5y t , 8z f , 
defining the virtual displacement of the system at the moment t such that 

2[{T\- m i x i) & x i + (-£*<„ OT >2/i') + {P $ z i} =H 0 (23) 

i-1 x 

for t = t‘. 

Let ns choose the variations 8'x t , &'y it b'zi, such that they define the 
virtual displacement of the system, at each moment f and such that at the 
moment f 

b'x t = (Sxj, d'yi = 8 y t , = bzp 

from this by (23) 

2[(P i;t — »W) S'x t + (P iy — my p) d'yi + (P ix - m^ 1 ) d’zf] = 

= i=H 0 (24) 

for t = t'. 

Let us suppose, for instance, that A > 0 for t = t'. From the con¬ 
tinuity of the motion it follows that in a certain small interval (t', f"> A is 
also greater than zero. 

Consequently 

A > 0, when f <f t t". (25) 

Letoc(f) be an arbitrary function continuous together with its first and 
second derivatives in the interval < t a , tf), positive for t' <t < t" and zero 
outside of this interval. Let ns put: 

dXf = aft) 8'x ts <5 — «(£) d'yi, bz t = <x{t) d'z { . 

From this by (24) and (25) 
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/ Stl-Pi. — m i x i) Sx i + ( p i y — m iyi‘) fyi + {Pi, — m &') fe(] di = 

t, £=-1 

1 1 f 

== JA oc{t) d£ = JA a(t) dt> 0. (26) 

to t' 


Since the variations &c ( , Sy { , dz p represent the virtual displacements 
at every moment t and by assumption are equal to zero at t = t 0 and 
t = ft, from formula (20) we therefore obtain by (26) 

f\d'L + 8E) dt > 0, 
u 

contrary to the assumption that the given motion satisfies Hamilton’s 
principle. 

In this manner we have proved that the principles of d'Alembert and 
of Hamilton are equivalent. 

Example. A heavy point of mass m is constrained to remain on the 
sphere + y 2 + a 2 — r 2 = 0. We have (taking the z-axis directed ver¬ 
tically upwards): 

b'L = — mg bz, 8E = m(x ■ bx• -f- y by -f z • 8z'); 


consequently by Hamilton’s principle (I), p. 516, 

f [— g dz -j- x- 8x‘ + y by + a' <5z - ] dt = 0. 

t, 

This formula holds for an actual motion under the assumption that 
<3x, by, bz, are virtual displacements at every moment, i. e. that they 
satisfy the equation 

x bx + y by + z bz = 0, 

and, in addition, become zero at t = t a and t = t x . 

Hamilton’s principle for generalized coordinates. Let the natural 
coordinates be defined as functions of the parameters q u ..qy. 

X i = frith, •••> die, t), Vi = Viidl, ■■■> die, 0. z i = Viidu <b» *) ( 27 ) 

(i = 1, 2,.. n). 

Let us assume that the parameters defining the positions of the 
system compatible with the constraints satisfy the equations 

<Z> r (< 2 i, ..., q k , t) = 0 (r = 1,2,..., s) (28) 

and let us consider an arbitrary actual motion of the system defined by 
the functions: 


di = diit) 


(i = 1,2, (29) 


518 


CHAPTER XX — Variational principles of mechanics 


The variations of the functions (27) for this motion are 

- 1 ^+-+!> ,3 °) 

and similarly for by, and bz t . 

Let us further assume that bq, are virtual displacements at every 
moment t, i. e. that they satisfy equations (IV), p. 473: 

00 , 00 , 

...+—t6q k = 0 (r= 1,2, ...,«); (31) 

consequently bx,. dy„ 8z t , are also virtual displacements (p. 473). 

Finally, let us assume that &qt are zero for t = t 0 and f = tp, from (30) 
it follows that dx t , 8y t , will also be zero for i = t a and t = t v Since the 
variation is interchangeable with the derivative (p. 607), the variations 
of the first derivatives of the functions (27), i. e. 8x■, by■, dz-, are equal 
to the derivatives of the functions ox-i, by f , <Ss £ . 

In virtue of (15), p. 514, and (18), p. 515, we can write Hamilton’s 
principle (I), p. 515, in the form: 

ti n is 

i x + p i,j + Pi, fe>) + 2»h(®i &»j + y'i Sy- + z\ 8z :)] d t = 0, 

<=l (32) 

where x^y^z,, are functions defining the actual motion; dx {} by,, 8z it are 
the virtual displacements at every moment, assuming the value zero at 
t = t 0 and t = tp and by\, are derivatives of the functions bx,, 8y t , 
8z t . As follows from the considerations of example 3, p. 510, equation (32) 
will also be satisfied if we assume that the functions x { , y,, z t , given by the 
formulae (27) and (29), define the actual motion, while bx t and bx■ are the 
variations of the functions (27) and their derivatives, where 8q t are virtual 
displacements equal to zero for t = < 0 and t — t x . 

Under these assumptions we have ((4), p, 483) 

ii, n 

d' L = 2(P ix 6x t + P, by, + P u Sz ,-) = jQ j 5q h (33) 

i=1 “ i = l 

where Q ,■ denote the components of the generalized force. Moreover, from 
the theorem on the variation of a compound function (p. 508) we have 

K + y'% hi + z; &D = + y ? + z?) = se, (34) 

t=l i=i 

where the functions x c , y t , z f , are given by formulae (27) and (29) defining 
the actual motion, 6xp by,, dg: are the variations of the derivatives of 
the functions (27), and E the kinetic energy expressed in terms of the 
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parameters q u ..., q h . By (32), (33) and (34) Hamilton’s principle can there¬ 
fore bo written in the form (I), p. 515, where d'L is defined by formula (33) 
and the kinetic energy E is expressed in terms of the generalized coordin¬ 
ates q u 37;. 

Therefore: Hamilton’s principle also holds for generalized coordinates 
under the assumption that bq, are virtual displacements equal to zero for 
t = < 0 and t = t x . 

Hamilton’s principle in a potential field. Let us assume that a system 
of forces has a potential V. Consequently ((1), p. 434) 

b'L = <57. (35) 

From Hamilton’s principle we therefore obtain 

/| 8V + 8E ] At = 0 or /<5(F + E) df = <51/(7 + E) At = 0. 

i 0 U t o 

The expression W = E + V was called the kinetic potential (p. 488). 
Hence 

SjW At = 0. (II) 

ta 

Therefore: the variation of the integral of the kinetic potential is equal 
to zero for an actual motion if the variations 8x { , by u 8z u represent the virtual 
displacement of the system at every moment and if they are equal to zero at 
t = £ 0 and t = t x . 

Formula (35) holds for generalized coordinates (cf. (39), 463). Since 
Hamilton's principle also holds for generalized coordinates, (II) is satisfied 
for an actual motion under the assumption that the kinetic potential W is 
expressed in terms of the parameters q x , ...,q jc , and the variation was 
formed for an actual motion, where 6q, are virtual displacements equal to 
zero at t — t a and t = t x . 

Holonomo-sderonomic systems in a potential field. Let a holonomo- 
scleronomic system be given in which the forces have a potential 

7 = 7 ( 2 *, ...,*„)■ ( 36 ) 

Let us assume that the motion of a system defined by the functions: 

x, — xAt), y, = y ( {t), = Zi(t) {t 0 <,t<Ltp i — 1 > 2 . • ■ •> n ) ( 37 ) 

is an actual motion for which the kinetic energy in < 't 0 , tf) does not vanish, 
i. e.: 


E 4- 0 for t 0 <ft <ft i- 


(38) 
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By Hamilton’s principle (I), p. 515, and (35) we have 
f. 




3y< 


-f 


«(»{ fai + m &y\ + 2 ; 


i fe -)] dl+ 

l &i)j dt = 0, 


(39) 


where dajj, Sy { , Sz iz are the virtual displacements at every moment and are 
equal to zero at t = t 0 and t = t v Let 


i = #(r) (t 0 <1 r rj (40) 

be an arbitrary function of the variable r, continuous together with its 
first and second derivatives in the interval <r 0 , r*) and satisfying the 
conditions: 


#(t 0 ) = t 0 , ^(Ti) = t lt ■d'(x) <0 (r 0 <J r <1 Tj), (41) 

where &' denotes the derivative with respect to r. Substituting (40) in (37), 
we obtain: 


Xi = Xi{§(x)) = ii(r), y t 3=s 7] t { r), z, = f £ (r), ( 42 ) 

(t 0 ^ r < t i = 1, 2, w). 

Functions (42) represent the parametric equations of the path of 
the points of the system in terms of the parameter r. 

Denoting by a;-, y\, z[, the derivatives of the functions (42), and by 
t' the derivative of function (40) with respect to the parameter r, we 
obtain: 


x l = x i 11, Vi = y't / H = t', 

whence for the kinetic energy 


(43) 


E = -f y-a. _j_ gj 2 ) 


1 y »b(^ 2 + ,% 2 + 

£-1 


i-i in t ’ 2 

From the principle of conservation of total energy we have 


whence by (44) 


E — V — h, where h = const, 


•V 




A + V 


(45) 

(46) 


Formula (46) holds, because by (45) h + V = E and by (38) E 4 = 0. 
Let us assume that the coordinates %, 1 z £ , appearing in F (cf. for¬ 
mula (36)) are expressed in formula (46) by functions (42). In virtue of (40) 
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the variations da:,-, 5y { , <5 z it which are functions of the variable f, can be 
regarded as functions of the variable t. 

Denoting by dx it lh/ it 8z' it the derivatives with respect to r, we obtain: 

8x- = 8xl 11'> fyi = I i’, dz: = &' / f. (47) 

Expressing the variable t in (39) in terms of r by means of function 
(40), we get by (41), (43), and (47), 



Fi 

/LI 


m M ix\ + y\ 81 / + %\ 8z, 
f ,a 


% 


dr = 0, 


(48) 


where x it y {! z i: 8x it Sy £ , dz £ , axe functions of the variable r. Formula (48) 
can be written in the form 


j [dF • t' + - 1 ,- 6 + t/' 3 + sl 2 )j dr = 0, 


(49) 


where the concept of variation is to he understood as before, but now r 
appears instead of t. Substituting (46) in (49), we obtain 


Tj 

/[]+ y '* + z '^\ dT + 


rr y - + y? + z*) 1 

J | + vh + F ■ I/ SJm((a /. + + z ; 2) J 


dr = 0. 


(50) 


It is easy to verify that the integrand is equal to the variation of 

i[yr 


2d 


■+F 


whence by (50) 


l2«ii(«L 2 + V? + h 2 ) I 

i— 1 J 


/[•* 


+ v 


+ Vi + < 2 )J dr = 0. 


(I) 


From the assumptions concerning 8x i ,8y i ,8z i , it follows that formula 
(I) holds for arbitrary functions da:,-, dy it dz { , of the parameter t, which for 
every value r are the virtual displacements in the position of the system 
defined by functions (42), and which are zero for r = r 0 and r = r 1 . 
The variation is formed for the functions (42), which define the path of 
the points of the system in an actual motion. 
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Sine© tile time £ does not appear in formula (I), this formula expres¬ 
ses a certain property of the paths of the actual motion. 

In particular, let the system consist of one point x, y, z, of mass m, 
moving without the action of forces. Consequently V = 0. From (I) we 
obtain 

<5 J]'7 2 + ?/ 2 + z' 2 dr = 0. 

Since the differential of arc is ds = ]/ x' 2 + y ' 2 + z' 2 dr, 

<5/ds=0. (51) 

T, 

Let us assume that the point is constrained to the surface 8. 

Curves having property (51) are the so-called geodesics. In differential 
geometry it is proved that the shortest curve on a surface joining two 
sufficiently close points of the geodesic is an arc of this geodesic. From 
(51) it follows, therefore, that the motion of a, point on a surface without 
the action of forces ahoays takes place along geodesics. 

Remark. Formula (I) is usually proved more easily from, the so-called principle 
of Maupertuis (p. 530). However, it is then necessary to make use of certain 
theorems from the calculus of variations which we do not assume to be known, to 
the reader. 

§ 3. Variation with the variation of time. Variation of a function. Let 

a motion along the s-axis be defined by the function 


* = x(t) 

(to ^i)- 

(1) 

Let us consider an arbitrary comparative motion 



x = x{t) 

( f 'o ^ 1 ^ *l)> 

(2) 


whore the moments t' and t' g can be different from t B and t v Let us denote 
by At and arbitrary function of the time t, continuous together with its 
first and second derivatives in the interval <£ 0 , £j) and satisfying the 
inequality 

to ^ t + At ^ t'i { f o y. (3) 

Finally, let 

Ax — x(t -f At) — x{t)\ (I) 

Ax is therefore a function of the time t and denotes the increment of the 
coordinate x , when we pass from the point A in the given motion at the 
moment t to the point A' in theoomparative motion at the moment 
t + At. Forming the derivative of (I), wo obtain 
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whence 


§| (4*) = [**(* + At)] |l + . 




x*(t At} 




i t d ( /] () \ 

^ d t j' 


Subtracting x‘(t) from both sides, we get after some easy transforma¬ 
tions 


x-(t + At) — x-(t)-- 


d t K 1 dt 


+- s, 




where 



d [At) 
dt ’ 


/d(Zla:) 

\ dF 





(5) 


i’lioroforo, if Ax, At, and their derivatives, tend to zero uniformly, 
then rj tends to zero uniformly. Consequently R is “infinitesimal” in 
comparison with [d (Ax) [ dt\ + |d(d£) /d£|. 

Let 


Therefore by (4) 


Ax' 


d(Ax) _ d(d£) 
di X dt ' 


(II) 


x m (t + At) — x-(t) = Ax' -f e. (6) 

The left side of equality (6) denotes the increment of the velocity of 
the points A and A', i. e. the increment of the velocity when we pass from 
the point A at the moment £ in the given motion to the point A' at the 
moment t-\-At in the comparative motion. Consequently Ax' represents this 
increment approximately, with a difference which is “infinitesimal” 
as compared with the sum |d (Ax) j d£| -j- |d(zl£) / d£|. 

Let us note that by (6) we have in general 


^'* d nr- m 

Let the function 

T = Fix, x', t) (7) 

be given. 

Let us denote by T the value of the function (7) in a given motion 
at the moment t, and by T the value of this function in a comparative 
motion at the moment £ -j- At. Consequently the difference of these 
values is 

T T - = F(x(t f At), x- (t -f At), t -(- At) -~F{x{t), x-(t), t). (8) 
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From Taylor’s formula we obtain 

T — T = ~ (x(f + At)- x (*)) 
ox 

+ | At)— ar (<)) + "g* ^ + - B ’ 

where the remainder J? is an “infinitesimal” of higher order than the 
increments xit -j- At) — x(t), x-(t + At) x'{t) and At, 

In virtue of (I), (6), and (9), we obtain 

T-r-§*+gi*r + f* + *. m 

where 

Z' = s + ‘S' 


and hence where H' is “iniinitesimar 1 as compared with 
\Ax\ + \At\ + |d(ida) / di| + |d(/li) / di]. 

Let us put 


?/p dT 

AT — ~-Ax + Ax- 
dx car 


, dT A, 

+ ~m At 


( 11 ) 

(ni) 


By (10) we have T — T — AT + B’; consequently AT denotes 
approximately 'the inclement of the function T when we pass from the 
pointd. at the moment tin the given motion to the point A' at the moment 
t -f- At in the comparative motion, where the error committed is “infini¬ 
tesimal” as compared with (11). 

The expression dT is called the variation together with the variation 
of time of the function T for the motion x — xit), and the function At is 
called the variation of time. 

In virtue of (I), p. 505, and (5), p. 504, we shall have Ax = 8x for 
At — 0, and by (II) and (I), p. 505, Ax- = Sx\ From (III) we therefore get 


dT dT 

AT =^dx + ^dx-, 

OOC OiXj 


i. e. AT = 8T. 

Hence, when At = 0, the variation together with the variation of 
time becomes an ordinary variation. 


Example. Form the variation together with the variation of time 
for the function 

T = Jmar 2 -j- otxt, 

where a and m arc constants. 
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We have 
hence by (II) 


AT = <xt Ax + mx- Ax- + ax At; 


AT = at Ax + mx- -J- — At _ «,*■* 


d t 


ax At — mx- 2 - 


d t 


Systems of points. Let tbe motion of a system of n material points 
be defined by tbe functions: 

%$), yi — 2/f(i)> — Zi{t)) [t() ^ t ijL tp, i = 1, 2, .. n) (12) 

and let tbe function 

T — F{x lt . . z n , x\, .. ., z' n , t) (13) 

be given. 

Let us consider an arbitrary comparative motion 

x { = Xi{t), y t = y i(t), z { = z f (f), (t' 0 <Lt i= 1,2,..., n). (14) 

Let At be an arbitrary function of tbe time t, continuous with its first 
and second derivatives in tbe interval (t a , fj) and satisfying tbe condition 


«0 ^ H- At <£ t[ 

(*o ^ t-i)- 

(15) 

us put: 



A x { = x t (t + At) — Xi(t), Ay t = Yi(t + At) 
Azi = z t (t + At)—s f [i), 

— yM, 

(IV) 

An- — i(Axf) „.d (At) d (A Vi ) 



* “ dt 1 di ’ Vl ~ di 

~ d t ’ 


Az:~ d ^ 

1 dt 1 dt 


(V) 


Tbe expressions Ax u Ay u Az { , denote the increments of the coordin¬ 
ates, and Ax-, Ay-, Az\, the approximate increments of the derivatives of 
these coordinates when we pass from the position of the system at the mo¬ 
ment t in the given motion to the position of the system at the moment 
t + At in the comparative motion. The error made by this approximation 
is “infinitesimal” as compared with 


(16) 


Let us denote by T the value of the function (13) in the given motion 
at tbe moment t, and by T its value at tbe moment t + At in the 
comparative motion. Putting 


d(da; I ) 

+ 

d(4ll/i) 


d [Az n ) 

L 

d(zli) 

dt 

d£ 


d£ 

1 

d£ 
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AT 


= 2 

i=l 


l d S. 


» IdT 


S T 

\dxi AXi+ dyi Ayi 
dT 


dT 

dZi 


Azi 


dT 


l\U Axi + ^i Ar,+ 

and proceeding as before, we obtain 

T — T = AT 


021 


Azi 


ST 

8 1 


At 


B, 


(VI) 

(17) 


where B is “infinitesimal” as compared with, the sum 


2 ( m ®*! + \Ayi\ + \AZi | + 

i=i \ 

+ \At\ 


d(daii) 



! 

&{AZi) 

d£ 

~r 

At 

1 

d t 


+ 


d(.df) 
d i 


(18) 


The expression AT is called the variation together with the variation of 
time of the function T for the motion (12) of a system of points. 

The variation AT therefore represents approximately the increment 
of the function T when we pass from the position of the system at the 
moment t in a given motion to the position of a system at the moment 
t -j- At in a comparative motion, where the difference between the true 
increment and dT is “infinitesimal” as compared with (18). 

In virtue of (IV), (V), (5), p. 504, and (I), p. 505, we get for At = 0: 


Axi = dx ft Ay t = diji, Azi = Ax\ = dx# Ay t = by\, Az\ = 6 


whence by (VI) AT — ST. 

Hence, when At = 0, the variation together with the variation of 
time becomes an ordinary variation. 


Variation together with the variation of time of an integral. Let the 
integral 



(19) 


be given, where T denotes the function (13). Let us denote by dt 0 and At x 
the values of the function At at t a and t L . 

Let I be the value of the integral (19) for a given motion, and I the 
value of this integral for a comparative motion taken between the 
limits t 0 -j- At 0 and t x + At x , i. e. 


tx-^Alx 

I = JTj df, (20) 

where T t denotes the value of the function T at the moment t in the 
comparative motion. Substituting t + At for t, in (20), we obtain 
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t. 


where T denotes the value of the function T at the moment 
comparative motion. 

By (19) and (21) we obtain 



whence by (17) after some easy transformations 


( 21 ) 

-j- At in the 


ti 



/ I - j^AT + T j dt + B', 

(22) 

where 

to 




B’ =J[{AT 

+ R)^±+ jjdi. 

(23) 

It is easy 

to 

to verify that R’ is 

“infinitesimal” in comparison with (18). 

Let us put 

tl 

ti 


' 

AI = A JV df = 

.|[^ + r d( ^ ) ]dt 

(VII) 


u •*, 


The expression AI is called the variation together with the variation 
of time of the integral I. 

By (22) and (VII) we have 


1 — 1= AIT- B', 


(24) 


AI therefore represents approximately the increment of the integral (19) 
when we pass from the given motion to the comparative motion; we 
calculate the integral between the limits f 0 -j- At 0> t x + At x in the compara¬ 
tive motion. The difference between AI and the true increment is “infini¬ 
tesimal” in comparison with (18). 

In the case when At = 0, the variation together with the variation 
of time becomes —• as it is easily seen — an ordinary variation. 


§ 4. Maupertuis’ principle (of least action). Holder’s transformation. 

Let a system of material paints A t (x lf y x , Zj), . A n {x n ,y n ,z n ), ofmasses 
m lt .. m n , be subjected to the action of the forces P 1; P n , depending 
on x x , ..., z n , x{, ..., z' n , t. Therefore 

Pt a — Bi(x lt ..., 2 „, Kj, ..., z H , t), F iv = &i, Pi z T i- 


( 1 ) 


















'em 
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Let us assume that the system is holonomic without friction and 
that the constraints are bilateral. 

Let us co nsi der an arbitrary motion of the system compatible with 
the constraints or not, defined by the functions: 

— x,(t), y, = y,(t), z, = z t {t) t,; i= 1, 2, .. ?i). (2) 

The kinetic energy is 

E — + yf + z i 2 )- ( 3 ) 

»=i 

Let ns form the variation of the kinetic energy together with the 
variation of time for the motion (2): 


n 

AE = Jin { (xi Ax- + y- Ay- + z\ Az *). 


(4) 


Expressing Ax\, Ay\, Az\, hy means of formulae (V), p. 525, we get 


AE 


-- Yjn, J a 


.. d(Axi) , „d{Ay,) , d(Az 


-dT + yi ~ dt 


dt 


4 


-2 E 


d (At) 

~SV 


( 5 ) 


Transposing the last term to the left and integrating, we obtain 


&J. 

/[ 


AE + 2 E ^49- 


dt 


f, 

j 


d(Axj) d(Ay,) 

dt + dt 


' dt \ 


dt. 


( 6 ) 


Integrating by parts, we obtain 

tx 


f ** ' "dt^ = Xi AX * ^ ~~f Xi ' AXi At 

(q in 

and similar formulae are obtained for y, and z,. Applying them to the 
right side of equation (6), we get 

k 


J! 


AE + 2 E 


d(At) 

dt 




( 7 ) 


» 1 1 n 

=2 m <(*i Awi + yiAyi + n Az t %\— Axid-y-z d^ + zy Az,)} dt. 

i-1 t 9 i=1 

Let ns put 

A 'L = JfP, x Ax, + P iy Ay, + P, z Az,). 


(8) 
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Integrating formula (8) and adding to.both sides of equation (7), 
we get 

ti 

f[ A L + AE + % E ^ Ax i + Vi A V‘ + n + 

ti n 

+ / 21 '.(Pt. — m&i) Ax i + (Pi—m&i-) Ay, + (P,~m,z,) Az,] dt. (I) 

*o i=l . * 

Formula (I) is called Holder’s transformation. 

It holds for every motion, whether compatible with the constraints 
or not (oil contition that the functions (1) are defined for this motion). 

If we take the ordinary variation & instead of the variation A to¬ 
gether with the variation of time, i. e. if we put At= 0, then —as it is 
easily seen — we obtain formula (20), p. 515. 

More general form of Hamilton’s principle. Let us assume that 
f unctions (2) define an actual motion. In addition, let us assume that the 
functions Ax,, Ay,, Az,, are virtual displacements of the system at every 
moment t. 


By d’Alembert’s principle the integrand on the right side of (I) is 
zero. Consequently 

j |d'L + AE + d* = Jaitixi Ax, + y\ Ay, + z: Az ,)|*\ 

h 


Let us assume that Ax,, Ay,, Az,, are equal to zero at t = t 0 and 
t = t v The right side of the last equality will therefore be zero. Hence 
we obtain 


ti 

Jl* 


L + AE + 2 E 


d [At) 
dt 


J df = 


0. 


(II) 


Equation (II) holds for an actual motion under the assumption that 
Ax,, Ay,, Az,, are virtual displacements at every moment t and'are equal to 
zero for t = t 0 and t = t 1} while At is arbitrary , 


When At — 0 the variation A becomes the variation (5. It is easy 
to see that (II) then assumes the form of Hamilton’s principle (I), p. 515. 
Form (II) of the variational principle is therefore more general than 
Hamilton’s principle. However, it does not represent a more general 
property. For by (5) and (8) we can write (II) in the form 
33 
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+ 


h 

Ax < + p <* A y* + p l Az ^\ At 

to 

1] 


. df/ki) d (Ay t ) A[A: 


di{ = 0. 


( 9 ) 


Since Ax t , Ay it Az t , axe arbitrary functions representing virtual 
displacements and vanishing at t — f 0 and t — t lt while A t does not appear 


at all in formula (9), writing 8x u 8y { , for Ax is Ay h Az ( , we obtain Ha¬ 
milton’s principle from (9). 

Equation (II) is therefore equivalent to Hamilton’s principle. 

Maupertuis' principle. Equation (II) holds for an arbitrary At, while 
Ax ( , Ayt, Az u should only be virtual displacements at every moment t, 
vanishing at t = f 0 and t = h- 

Let us now assume that Ax u Ay is Az { , aud/lf are so chosen that they 
satisfy, in addition, the condition 


A'L = AE. 


(Ill) 


By (5) and (8) condition (III) can be written in the form 


2 (-^ Ax * + P iy Ay t + Azi) — 

i=l 

_v™ L.d (Ax t ) , „,.d (A yi ) , „.d(zh f )\ np d (At) 

“fT* p ~dT + Vi ~d t~ + 2i -&-) ~ 2E ~d r • 

Erom (II) and (HI) we obtain 

jJiAS + = 0 , 

h. 

whence by formula (VII), p. 527, 

AfE d t = 0. 

i 

Therefore: the variation together with the variation of time of the integral 
of the kinetic energy is zero for an actual motion if Ax it Ay { , Az { , are virtual 
displacements at every moment, equal to zero at t = t 0 and t = t u and if 
condition (III) holds (i. e. if the virtual work for the displacement 
Ax u Ay t , Az^ is equal to the variation together with the variation of time 
of the kinetic energy). 

This theorem is called Maupertuis ’ principle or the principle of 
the least action. 


( 10 ) 

( 11 ) 

(IV) 
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Denoting by the differential of arc along which the point moves, and 
hy vi the velocity of the point, we have ds^ = d£. Consequently fc 

h ti n t t n 

jE di = f(i '2jn t vd) d t = if ds.;. 

h t„ i—1 to i= 1 

The expression. m,( 0 i is the momentum (“action”). 

On the basis of (IV) it can. be proved that under certain assumptions the 
integral of the kinetic energy for an actual motion has the smallest value among 
motions satisfying certain conditions. Hence the name principle of the least action. 

Let us assume that a certain motion compatible with the constraints 
satisfies Maupertuis' principle, and, in addition, that the kinetic energy 
does not vanish in (t 0 , t-f): 


E + 0 (l 0 £tAfh)- ( 12 ) 


Let the functions Ax it Ay u Az it at every moment t be virtual 
displacements, equal to zero at t — t 0 and t = t 1} and arbitrary in other 
respects. Let us choose At so that equality (III), or — which amounts 
to the same thing — equation (10), holds. In virtue of (12) and (10) we 
can assume 



2(^*3 Axi -f- Pi Ay { -f- P it /lzi)l di. 
t=i J 


(13) 


Eormula (IV) holds for Ax it Ay t , Az it At, chosen in the above way, 
and consequently (11) also holds. By (III) and (11) 
h t, 

J^AE + df = f^A'L + | A'L + 2E —^ j J At = 0, 

u u 

whence by (10) we obtain formula (9), in which Ax u Ay { , Az { , satisfy the 
same conditions as 8x { , dy f , 8z { , in Hamilton’s principle. <Since, as we have 
proved (p. 529), (9) is equivalent to Hamilton’s principle, the given motion 
is an actual motion. Hence we see that among these motions compatible 
with the constraints for which E =j= 0, only actual motions satisfy Mau¬ 
pertuis’ principle. 


Therefore: Maupertuis’ principle represents a characteristic property 
of those actual motions for which E ■- 4= 0. 


Let us assume that a motion takes platse in a potential field having 
a potential V. Consequently: 
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3F / dx ( = P itc , wid yi = P iv , 3F/3 Zj = P <2> 
A'L = %{Pi x Ax t + F t# A Vi + P iz Az t ) = 


i=l 



Since V is a function of the coordinates x t , y it X t , only, it follows 
that A'L — A F, and hence condition (III) can be written in the form 
AY = AE; consequently 

A(M — F) = 0 . (in') 

Remark I. The assumption E == 0 is essential; this means that if a 
motion compatible with the constraints satisfies Maupertuis principle 
but not the condition E =j= 0, then the motion need not be an actual 
motion. 

For example, let some scleronomic system be given. Let us consider 
a motion in which the system is at rest from t B to tj in a certain position 
compatible with the constraints. Therefore we have E = 0 constantly, 
whence by (4) AE = 0 constantly also. It follows from this that formula 
(11), and consequently formula (IV), will be satisfied for arbitrary Ax u 
Ay it Az { , At , and in particular, therefore, also for all those which satisfy 
formula (III), or —which amounts to the same thing —formula (10). 
Thus the given motion satisfies Maupertuis’ principle. However, it is ob¬ 
vious that for a suitable choice of forces, rest is impossible, i. e. rest is not 
an actual motion. 

Remark 2. If the variation together with the variation of time were 
replaced in Maupertuis’ principle by an ordinary variation, i. e. if we 
assumed that At = 0, writing 6 for A, then formulae (III) and (IV) would 
assume the forms: 

b'L = m, (i4) 

SfE dt — 0, whence fdEdt— 0. (15) 

Therefore: for an actual motion formula (15) holds under the as¬ 
sumption that Sxj, 6y { , 8z { , are virtual displacements at every moment, 
equal to zero at t — t 0 and t = t v and satisfying condition (14). 

The principle expressed in this maimer, ho wever, would not represent 
the characteristic properties of actual motions. For assuming e. g, that no 
forces act on a system, we should have S'L — 0. Consequently condition 
(14) would assume the form SE = 0 and hence it would imply formula (15) 
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for every motion compatible with the constraints. Therefore in this case 
every motion compatible with the constraints, and not only an actual 
motion, would satisfy formula (15), i. e. Maupertuis’ principle, in which 
the variation A is replaced by the ordinary variation 8. 

We see from this that in Maupertuis’ principle it is also essential 
that we form the variation together with the variation of time. 

Remark 3. For a motion given in generalized coordinates it can be 
proved that in holonomo-sderonomic systems Maupertuis ’ principle in the 
form (IV) holds under the assumption that the energy E is also expressed in 
generalized coordinates, and the variations Aq s are virtual displacements 
equal to zero for t — t B and t — t x and satisfying condition (III), in which 
A'L = £Qj Aq t (i. e. expressed in terms of the generalized forces Qf). 

Formula (IV) does not hold for rheonomic systems and generalized 
coordinates, and for them Maupertuis’ principle is given in another form. 


